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Introduction

. . . —d .
o We are interested in the large-scale regularity of u € H}DC(H+) solving

~V - (alga Vu) =0 in HE,
+

_ d
u=0 on 9HY

or

eq-aVu=0 on BHi.

4

“a-harmonic” on Hi

e Here alya is the restriction of a heterogeneous coefficient-field a : R? — RIXd,

which is uniformly elliptic and bounded.
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What do we mean by large-scale regularity?

o We summarize our large-scale regularity result in terms of a first-order Liouville
principle.

e For a constant coefficient-field aom, ... the space of subquadratic functions that
are apom-harmonic on Hi and vanish on 6H‘i consists of linear functions of the
form b - x4 with b € R.

Proof:
Caccioppoli estimate +  Regularity of apom,m-harmonic functions
1 1 1
- [Vau|? < —4][ |u|? dz sup |V2ul? < —2][ |Vu|? dz
r B:— r B;—T zij/Q r B:—

e Can we show a similar statement for heterogeneous coefficient-fields?
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When can we expect such a Liouville principle to hold?

e There is a well-known counterexample:

e Meyers ('73): For any A € (0, 1) there exists a bounded, A- uniformly elliptic
x
coefficient-field a : R2 — R2*2 such that u(z) = — - |x|ﬂ

is a-harmonic.
||

e u contradicts a zeroth-order Liouville principle:

— It is a-harmonic on R? and sublinear ... but not constant.

e Take a closer look: For A € (0, 1) the coefficient-field in his counterexample is

2
(ZTQ +z%) |z| 2 —)‘Xlzgz1|z|_2
a(w) = A—1 3 2 2
> +z2) ||~

ngxl\x|_2

/N

Picture from J. Fischer

e Maybe we can show such a Liouville principle for a generic coefficient-fields...

— In an almost-sure sense for a stationary and ergodic ensemble of coefficient
fields.
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Take inspiration from the whole-space case.
(Gloria, Neukamm, and Otto, 2014)
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Inspiration from the whole-space case (GNO): Tools Jje

® The corrector ¢; in the direction e; is a distributional solution of

—V - (aV(¢; +;)) =0 in R%
® The flux corrector o;;j is a distributional solution of
V. cOije = €5 * (av(¢)z + ﬂ?l) - ahomei) in Rd
and is skew-symmetric in the last two indices.

® We are interested in sublinear pairs (¢, o)... which exist (-) -almost surely for stationary and
ergodic ensembles (Gloria, Neukamm and Otto, 2014).
® We mean “sublinearity” in an averaged LZ-sense... A pair (¢, o) is called sublinear if

1
5r:7(7[
T \/B,

> 3}
dz) AN

(¢".Br¢d””""]€ar"d””)

® The heterogeneous solution u is approximated by the two-scale expansion as

d
U2—scale *= Uhom + Z ®i0iUhom -
i=1
® The "homogenization error” w := u — U2_scqle SOIVes

d
-V (aVw) =V - E (pia — 0:)0;VUunom
i=1
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Inspiration from the whole-space case (GNO) : Large-scale C'1'“-excess decay | /@

e For a function u that is a-harmonic on R? the “excess of u on B,."” is given by

Exc(r) = inf fB [V(u—0b-(z+ 0))|2 dzx.

beRd M

“homogenization-adapted”
— Compare u to the space that you expect to see in the first-order Liouville principle in the
squared energy norm.

2
Want: A large-scale C''*®-excess decay... i.e. on large scales Exc(r) < (%) “ Exc(R).

Main step: For all R > r > 0 there exists b € R? such that

5 r\? R\ 2 %
]ir|V(u—b‘(w+¢))| d$§(<R) (1+£)+<7) E)]{BR|Vu| dz, *)

5r, 8 g0
where ¢ = &(6,,6r) ——— 0.

Post-processing the main step:
1) Since @i = u 4 ¢ - (z + ¢) is a-harmonic we have that (*) holds for every ¢ € R?. Letting
0 = f this yields
Exc(0R) < (6°(1+ &) + 6~ %) Exc(R).

2) Choose 6 and ¢ such that 6%(1 + ) 4+ 0% < 2% for a € (0, 1), which gives the desired
C1®_excess decay for large enough r, R > 0 such that § = %

3) lterate.
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Inspiration from the whole-space case (GNO): Large-scale C'''“-excess decay Il [C

Recall that we would like to show that... for R > r > 0 there exists b € R< such that

2 r\? R\? 2
]{BT|V(ufb-(m+¢))| dz < ((E) (1+5)+(?) €> ]iR|Vu| dz.

Main idea: Wolog r < £. Choose R’ € (£, R) such that

1
7[ [viery?de < = 7[ |Vu|? dz
JoB g, R JBp

and let upom solve

—VahomVupom =0 in Bpgs

Uhom = u on OBpr.

Take the ansatz b = Vupom (0) and apply the triangle inequality:

7{3 |Vu — Vinom(0) - V(e + )| dz

<4 |Vu— Vunom - (id + V¢))|* dz + ][ [(Vthom — Vinom (0)) - (id + V) |? da
J By By

~ Y

"homogenization error”; ~ Vw regularity of wpom,
— To treat the homogenization error notice that w = u — Upom — N0 Uhom @i Solves

-V -aVw =V - (1 =n)(a— anhom)VUhom + (dia — ;) V(n0iunom)) in Bg/

w=0 on OBpgr,

where 7 is a smooth cut-off for B/ _ 5 in B/, and then optimize the radius 6.
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Inspiration from the whole-space case (GNO): Large-scale C'''“-excess decay IlI [C

Homogenization Regularity theory

Idea: Campanato iteration

Sublinear (¢, o) large-scale C'1'® - excess decay

This is inspired by:

— Avellaneda and Lin ('87): C°''- theory up to the boundary for Dirichlet data in the periodic
setting.

— Armstrong and Smart (2016): a large-scale C%1 theory for stationary ensembles satisfying a
finite range of dependence assumption.

® Whole-space large-scale excess decay, (Gloria, Neukamm and Otto, 2014): Assuming that
there exists a sublinear pair (¢, o), for every Hélder exponent o € (0, 1) there exists a
minimal radius r* > 0 such that for R > r > r™:

2a
Exc(r) < C(d, A\, @) (%) Exc(R).
1

Corollaries:
e For o = 1/2 this yields for R > r > r*(1/2) the mean value property:

][ |Vul|® dz < Chrrean(d, A)][ |Vu|® do.
By Br

e This yields a (-) - almost sure C'**- Liouville principle: Let u be a -harmonic and
satisfy |u(z)| < C(1 + |z|*T®) then for any R > r > r*(a):

2 2a
Exc(r) < r [Vu|? dz < A |ul? da kg
~ R Jop ~  Re2a Jp
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The half-space case.
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Half-space case with homogeneous Dirichlet boundary data /ﬁ

e We expect that (-)- almost surely: If u is a-harmonic on H‘_f_ with homogeneous
Dirichlet boundary conditions and satisfies the growth condition

lu(z)] < C(1 + |z|T%), then u = b(zgq + ¢]§D) for some b € R.
e Here, (b]gD is the Dirichlet half-space corrector in the direction ey and solves
—V - (aV(zq + ¢H;ID)) =0 inHY,
¢]31D = on BHi.

e The plan: Prove a large-scale C'1**-excess decay for the Dirichlet half-space
excess

Exc''D (1) = inf f [V(u—b(za+ #5P))[2 da.
BT

Need: A sublinear pair ((b]ZHD,U’;D).

Ve 02 =e;j (aV(za+05P) — anomea) on Hi

This choice of boundary data is helpful in the proof of the excess-decay because... in our setting the
homogenization error on B;/ is of the form

H H
W'D == Upgm — MiUnom®, L
which has Dirichlet boundary data on B;,.
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Construction of the Dirichlet half-space corrector

e Existence of a sublinear (gbﬁD,aSlD), (Fischer and R., (2017)) : Assuming that
there exists a whole-space pair (¢, o) satisfying

[e')

1 172\ /3
m- | o ][ (¢, 0)[* dz < o0, (quant. sublin.)
2m Bom

m=0

we may construct a pair (QSSID , USID) that is sublinear.

® For (¢, o) to satisfy the quantified sublinearity condition it suffices that §, < W for large .
ogr
— To obtain this relation a.s. one can impose various quantified versions of the ergodicity assumption:

W&

1) (Gloria and Otto, (2015)) Stationary 2) (Fischer and Otto, (2016) or GNO, (2014)) Let
ensembles with a finite range of dependence. a(xz) = ¢(a(x)), where:

® G(x) = matrix valued stationary Gaussian random field
satisfying a decorrelation estimate

o 3 : R¥Xd 5 Qs Lipschitz.
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Construction of the Dirichlet half-space corrector

e We construct the Dirichlet half-space corrector pair inductively:

1) We construct a sublinear intermediate Dirichlet half-space corrector pair up to a certain
scale.

2) We obtain a large-scale C1_ excess decay up to that scale.

3) We use this to construct another sublinear intermediate Dirichlet half-space corrector
pair on a larger scale.

4) We then pass to the limit in this construction.

— This strategy mimics the construction used to build higher order correctors
(Fischer and Otto, (2016)).

Previously...

— In their '87 work Avellaneda and Lin have already used Dirichlet boundary correctors, but theirs
are adapted locally and differently for every scale.

— In the almost periodic case Armstrong and Shen (2016) have shown a C9 1 regularity theory
up the boundary for both the Dirichlet and Neumann case.
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Construction of the Dirichlet half-space corrector

e The main idea is to “correct” the whole-space corrector: qﬁEID = g — p.

o We must construct the correction ¢ such that it solves:
—V - (aVp) =0 in Hjl_
© =g on 8H‘_i,_

and is sublinear.

— But Vg ¢ L>(H%)
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Construction of the Dirichlet half-space corrector /ﬁ

e Let {7,,} be a radial dyadic partition of unity and {L,,} be vertical cut-offs of

height 21,,:
FETTTTT.
et e
““; e,
. 'O
0." ...0
." JUCTCTCITTIIN . "’
R . X
Q R ., .
0. o > .'. “
o o suppm LN .
D K ‘e, Y
3 R 3 ’
. K JOTTTLITINY . .
: B o . s [
. : 3 by .
: : & 3 .
H . K . s suppl, B
= ; i08 c 2
237 2%y 2rp 1o 27'rg
e Consider the solutions to
. : d
~V - (@Vm) = V - (aV (11 Linba)) in B,
pm =0 on 8Hi.

e The correction is then given by ¢ = Zm(apm + i Lmég)
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Construction of the Dirichlet half-space corrector

e The crucial step: There exists rg > 0 such that for all m the bound

1/2 d/2
2m+1
<fB+ IVWm|2 dw) Sgdol (d7 )‘)CMean (d7 )‘) min < 1, <TOT>
12\ 1/3
1 .
oL fB+ (¢, 0)[* da

r027”+1
(**)
holds for all » > rq.

e For any r > rg we split the ¢y, into two groups: near-field and far-field terms.

near-field contributions: ¢, with m € {-1,...,5}
far-field contributions: ¢, with m > 5
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Treating the near-field contributions /@

o After optimizing the heights l,,, the energy estimate for the ¢;, gives that for any
r > 0:

1/2 d/2
2m+1
(f . |wm|2da:> < C1(d, \) <°>
B T

T

12\ 1/3
. (6.0)2d
T02m+1 JBTt 4 *
T,02'm+1
e For the near-field contributions (of r > ro) we have that 7 > 792™~3, which
turns the above energy estimate into:
1/2 ro2m+1 d/2
7[ VomPdz)  <8%Ci(d,A)mind 1, [ 02
JBF r
12\ 1/3

1 2
£, leopra

ro2m+1
rg2mt1
— So, (**) holds for ¢, for all » > rg for which it is a near-field contribution.
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Treating the far-field contributions /@

An inductive procedure:

1) Notice that (**) holds for ¢y, for m € {—1,0,1,2,3} for any r > ro.

2) Obtain a intermediate half-space corrector pair, which gives us access to the
mean-value property up to the scale rg22:
— i.e. if u is a-harmonic function on BY _, and vanishes on 8H% N B, ,2 then
rg22 + T

for rg22 > R >r > rq:

][+ |Vu|? dz < Crrean(d, ,\)][ Vu|? dz.
B’r‘

\
By

3) 4 is a near-field term unless r € [rg, 2r0).

EN
=z

When r € [ro,2rg) then ¢4 is a far-field term. For this case, notice that ¢4 is
a-harmonic on Bjoz?» and vanishes on the flat part of the boundary. Therefore,

the mean value property from Step 2 applied to 4 gives

][ |Vps|? de < Crrean(d, ,\)][ |Vpa|? da
Bt +

T ro22
and (**) follows from the energy estimate.
5) So, (**) holds for ¢, for m € {—1,0,1,2,3,4} for any r > r¢.

— Must choose rq large enough for Step 2.
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Half-space case with homogeneous Neumann boundary data /@

o We expect that (-)-almost surely: If u is a-harmonic on Hi with no-flux
boundary data and satisfies the growth condition |u(z)| < C(1 + |z|**%), then
u:b~x+¢]§N + ¢ for some ¢ € R and b € B, where

B:= {beRd\ed-ahombzo}.

o Let {b1,...,bq—1} be a basis for B. For i =1,...,d — 1 we construct ¢]1;1va the
k2
Neumann half-space corrector in the direction b;, which solves

—V - (aV(b -z +¢,N)) =0 in HY,
eq-aV(b; -z + qﬁ]l})ﬂ_N) =0 on BHdJr.

e The plan: Prove a large-scale C1*®-excess decay for the Neumann half-space
excess

BN () = inf V= b 6y )) de.

r

Need: For i =1,...,d — 1 a sublinear pair (¢H;IAN,UZI“").

Ve o, ¥, =e; (aV(z+ ¢, ") — anombs) on HE
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Construction of the Neumann half-space corrector /jé

e Existence of sublinear (q&?”,o?“") fori=1,..,d—1, (R, (2017)): Assuming
that there exists a whole-space pair (¢, o) satisfying the same quantified
sublinearity condition as in the Dirichlet case we may construct pairs ((b]iﬂvN,a]EI,N)

that are sublinear.

e The general idea is essentially the same as in the Dirichlet case. In particular, one
constructs a sublinear correction ¢, to the whole-space corrector such that
: d
-V - (aVey,) =0 in  HY,
eq-aVy, = —eq - a(py, + b;) on 8Hi

and then defines QSEI_N = ¢y, + pu,-

This construction of ¢y, relies on the same inductive procedure used for the
Dirichlet case. The only difference is in the treatment of the near-field terms,
which in the Neumann case relies on the identity

Ve - 0b,de = €q-aV(¢p, +bi - x),

which holds distributionally on Hi
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Thanks for your attention!
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