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For every n € N, let f,,(z) = 2 for z € [1,00). Show that {f,,},cn converges pointwise on [1, ), and
determine whether convergence is uniform on [1, c0). For a fixed R > 1, determine whether convergence is
uniform on [R, 00).

For every n € N, let f,,(z) = arctan(nzx) for x € R. Show that { f,, },en converges pointwise on R to
/2, ifx > 0.
flz) =0, ifz = 0.

—x/2,  ifz<0.
Is the convergence uniform?
(i) Show that for any p > 0 the sequence {é}n o converges uniformly on { z € C: [2| > p}.
(i) Does {;L} _ converge uniformly on C* := C\ {0}?

For any p > 0, show that {T"m} converges uniformly on {z € C : |z| > p}. Does it converge

uniformly on C* ?

neN

(i) Show that if 0 < p < 1, then the sequence {H-%}n cn converges uniformly on {z € C: [z| < p}
to the constant function f(z) = 1. On the other hand, show that the sequence converges uniformly on
{z€C: |z| > p~!} to the constant function f(z) = 0.

(i1) Show that the sequence {H%} does not converge uniformlyonD ={z e C: |z| <1}.

neN

For every n € N, let f,,(2) = sin(z/n) for z € C. Show that { f,, } ey converges pointwise on C. Let p be
a positive real number. Show that { f,, } ,ey converges uniformly on {z : |z] < p}. Show that { f,, } e does
not converge uniformly on C.

For every n € N, let f,(z) = cos (14 %) for z € R. Show that {f,},en converges pointwise and
determine whether convergence is uniform on R. For fixed R > 0, is the convergence uniform on [0, R]?
e 2k2’2k
k2
k=1

function is continuous on this set.

Show that the series

converges uniformly on {z eC: |z| < %}, and deduce that the limit

Prove that )~ ; €"* converges uniformly on {z € C: Re(z) < —1}, butnoton {z € C: Re(z) < 0}.
oo Zn
Let R satisfy 0 < R < 1. Show that the series g T converges uniformly on {z € C : |z| < R}.
z
=1

Conclude that the infinite series defines a continuous function on the unit disc D.

Prove that each of the following series converge uniformly on the corresponding subset of C:
1
(a)zm, on {zeC: |z|>1}.
(b)Z\/ﬁe*m, on {ze€C: 0<r<Re(z)}.

2n 1
(C)Zm, on {ZEC |Z’ST<2}

(d) 22_” cos(nz), on {z€C: [Im(z)|<r<In2}.
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12 Given 0 < r < R < o0, show that Z # converges uniformly on r < |z| < R. Conclude that the
n!
n=1

infinite series defines a continuous function on C*.

0 n
z . . .
13 Prove that Z T+ converges uniformly on |z| < r, for any < 1. Prove it also converges uniformly
z
n=1
on |z| > R, for any R > 1. Conclude that the infinite series defines a continuous function inside and outside
the unit circle. What is the situation on the unit circle?



