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Show that for any complex z,
(a) cos® z +sin’ z = 1,
(b) sin(2z) = 2sinz cos z

1 . . 1 . ) 1 . . 1 . ) 1
(a) LHS = Z<62Z+6_ZZ)2+ (622_6—12)2 _ *(6222—%2—%6_2%) _ Z(6212 _2+€—2zz) — Z(2_’_2) = 1.

432 4

2 o . 1 . ,
(b) RHS = f(ezz o 6712)(612 + e*’LZ) _ 7.(6212 o e*QZZ) — LHS.

47 27
(a) By writing cos z = %(1 + e~ %%) or otherwise, determine all complex z for which cos z = 0.

(b) Solve the equation cosh z = 0 in complex numbers.
(c) Solve the equation sin z + cos z = 0 in complex numbers.
(d) Solve the equation ez = 6722(1 +1).

(a) cosz = %(eiz +e %) = %(1 + e~2%). Since €** is never zero, we see that cos z = 0 if and only if
1+ e72% = (; i.e., if and only if ¢/ ~2?* = 1. From a result in class we see that this happens if and only if

1
im — 2iz = 2mmi, for m € Z. That s, if and only if z = (m + 5)7r for m € Z. Thus the only zeros of cos z

in the complex plane are those we already know about on the real axis.
(b) Either do it directly using the formula, or use part (a) together with the fact that cosh z = cos(iz). Either

. . . . 1
way the answer is that the required solutions are z = i(m + 5)% for m € Z.

(c) We want to solve 0 = sinz + cos z = (1/2i)(e"* — e7%) + (1/2)(e”* + e7**) = (1/2)((e**(1 — i) +
e (1 +1)). So we need to solve e%* = — = —j = e~"™/2; that is, €2*17/2 = 1. Hence the solutions
are 2iz + i /2 = 2mmi, form € Z, ie z = m(m — 1), m € Z. Again, these are all on the real axis.
2% _ 62+i77/4. thus ew—2—z'7r/4 =1
2 b

and w — 2 —in/4 = 2mm, form € Z. So,1/z = 2+ i(2mn + §) and z = 2+Z.(2;m+l) = j;éfnﬁff%l
4 4
m € Z.

(d) We have z # 0, so let w = 1/z. Then the equation becomes e* = e

for

Write each of the following in x + iy form:
(a) 4¢"™/3 4+ \/2, (b) cos1, (c) sin(m/2 + 2i), (d) sinh (i /2), (e) sinhi + cosh .

(a) 4€'™/3 1+ /2 = 4 cos(7/3) + 4isin(7/3) + V2 = (2 + V2)) +i2V/3.
(b)cosi =3 (e +e ) =1 (e+1) (=coshl).

(c) Using the usual trig formulae, sin(7/2 + 2i) = cos(2i) = cosh 2.

(d) Since sin(iz) = isinh(z) we have sinh(in/2) = —isin(—7/2) = i.

(e) In general, sinh z + cosh z = €7, so sinh ¢ 4+ coshi = e’ =cosl+isinl.

The real axis and the imaginary axis divide C into four quadrants as follows:
Qo |
Q3 | Qy

By considering the modulus of the function, determine the images of (11, 29,3, Q4 under the exponential
map z — e*.

If z = x + iy then |e*| = e” and arg(e®) = y. Since > 0 on {24, this region is mapped to points with
modulus greater than 1. In addition, all arguments are ‘hit’ as y ranges across the possitive reals. Thus, 2y
is mapped to the exterior of the unit circle. Conversely, if w = re® (0 < # < 27,7 > 1) is outside this
circle then there exists > 0 such that e® = 7 so that e*t% = re?. Since 7 4 i6 is in ; the map is onto.
Thus, the image of {21 is the whole of the exterior of the unit circle (covered an infinite number of times!).

Similarly, the image of €14 is also the whole of the exterior of the unit circle (covered an infinite number of
times): here, [e*| = e® > 1 and arg(e®*) = y < Osince x > 0 and y < 0. All angles must again be ‘hit’
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(except this time clockwise!). To see that the map is onto; if w = re? (=27 < 0 < 0,7 > 1) we can always
find an z so that e* = r so e* 1% = re'? and  + i6 is in Q4.

For 9, |e*| = €* < 1 and arg(e®) = y > 0. All angles are ‘hit’ so the image is contained in the interior of
the unit circle. But, note that e* # 0 for any x, so the origin is excluded. Thus, the image is the punctured
unit disc, i.e., the area inside the unit circle without the origin. The map is onto on his region since for
w=re? (0 <0 <2, r<1)thereisz < 0such that e* = re' and 2 + 46 is in . A similar argument
works for (23 (the image of which is again the punctured unit disc).

Using the principal branch of log z, determine the x + iy form of

(a) log (20), (b) v2i, (c)i".

(a) For the principle branch, Log z = log |z| 4 i Arg(z) and hence Log(2i) = log2 + i(7/2).
(b) \/Z = (22)1/2 = e(l/?)Log(2i) _ 6(1/2)10g26(1/2)i(7r/2) — \/56”1—/4 14
()it = ezLogz — ezm/2 — 6771'/2.

Give examples to illustrate that, in general, for complex numbers z, w,
(a) loge® # z,

(b) log(zw) # log z + log w,

BN PN

Here all of the functions are defined with the principal branch of log z.

As usual, work with the principal branch of log z - the same examples work for every branch.

(a) For example, take z = 274. Then LHS = Log 1 = 0 # 2.

(b) We want two points that ‘cross the branch cut” when multiplied. For example, we could take z = w =
(=1 +14)/4/2. Then zw = —i and so LHS = Log(—i) = log1 — i(n/2) = —in/2. But Log z = Logw =
log 1+ i37/4 = i3w /4 so RHS= 2(i37/4) = i3m /2.

(c) Again, we could take z = w = (—1 + i) /v/2. Then y/zw = e1/2)1o8(=1) — ¢=(1/2)i(7/2) — ¢=ilr/4) —
(1 —1)/V/2. But, \/z = Jw = e1/2B7/4) — ¢i37/8 and s0 RHS= ?37/8¢137/8 = £i37/4 — (1 4 1) /y/2.
[Note that the RHS recovers z (and so w), but the former gives a rotation of z by angle 7. Therefore, we still

have (v/zw0)? = (v/2y/w)?]

(a) Determine 1Y% if 2% is defined using the principal branch of logarithm.
(b) What are the other possible values of 11/4 if the branch is not principal?

(a) Using the principle branch 11/4 = ¢(1/4) Logl — ((1/4)(og 1+i0) _ 0 _ 1

(b) For other branches of log, say the kth branch log;,(2) = log|z| + i(Arg(z) + 2km), we have log; (1) =
log 1+i(042k7) = i2km. Thus the possible values of 1'/% are = exp((1/4) log;, (1)) = e(1/2k7 — gik7/2,
This gives 1V = 41, 44 (by taking k = 0,1, 2, 3), as expected.

(a) Determine the value of \/@ according to the following three branches of the log function: (i) the
principal branch; (ii) m < arg z < 3m; (iii) 47 < arg z < 67.

(b) For any non-zero z = r€'® and any branch of log z for which \/Z is defined show that either \/z =
Ve or \Jz = —\/re?/?,

(c) More generally, for non-zero z = €' and an integer n > 1 show that there are exactly n possible “n-th
roots of z”, that is values of 21/ for various choices of the branch of log z.

(a)(i) Using the principle branch, /(2i) = (2i) 1/2 — ¢(1/2) Log(2i) — (1/2)(log2+i(r/2) — o(1/2)log2im/4 —

V2eim/4 [: ﬂ(\lf+\[z> = 1+i].

(ii) This is the 1st branch of log, so log; (z). Similar to part (i), but this time log; (2¢) = log |2i| 4+ Arg(2i) +
i2m = log 2 + im /2 + i27 = log 2 + 957 /2, so the answer is e(1/2)1081(20) = \/9¢17/4 — _1 _ 3,

(iii) Note that this is not a branch defined in lectures. Here we choose arguments between 47 and 67, so the
branch cut chosen is the positive real axis. We have arg(2i) = 97/2 (the unique angle corresponding to 2i
that is between 47 and 67). Thus, defining log(z) := log|z| + ¢ arg(z) in the natural way for this branch
cut, the answer is e(1/2)108(2) — /2¢i97/4 — | /9¢im/4 = 1 4§ (as in part (a)(1)).
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(b) Let z = re’®. Then |z| = r and arg z = ¢ + 27k for some k € Z, depending on the branch of log z
used. Then for any branch

1 1 i 1 1, i i¢
\/E: 21/2 _ 6210gz _ 62(logr+zargz) _ eglogr621(¢+27rk) _ \/7762 ezwk — :I:\/;e 2,

depending on whether k is even or odd [since e'*™ = (¢/™)F = (—1)F].
(c) Similarly to (b),

1/n logr 72(¢+27rk)

1 1
p — en L logz — E(logr+zargz) —en —rne
. . . 1 i¢p 27k
Using that e** = e* if and only if 21 — 25 = i27mm (for some integer m € Z), we see that rnene n =
1 id 2mhky e ; .
rnene n if and only if % — % = 127mm, which holds if and only if k1 — ko = mn is a multiple of n.

It follows that there are exactly n distinct values of z!/™, namely Yr-exp (wﬁ + 2k ) fork=0,...,n—1,
(for instance).

(a) From the definition of complex differentiability, show that f(z) = 1/z is complex differentiable for all
non-zero complex z, and determine its derivative.
(b) Verify the Cauchy-Riemann equations for f(z) =1/ z.

(a) We have to investigate limy,_,q M For z # 0 we have
1 —(1 1 1
i YEHR) = QAf2) o R EEAR) 1 1
h—0 h h—0 h h—0 2(z+h) 22

Thus f(z) = 1/z is complex differentiable for all non-zero complex z, and its derivative is —1/22.
(b) For f(2) = 1/z = (z — iy) /(2 + y?), it is straightforward to check that u(z,y) = z/(2* + v?) and

v(z,y) = —y/(2? + y?) satisfy the Cauchy-Riemann equations at all points other than 2 = 3 = 0. For
example,
(@ +y?) —w-(22) _ y*—a® 1@ +y?) — () (2y) _ y? -2
U = = . = = .
x (22 + 12)2 (22 + 2)2 y (22 + )2 (22 + 12)2
(a) Prove that f(z) = |z| is not complex differentiable anywhere.

(b) Show that g(z) = 2%z = |z|? is differentiable at the origin and nowhere else. Find g'(0).

— ; — 2 2 _ _ x
(@) f(z) = u(z,y) +iv(z,y), where u(z,y) = \/2? + y? and v(z, y) = 0. Thus, for z # 0, uy = T
Uy = \/% vy = 0 and vy, = 0. Thus f(z) is not complex differentiable for z # 0, since both Cauchy-
a2ty

Riemann equations do not hold at any of these points. [Alternatively, if you don’t want to use the C-R
equations, we can calculate the limits explicitly from the real and imaginary directions:

. f(z+h)—f(z) , x

1 = ... = Uy 5 T ) = ’
h—OheR h ug(z,y) + ivg(x,y) —

. flz+ih) = f(z) 1 , iy
h—>(1)],(§zleR ih i (uy(@,y) + vy (2, y)) /22 + 42

These never match (for z # 0) so the limit in the definition of complex differentiability doesn’t exist. (Of
course, this is how we derived the C-R equations in the first place - it is the same thing).]

Notice finally that the partial derivatives don’t exist at z = 0, so it cannot be complex differentiable there.
Full details: for example, the real limit
=1 = lim —
u(0,0) = iy == A
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does not exist, since the limit from the RHS (h > 0) is 1, while from the LHS (h < 0) itis —1.
Thus f(z) is not complex differentiable anywhere.

(b) Here u(z,y) = 22 + y? while v(x,y) = 0. Now
Uy =2z, vy =0, uy=2y, wv,=0,

and the Cauchy-Riemann equations only hold when x = 0 and y = 0; that is, where z = 0. So g is not
complex differentiable outside the origin.

At the origin we have -
fim $OFR) =90y B0,
h—0 h h—0 h h—0

Therefore g is differentiable at the origin with derivative ¢’(0) = 0. [Alternatively, note that the partial
derivatives are continuous at all points, so it follows from Theorem 3.5 that g is differentiable at z = 0, since
the Cauchy-Riemann equations hold there. We then have ¢'(0) = u,(0,0) 4 iv,(0,0) = 0.]

Find out where the following functions are differentiable and give formulae for their derivatives (from the
lectures we already know that exp, trigonometric functions and polynomials are differentiable everywhere):

(Cl) ZCOSZ . (b) %’, (C) e*+1 ., (d) cos z

1422 es—1’ cos z+sin z*

These are all combinations of standard complex functions that we already know are complex differentiable.
Hence, by the product/quotient rules they will be complex differentiable at all points where they are defined
(so wherever the denominators are non-zero). Their derivatives will then be given by the expected formulae:

(a) The function is complex differentiable everywhere except z = +i. The derivative (by the product/quotient

rule) is Cosﬁ;sinz - %fii%b)rf
(b) Complex differentiable everywhere but z = 0 with derivative %(1 - %)

(c) The function is defined, and hence is differentiable, at all points except z = i2nm, n € Z (by Proposi-
tion 1.9 part 3.). Moreover, using the quotient rule, the derivative is — %

(d) It was verified on Sheet 1 Q17c that the denominator is zero precisely when z = 7w(m — 1/4) for m € Z.

. . . . . . . 71 _ 71
For every z outside this set, the derivative exists and simplifies t0 5oz = 1 Tem(a)

Define f : C — Cby f(0) =0, and

(14 i)z — (1 —4)y°
LEQ _|_y2

flz) = forz =x+1iy # 0.

Show that [ satisfies the Cauchy-Riemann equations at 0 but is not differentiable there. [Hint: consider
what happens as z — 0 along the line y = x and the line y = 0.]

First check the Cauchy-Riemann equations. We have
u(z,y) = M for (z,y) # (0,0), u(0,0) =0,
2+ 12
o(eg) = T for (ey) % (0,0), 0(0.0) = 0.

x2 + 92
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Therefore at z = 0 we have

_ 3_
uz(0,0) := lim w(z,0) —u(0,0) = lim m270 =
2—0 T 2—0 x(x + O)
_ 3
0(0,0) = Tigg 28 =000 e x27+0 =1
2—0 T =0 z(x? + 0)
_ .3
uy(0,0) := lim u(y) —u©,0) _,  O-y ~=-1
y—0 y y—0 (0 +3?)
0,y) — v(0,0 0+ 3
vy(0,0) := lim v(0,9) —v(0,0) _ ;3/2 -
y—0 Yy y—=0y(0 + 3?)

and the Cauchy-Riemann equations hold.

But, now consider the limit definition of differentiability. A point i on the line y = x is always of the form
h = k + ik (for k real), so by letting z approach 0 along the line = y we have that

_ fO+R)—fO)  flk+ik)—f0) . (14— (1 -k 2% 1+
h:flleLi%)k h ST haik M e ) 2+ 2

However, approaching along the real axis (y = 0) we have

lim f(0+h) — f(0) ~ lim (1+4)h3 — (1 —1)03

2 2
}}zlgﬂg h h—0 (h)(h? +0?)

=144,

so the limit does not exist and the f isn’t differentiable at the origin. [Alternatively, notice that if f was
differentiable at z = 0, then its derivative there would be equal to f'(0) = u;(0,0) + v;(0,0) = 1 + 4, by
Proposition 3.3, which does not match %.]

[Extra remark: note that this does not contravene the results of the lectures because the partials are not
x4-322y2 4 2xy3
(:(:2+y2)2

on the diagonal, which is not the same as u,(0,0) = 1. ]

continuous at the origin: For example u,(x,y) has limit 3/2 when approaching the origin

Q.13 At which points are the following functions differentiable?

S.13

(i) f(z) = 22 + 2ixy;

(ii) f(2) = 22y +i(z + 2y°);

(iii) f(z) = x coshy + sin(iy) cos z;
(iv) f(2) = e~ VIE* (2 £ 0), £(0) = 0.

(1) Use Theorem 3.5 (valid as the partial derivatives are continuous); u, = 2z,vy = 2z,uy = 0,v, = 2y.
The first C-R equation is always satisfied, the second is satisfied only when y = 0. Thus f(z) is complex
differentiable on the real axis, and nowhere else.

(ii) Here u(x,y) = 2zy and v(z,y) = x + %yg and we have u, = 2y, v, = 2y*, u, = 2x,v, = 1. Since the
partial derivatives exist and are continuous everywhere, it follows from Theorem 3.5 that f(z) is complex
differentiable precisely where the C-R equations both hold. So, f is complex differentiable at z = = + iy
if and only if (u, =)2y = 2y*(= v,) and (u, =)2z = —1(= —v,). Hence, f is complex differentiable
when z = —1/2 and y is 0 or 1; in other words, f is complex differentiable precisely at the points —1/2 and
—1/2 + i, and nowhere else.

(iii) Here, since sin(iy) = isinh y we have u(z,y) = x coshy, v(z,y) = sinh y cos x. We have

uy = coshy, wvy; =cosxcoshy, wuy,=xsinhy, v, = —sinzsinhy.

The first CR-equation holds only when cos z = 1, so z = 2nm (for some n € Z). The second C-R equation
then holds when sinhy = 0 or when z = sinx; that is, when y = 0 or 2n7m = sin(2nm); that is, when
y = 0 or n = 0. Thus, the C-R equations hold on the imaginary axis (since they hold for all ¥ when n = 0)
and at z = 2nm for non-zero n € Z (since they hold only for y = 0 when n # 0). The partials are cts so
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Theorem 3.5 implies the function is complex differentiable at those points only.
(iv) For z # 0 we have u(z, y) = e~/ +¥*) and v(z, y) = 0. We have vy = v; = 0 and

2 2y

Y= E PR/ @) T T @t PR e/ + )

These never satisfy the C-R equations so f is not complex differentiable for z # 0. When z = 0 we have

—1/(hh 7 ,—1/(hh
f(0+h)— f(0) e MOk he” /(M) 3 <1>el/t:0.o:0,

lim = lim = lim ———— = lim h - lim
h—0 h h—0 h h—0 hh h—0  t—0

since exponential grows much faster than linear. Thus f is complex differentiable at the origin with derivative
f(0)=0

Find all complex differentiable functions defined on the whole of C of the form f(z) = u(x) + iv(y) where
u and v are both real valued.

We assume that f is defined and complex differentiable on the whole complex plane. The Cauchy-Riemann
equations become:

ual) = v,(y), 0=0.

Since the left hand side of the first equation is a function of x alone, whereas the right hand side is a function
of y alone, they must be constant. In other words, there must be a real number @ such that u,(z) = vy (y) = a
(since, for example, u, cannot change as y varies and vice versa). This implies that u(x) = az + ¢,
v(y) = ay + d for real numbers c, d. Therefore f(z) = az + b, wherea € Rand b = ¢+ id € C.

Show that the principle branch of the complex logarithm function is complex differentiable at all points of
C\ R<q, and has derivative 1/z. [Hint: notice that if z = x + iy # 0 we can write

arctan (y/x) if x>0,
Arg(z) = { arctan (y/z) +sgn(y)r  if =<0,y #0,
sgn(y)m/2 if ©=0,y+#0,

where sgn(y) is the standard sign function taking values +1 depending on whether y is strictly positive or
strictly negative. |

Let z = x + 4y. For the principle branch we have Log z = log v/22 + 32 + i Arg(z) = u + iv. We will
show that the partial derivatives exist and are continuous everywhere on C \ R<q, and that they also satisfy
the C-R equations.

For all of the domain we have
@) 2@+ e w(g) =
(22 + y2)1/2 (22 + y2)1/2 72 4+ 42’ Y\ 22+ 2

ug(z,y) =

The function sgn(y) is differentiable when y # 0 (with derivative zero), so for z € C \ R<g with = # 0 we
have (in both of the situations ‘z > 0’ or ‘xz < 0,y # 0’)

1 —y —y 1 1 T
) +0=—2—, vy (z,y) = “)4+0=—"—.
1+g2<:r2> 22 + 12 y(2,y) 1+%2 <x) 22 + 42

Thus, the C-R equations are satisfied, and the partial derivatives are continuous, when x # 0. Furthermore,
when = 0 (and so y # 0) we have by I"Hopital that

Uac('rvy) =

. Arg(h +iy) — Arg(iy) _arctan % —sgn(y) 5 _ —% ) —y
lim = lim = — s = lim —— = ——,
h—0+ h h—0+ h h—0t 14+ (£)2 hoo+ h2 + 42 Yy
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lim Arg(h + iy) — Arg(iy) ~ lim arctan ¥ + sgn(y)m — sgn(y) 5 _ _L
h—0— h h—0— h Y
Thus, v,(0,y) = —i [= ﬁ] In addition, it is easily verified that
_Arg(i(y + h)) — Arg(iy) . sgn(y)5 —sgn(y)§ 0
=1 =1 = = —.
vy (0,) hs h B0 h 0 02 4 y2

Q.16

S.16

Q.17

Hence the CR equations hold, and all partial derivatives are continuous at all points where Log z is defined.

Furthermore,
T —y z 1

/ . .
LOg (Z) = Uq;(]?,y) +Zvl‘(x7y) - 1:2 +y2 +Z:E2 +y2 = pe= = ;
Are the following functions f(z) = f(x+1iy) complex differentiable? [Remember to justify your responses.]
For those that are, determine the derivative f'(z).

x y .
(a)f(z):m2+y27l’2+y27’v (27&0)
(b) f(z) = sin(y) + i cos(z),
(c) f(z)
(d) f(2)

ez
tan(z) [= %]

(a) For z # 0 we have

2 2

Y2 —x y?—x . —2yz _ 2yx

@+y22 VT (@122 VT @24 ed)? T (@242
All are continuous and the C-R equations hold, so f is differentiable for every z # 0. The derivative is

f1(2) = ug +ive = (v — 2% + i2yz) /(2 + y*)*.
(b) We have

Uy =

ur =0; vy =0; wv,=—sin(z); wuy=cos(y).
Thus partial derivatives are continuous, but the C-R equations are only satisfied when cosy = sinx. Now
cosy = sinx <= cosy = cos(z — 5) <= y =z — 5+ 2nm, n € Z. The derivative there is
1'(2) = ug +iv, = —isin(z) = icos(y).
(c) Simply notice that we have

z) =exp(z) = explx —1y) = e*(cos(—y) + ¢ sin(— =eTcosy —1e?siny = e~ cosy + 1e” sin
p p(z — iy y) +isin(—y y —ie”siny = e” cosy + ie” siny,

which is just e*. So, f is just the exponential function and is complex differentiable everywhere.

(d) This is the quotient of two complex differentiable functions, so is differentiable everywhere except when
cosz = 0. By Sheet 1 Q17a these exceptions occur precisely when z = (m + 1/2)7 for m € Z. Indeed,
cosz = %(e” +e7) = %(1 + e72%%). Since €% is never zero, we see that cos z = 0 if and only if
1 4 e72%# = 0; i.e., if and only if e/"~2* = 1. From Proposition 1.9 (part 3.) in lectures we see that this
happens if and only if im — 2iz = 2mmi, for m € Z. That is, if and only if z = (m + 1/2)7 for m € Z.
Thus the only zeros of cos z in the complex plane are those we already know about on the real axis. The
derivative elsewhere is f'(2) = 1/(cos z)? by the quotient rule.

Let f(z) be a holomorphic function. Prove the following variants of the Zero derivative theorem, which
says that, if any one of the following conditions hold on a (connected) open set X of complex numbers then
f(2) is constant on X.

(i) f(2) is a real number for all z € X.

(ii) the real part of f(z) is constant on X.

(iii) the modulus of f(z) is constant on X.

Remark: for instance, (i) shows that the functions |z

, Re z, Im z and arg z are not holomorphic.



Complex Analysis II, Michaelmas 2024.  Assignment 4: Complex Functions and Complex
Differentiation page 8

S.17 Write f(z) = u(x,y) + iv(z,y), where u(x, y) and v(z, y) are real.
() If v(x,y) = 0, the C-R equations show that u, = v, = 0 and uy = —v, = 0. Then, u(z,y) and v(z,y)
must be constant, and hence f(z) is constant on X.
(ii) The C-R equations show that u, = v, = 0 and u, = —v, = 0. Again, u(z,y) and v(x,y) must be
constant, and hence f(z) is constant on X.
(iii) Differentiating | f|? = u® + v? = ¢, with respect to z and y separately, we find that v, + vv, = 0 and

uty + vv, = 0. In other words
Uy Vg u) (0
(& ) () o)

Either the only solution is © = v = 0 (and so f is constant), or the determinant of the left hand matrix is
zero. In the latter case, we have u,vy — vyu, = 0. By the C-R equations we therefore have u? + uz =0,
the only solution of which is u, = wu, = 0. Thus u is constant. Since we are assuming u? + 0% = ¢ (s
constant), we now see that v is also constant, and the result follows.



