We construct the monic orthogonal polynomials of degree with increasing de-
gree by using the formula

¢n(£l?) = xd)n—l(x) + an,n—lqsn—l(x) + - an,Od)O(x)- (i)

Briefly I comment on the form of this formula. Let p, be any monic polynomial
of degree n and suppose that we already have ¢o(z),- -, ¢p—1(2). Using ¢,—1(z)
as the quotient polynomial, and noting that ¢,,_; is monic,

On(T) = TPn-1(z) + Tn-1(2)

where 7,_1 is the remainder polynomial. Now, ¢o(x),- -, d,—1(z) form a basis
for the polynomials of degree n since each of 1,z,---,2""! can be written as
a combination ¢y(z),- -, dp—1(z), hust like the Chebyshev polynomials. So (1)

holds.
Example

We begin by defining an inner product

/1/2 cos(mz) f(z)g(z)dx

—-1/2

here the weight w(z) = cos(rz) > 0 on the interval (—3,1).
We start the process by defining ¢o(z) = 1. Now let ¢1(x) = zdo(x)+ a1 opo(z).
We make ¢y and ¢; orthogonal with respect to the inner product

1/2

0 = (¢1,%0) = (zdo + a1,000, o) :/

~1/2
. 1/2

cos(mzx) [x + a1 0] dx

so that a1 9 = 0 and ¢;(z) = z. Now let ¢o(z) = zd1(x) + az161(z) + azopo(z)
and make it orthogonal to ¢y(z) and ¢;(z).

0 = (d2,00) = (xd1 + a2161 + az0do, o)

1/
= [¢2Lsin(rz) + 22 cos(mz) — 2% sin(7r:1:)]1_/12/2 + 2asz
g IR
0 = (¢2, ) = (&1 + a21¢1 + az20¢0, ¢1)
= /1/2 cos(mz) [zc3 + as12? + a9 ] dz = L 4i a9 1
—1/2 ’ 0 27 w3




the same manner, let ¢3(z) = z2(x) + az202(x) + a3 191(x) + azopo(x) but note
that when computing a3 and using orthogonality
0 = (#3,00) = (T2 + az2d2 + az 191 + a3 odo(z), o) = (d2 + a3 090, Po)
= (¢2,2d0) + a30(Po, o) = as (o, o)

that is a30 is O automatically. A subsequent calculation shows that ¢3(z) =
zpa(z) + 8 (8 2)51: Find the linear least squares approximation to sin(wz). This

is given by bogo(z) + bid1(z) where
by = (sin(mz), do) = (o, dy) = /1/2 cos(mz) sin(rz)de =+ (do, o) = 0

by = (sin(mz), d1) + (P1, b1) / cos(mz) sin(mz)zdz + (¢1, P1)

1/2 _
= 1 |- cos(2mz)z — ﬁsm(%m)]_/l/2 = (d1, ) = 4= = ”;rgs
_ 7w’
= 2wy

To calculate the cubic least squares approximation we need to compute by and bs.
Obviously by = 0 and another calculation shows that

. 1 (177% — 168)7?
by = (sin(7z), ¢3) + (93, P3) = 876 — 11474 + 172872 — 6912

Comparison of the continuous weighted linear least squares fit with the linear Taylor polynomial

Comparison of the continuous weighted cubic least squares fit with the cubic Taylor polynomial
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Notice how the magnitude of the error in the least squares approximation is
smaller as compared to the Taylor polynomial. Also the error is larger at the
endpoints, this is due to the w(z) being smaller towards the endpoints.



