Method to get an n-point Gaussian formula of the form

?g%ﬁm@_?iqug@
1. Define the inner product. )

2. Find the monic orthogonal polynomial of degree = n, ¢,(z).
3. Find the n zeros, x;, of ¢,.

4. Use the method of undetermined coefficients to find H;.

5. Set f(x) = 2°" so that
1
(2n)!

EXAMPLE. What is the two point Gauss-Laguerre formula
\ooo e " f(x)dx =~ Hy f(x1) + Hof (22)?

Furthermore, give a formula for the truncation error and then estimate
the error in your approximation of

\ooom * cos(cos(75)) dw

C=—

a

\QEA@HM: dx — WU Ha?"
1=1

From a previous lecture we know that for the Laguerre inner product

= J, e f(2)g(x)dw

the monic ogwomgm_ _oo_vBoB_m: of degree = 2 is ¢o(z) = 2° — 4z +2
V2 and x5 = 2+ /2 which we use as our
ntegration points in our integration formula
K e @) dz ~ Hif(2 = V2) + Haf 2+ V2).
Now using the method of undetermined coefficients find H; and Ho
satisfying
fl)=1: Hi+Hy= [~

which has zeros at 7 = 2 —

e “dx =1 H, = &1

flz)=x: mﬂﬁ+mmaw”\o8&m|ama =1 Hy=1-H, =

So we know our formula

he @) drm [+ 5] F2 = V) + 5 — 55 F2+V2)
integrates polynomials of degree<3 exactly. So let us check that the
formula is exact for 22, 2° but not for z*

2= [ et de = [+ 55 2= VO [§ - plg] (24 VD

= 322+ (V2?) — 7522 x 2V2) =6 —4 =2,

w_n\cgmla}anf L@J\y +[E- 2l @+ vy

= 22 +3x2(v2)) - 5523 x 22v2+ (V2)*)) = 20 — 14 = 6«

= et dn £ [+ 5] 2= VO [~ o] 0+ VD)

= 122"+ 6 x 22(V2)2 + (VD)) — 55524 x 2V2+ 4 x 2(v2)?)
68 — 48 = 20.

For f, f',---, f* continuous on [0, 00) by multiplying the Hermite
interpolation formula by e~ integrating over (0, 00) (noting H; = 0
by construction) and using the second integral mean value theorem it
follows that

\ogmlﬁ%fzi e %J\MY;TL f2+V2)

= 2 e @ — 4w+ 22 (§) da = 24z +2de
= Q\@g where C' = §;(24 — 20) =
Now applying the formula
\08 e " cos(cos(55)) dx =~ ﬁ M,L cos(cos(35Y2 vv
+[5 = 525] cos(cos(24¥2)) = 0.5485108

correct to 7 decimal places. Noting that

_\EAHV_ = 10~ A_oo%ooﬁgvxmg (16 V._.ng A\v — 3 cos? ASVV
— sin(cos(:%)) (6 sin(5%) cos(:5) + cos(&))|<1.5 x 1073

Hence

| [ e cos(cos(£)) dz — 0.5485108| <3| £

z F®(n)|<2.5 x 1074,



n-point Gauss-Legendre formula
We will find the general n point formula where w(z) = 1 and
a,b] =[—1,1]. That is

[\ f(z)de = m Hif(z;) + E

where the x;’s are the zeros of the Legendre polynomial given by
Rodrigues formula

P,(x) = %F:_%@ﬁ% = 7#-(2n)2n—1)---(n+1)z" + -
= wqmwﬁmwvmuu +- = mmwnmwva:A.&v Q.v

We show that (P,, Py,) = 0 for n # m. Let n>>m then using integra-
tion by parts

HT%WA V L@ =)

dz™

\Z% —-1)" K il Lo(2? — 1) dx

1 n—1 m+1
-/, %%; % %%ﬁ@f:s%
= " H&HQN 3 M|Hv§ QQM“:AHm|Hv3QH
_ 2 ) e — o: , n>m
= (2m)Y( ;%s —1)"dz = |NAW:J%V n=m

where we obtain the last relation by noting that I, .= \MQ — )" dx
satisfies the recurrence relation

L =5"01, y=2= 1, 202l . (Pu, Po) = 557 (D

Am:._.:_

m:.:

Now the integration coefficients are given by

Hy= [ li(z)dz = [ 52 da.

n(Ti)(z—x;)
Fxpanding the polynomial P, 1(x) as a Taylor series about z; we find
that

Y} (n+1), An+1
—x;)! ~u§ (@) (x—1;)
+ (n+1)!

n pl) (z\(x
Poa(2) = Puna(m:) + X Bl
J=

it follows on multiplying this formula by P,(x)/(x—x;) and integrating
over [—1, 1], noting the orthogonality of {P,}, (1) and (}), that

€Ppn—1
——
Po(z)

1
\L Pon(z) 55 do
=0

€Pp1
1 z n 1 .NUQU z; — ..w.lu
= [, Pona(@) 22 dz + >[4 il %w._ %" p(z)dz
.w”
=0
=(2n+2)!/ (2" (n+1))) =27 (n1)2/(20)! Py (2)+75_1
(n+1) %
1 P, T; Tr—x;
._|\|H +1 A v S+:_A v T:Aav dz
1 z n+2)! " (n!)2
= Duyi(2i) \L m&ﬁv dz + m%:ﬁwv_ X mm:ww X QLLV_ (Po; Pr)
—(2n+1)/(n+1) =2/@2n+1)

which implies on H,mmﬁmsmmgabﬁ that

1 -2
\H a H: Q.& | mzﬁsv X Nu:tﬁs.v 3.:.

The truncation error, on noting (}), the second integral mean value
theorem and (i), is given by integrating the Hermite interpolation
formula and noting that H; = 0 by construction

E= [\ f@)de— ¥ Hf(w) = [ g€ (w(x) da

MM§+: _v»

= FO) (B (P Py = (et feny)

In an analogous way one can derive the n-point Gauss-Chebyshev

formula
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