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CHAPTER 1
Complex numbers

Complex numbers are elements of the form
Z=X+1y

where x and y are real numbers (x, y € R) and i is the imaginary unit.
We can visualise complex number as points in the plane R? which we call an Argand dia-

gram:

Im(z)

2i |

Re(z)

The set of all complex numbers is denoted by C. Motivated by the above image, we sometime call
C the complex plane. In the notation z = x + iy we call x the Real part of z and y the Imaginary
part of z which we denote as Re (z) and Im (z) respectively. In other words

Re(z):=x, Im(z):=y,
z=x+iy=Re(z)+ilm(z).

Addition. We can add/subtract two complex numbers z; = x; +iy; and zy = x» + i y» in the
following way

Z1x2:=(x1£x2) + i(y1 + o).
This has a simple geometric meaning in the complex plane - it is like adding two the vectors
(x1, 1) and (x2, y2):
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Im(z)

4 zZ1+ 22

22

21

Re(z)

Multiplication. Multiplication of complex numbers follows “standard” multiplication on R
with the caveat that i> = —1. If z; = x; + iy; and 2, = X, + i J» then

2122 =(x1+iy1)(xa+iys) =

What about division?

(x+iy)(x=iy) =

z=x-1y=Re(z)—ilm(z).

zZz=Re(2)*+Im(2)’ €R
We denote by

1zl =V 2z = \/Re ()% +Im (2)?

and call it the modulus of z.
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Im(z)

zZ=x+1y

Re(z)

Using the conjugate we find that
z1_xitiyy  (a+iy)le—iy) xix+yi) L e - Xy

Zo Xo+iys (Xo+iy2)(x2—iy2) X5+ Y5 x5 +ys

EXAMPLE. Find 1%1 - (3+21).

LEMMA 1.1 (Important Properties of Complex numbers).
(1) z21220=0 <= z;=00rz,=0.

@) |zl =Vzz._ B
(3) Re(z) = % andIm(z) = -,
4 z7l= %

Polar coordinates.
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Im(z)

z=x+iy

Re(z)

where we define for any z # 0

lz|:=r1=

arg(z):=0=

0 is called the argument of z (denoted by arg(z)).

Notation: The principal value of arg(z) is the value in the interval (-7, 7] and will be denoted
Arg(z).

Using polar coordinates we have

z=rcos(0)+irsin(0) = r (cos () + isin (0))
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EXAMPLE. Find |z|, Arg(z), and arg(z) forz=3iand z=1i + 1.

LEMMA 1.2 (Properties of argument). We have the following properties of the argument:

(1) arg(z12) = (arg(z) + arg(zz)) mod 27
(2) arg(l/z) = —arg(z) mod 27
(3) arg(z) = —arg(z) mod 2x .

When we say two real numbers are equal mod 2n we mean they differ by an integer multiple of
27.

LEMMA 1.3. Ifz; =r1(cos(0;) +isin(01)) and zp = r (cos (02) + i sin (6,)) then
212 = 1112 (cos(B7 +05) + isin(67 + 65)).

PROOFE

Our above discussion also motivates the notation
% .= cos (0)+isin(0).
and we find that

201 0> —

COROLLARY 1.4.

L |z122| = |z1] | 22|
2. De Moivre’s formula:

(cos(8) +isin(0))" = cos (nf) + isin (nh).
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PROOE

The modulus also has the following important properties.
(1) (Triangle inequality) |z) + z2| < |z1| + | 22|
(2) |z]=0and |z]=0 < z=0.
(3) max(|Re(2)|, [Im(2)]) = |z| = [Re(2)| + [Im(2)].

We can use the functions | z|, Re(z), Im(z), and arg(z) to describe various geometric domains
in C. For instance:

Functional expression Domainin C

D:={zeC: |z|<1}
Upper half plane (without the x axis)
Hgr:={zeC : Re(z) > 0}
Left half plane (without the y axis)
arg(z) = 7

circle centred at i with radius 4

EXAMPLE. Whatistheset|z—i|=|z+i|?
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The Riemann Sphere.

N=1(0,0,1)

omplex plane ({ = 0)

b ¢)=x+iy [the point (x,,0)]




1. COMPLEX NUMBERS 10

We can find a formula for P:

__ S .n
P¢,n,0) = 1—(“1—('

2Re(z) 2Im(z) |z> -1
1+1z12 1+1z2 1+22)
The stereographic map is a bijection between C and $? \ {N}.

P lz)=

A few examples to equivalent domains on $? and € via the stereographic map:

In §? InC
N=1(0,0,1)
§=(0,0,-1)
Equator
{zeC:|z| <1}

(open) Northern hemisphere
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DEFINITION 1.5. The Riemann sphere is the unit sphere $*> < R? along with the stereo-
graphic projections from the north and south pole

Complex functions.

DEFINITION. Let f: X — R, where X € R, be a function and let ¢ be an interior point of X.
Then f is called continuous at c € X if

}Ci_lgf(x) = f(o).
That is, for any € > 0, there exists 6 > 0 such that
|f(x)—f(c)| <¢ forall xe X with |x—c| <.



CHAPTER 2

Metric spaces

2.1. Metric spaces
DEFINITION 2.1 (Metric spaces). A metric space is a set X together with a function d : X x
X — Rsp such thatforall x,y,z€ X
e (D1) Positivity. d(x,y) =0 <= x=1.

e (D2) Symmetry. d(x,y) = d(y, x).
e (D3) Triangle inequality. d(x, y) < d(x,z) + d(z, y).

The function d is called a metric and we will often denote a metric space by (X, d). When the
metric is clear from the context we sometimes only write X.

Examples of Metrics.

12
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DEFINITION 2.2. [Norms and normed vector spaces] Given any real or complex vector space
V, afunction ||.| : V — Rs¢ is a norm if it satisfies (for v, w € V)
e (N1 |lv|[z0and |lv]| =0 < v=0.
e (N2) [AV]I=I|Al-llvll forAeRorC.
e (N3) lv+wl <llvll+ llwl (the triangle inequality).

A vector space equipped with a norm is called a normed vector space. Any norm induces a
metric given by
dv,w):=|lv-w|.

EXAMPLE.
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y

2,1

(0,0

REMARK. Any non-zero subset Y < X of a metric space (X, d) is itself a metric space with
respect to the same metric (this is easy to check). Unless mentioned otherwise, this will always
be the metric we will use on Y.
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2.2. Open and closed sets

Recall that we say that a subset X < R is open if for any c € X there exists € > 0 (that can
depend on ¢!) such that
(c—¢g,c+e)c X.

DEFINITION 2.3 (Balls in a metric space). Let (X, d) be a metric space, x € X and let r > 0 be
areal number. Then:

e The open ball B, (x) of radius r centred at x is

By (x):={yeX:d(x,y) <r}.
e The closed ball Er (x) of radius r centred at x is

B, (x):={yeX:d(x,y) <r}.

EXAMPLE.

The following shows the open balls B; (0,0) < R? for the metrics induced by |[|-||1, ||l», and

Il

<

As a bonus, here is what the open ball B; (0,0) c R? for the metric induced by |-||; looks like:
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DEFINITION 2.4. [Open/closed sets in a metric space] Let (X, d) be a metric space. Then:

e Asubset U < X is open (in X) if for every point x € U there exists € > 0 such that B.(x)
U.
e Asubset U < X is closed (in X) if its complement U° := X \ U is open.

LEMMA 2.5. [Open balls are open] In a metric space, the open ball B, (x) is an open set.

PROOE
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REMARK. It can also be shown that in a metric space the closed ball B, (x) is closed.

Open sets (examples/warnings).

Important observation: Open and closed sets are really relative notions, depending on the am-
bient space (as well as the metric).

Notation: When we say a subset of R, or R”, or C, is open/closed we mean with respect to the
standard norms |.|, ||. |2 and |.| respectively.

LEMMA 2.6. [Unions and intersections of open sets] Let (X, d) be a metric space. Then:
1. Arbitrary unions of open sets are open; that is ;e U; is open for any (possibly infinite) collec-
tion of open sets U;.
2. Finite intersections of open sets are open; that is(\;_, U; is open for any finite collection of open
sets U;.

PROOE
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OJ

COROLLARY 2.7 (Unions and intersections of closed sets). Let (X, d) be a metric space. Then:

1. Finite unions of closed sets are closed.
2. Arbitrary intersections of closed sets are closed.

PROOFE
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0

DEFINITION 2.8 (Interior points, closure, boundary). Let A be a subset of a metric space
(X, d).

o The interior A° of A is defined by
A%:={x € A: there exists an open set U < A such that x € U}.

o The closure A of A is the complement of the interior of the complement:

A= ((AC)O)C ={x€ X: Un A# & for every open set U with x € U}.

e The boundary 0 A of A is the closure without the interior:
0A:=AVA  [=(A% (4] = (400 (a%)°)].
EXAMPLE. Let us consider the set
A={zeC:1<|z|<3}

Im(z)

Re(z)

Then

Im(z) Im(z2)

Re(z2) Re(z)
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Im(z)

Re(z)

Important properties of a set A in a metric space (X, d):
1. Aisopen < 0ANA=0 < A=A"

Moreover,
A= Y U
UcA
U open
2. Aisclosed < 0AC A < A=A.
Moreover, .
A= ﬂ F.
AcF
F closed

3. 0A={x e X:for all open sets U containing x, there exist y,z € U with y€ Aand z€ A°}.

2.3. Convergence and continuity

DEFINITION 2.9. [Limits and convergence in a metric space] We say a sequence {x;} ,en in a
metric space (X, d) converges to x € X if we have

r}l_{n d(x,,x)=0.

That s, if for every € > 0 there exists N € N such that d(x,, x) < € for every n > N. We write x,, — x
as n — oo, or lim,,_.o, X, = X.

LEMMA. A sequence of complex numbers {z,} converges in (C,||) if and only if the sequences
{Re(z,)} and {Im (z,)} convergein (R, |-]).



PROOE

2.3. CONVERGENCE AND CONTINUITY

21
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O
Important remark: Limits in the complex plane follow the COLT rules.
ExAMPLE. Consider the sequence {ik}ien in € and show that it converges to oo € € with the
chordal metric
d(z,w)=|P'(2)-P ' (w)|,

1,y _ (2Re(z) 2Im(z) Izlz—l)
where P (2) = (1+|Z|2’ 1+2l*” 1+]2* )

LEMMA 2.10. [Limits and open sets] Let (X, d) be a metric space. Then:

1. A sequence can have at most one limit.

2. We have that lim,,_., x,, = x if and only if for any open U with x € U there exists N € N such
that for all n > N we have that x,, € U.

Hence the notion of a limit in a metric space can be stated in terms only of its open sets.
PROOFE.
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O

Sequences in metric spaces also give a nice criterion to check if a set is closed:

LEMMA 2.11. [Closedness criterion in metric spaces] Let (X, d) be a metric space. Then A is a
closed set if and only if for any sequence {x,},cn in A that converges to an element x € X we have
that x € A.

PROOE

Continuity.

DEFINITION 2.12 (Continuity). A map f : (X3,d;) — (X2, d>) between two metric spaces is
called continuous at x; € Xj if for all £ > 0 there exists  such that for all x € X; with d; (x, xg) <o
we have that da(f (x), f(x0)) <e.

We say a function f is continuous on Xj if it is continuous at every point xj € Xj.

LEMMA 2.13 (Continuity via sequences). A function f : X — Y between two metric spaces is
continuous at x € X if and only if
nli_I}(}of(xn) =fx)
for every sequence {x,} nen in X such thatlim;_., x, = x.

PROOE O

LEMMA 2.14. [Basic properties of continuous functions]

1. Products, sum, quotients of real/complex valued continuous functions on a metric space X are
continuous. E.g, if f: X — C and g : X — C are continuous, then f + g and fg and f/g are
continuous (where defined).

2. Compositions of continuous functions are continuous. Le., if f : X1 — Xo and g : X — X3 are
continuous maps between metric spaces, then go f : X1 — X3 is continuous.

PROOE
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Reminder: For any function f: X; — X, and any set U < X, the preimage of U under f, which
we denote by 71 (U), is
fly={xeXx; : feU}.

THEOREM 2.15. [Continuity via open sets] Let X, and X, be metric spaces and let f : X; — X,
be a give map. Then the following are equivalent

1. f is continuous.
2. f~Y(U) is open in X; for every open set U < X;.
3. f~Y(F) is closed in X; for every closed set F < X;.

PROOFE
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EXAMPLE. Show that the set
U={x,y) eR*: (x*+y*)sin® (\/ x%+ 7) > 2},

is open.

25
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EXAMPLE. The set
U={x,y)eR: xy>1, x*+y*>3}
is open.

Useful properties of preimage:
o fTY(AUB)=f (AU LB).
o fHANB)= 1A NfLB).
o f1A\B) = f 1)\ FL(B).

« Following from the above
FrAag=rova=iovtw=x\ = (r"w)".

2.4. Sequential Compactness and Compactness

DEFINITION 2.16 (Compactness). A non-empty subset K of a metric space X is called se-
quentially compact if for any sequence {x,},en in K there exists a convergent subsequence {x;, }ken
with limit in K.

PROPOSITION 2.17. [Closed sets and limits of sequences] F < X is closed if and only if ev-
ery sequence in F which converges in X has its limit point in F. That is, if {x,},en IS in F and
lim,,—.co X, = x for some x € X then x€ F.

PROOE
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COROLLARY 2.18. [Relationship between sequential compactness and closedness]

1. Sequentially compact sets are closed.
2. Any closed subset of a sequentially compact subset is sequentially compact.

LEMMA 2.19. If{x,}nen is a convergent sequence in a metric space X, then any subsequence of
it converges to the same limit.

PROOE

PROOF OF THE RELATIONSHIP BETWEEN SEQUENTIAL COMPACTNESS AND CLOSEDNESS.
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DEFINITION 2.20 (Bounded sets). A subset A < X of a metric space X is said to be bounded
if there exists R > 0 and x € X such that A € Br(x).

LEMMA 2.21. [Sequentially compact sets are bounded] Let K < X be a sequentially compact
subset of a metric space X. Then K is bounded.

PROOFL
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THEOREM 2.22. [Heine-Borel for R" and C"] A subset K of R" or C" is sequentially compact
(with respect to the standard metric) if and only if it is closed and bounded.

PROOFE
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THEOREM 2.23 (Extreme Value Theorem). Let f : X — Y be a continuous map between two
metric spaces. Then, if K < X is sequentially compact the image f (K) is sequentially compact
inY. In particular, for Y = R, any continuous real-valued function on a metric space X attains
minima and maxima on sequentially compact sets.

PROOE

O

COROLLARY 2.24. IfK is a closed an bounded set in C then |z|, Re (z), and Im (z) attain maxi-
mum and minimum on K.



2.4. SEQUENTIAL COMPACTNESS AND COMPACTNESS 31

DEFINITION 2.25. Let X be a metric space. We say that a subset K is compact if whenever
{U; : i € I} is a collection of open subsets U; € X with K < J;c; U;, then there exists a finite subset
J < Iwith K< Uiey U;.

Figure. An “infinite” open cover of a set K on the left, and the finite open sub-cover of it on the
right.

THEOREM 2.26. Let X be a metric space and let K be a subset of X. Then K is sequentially
compact if and only if K is compact.



CHAPTER 3

Complex functions and complex differentiation

3.1. Visualising complex valued functions

ExAMPLE. Consider the functions f(z) = |z| and g(z) = arg(z). What are the images of D =
{zeC : |z| <1} under f and g?

Im(z2)

Re(z)

32



Im(z)

3.1. VISUALISING COMPLEX VALUED FUNCTIONS

Re(z)

(SE)

Re(z)

33
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For instance, in the case that n = 8 we find

34
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2i

LEMMA.

e The map z" injectively takes an angular segment of length 27” which is open at one end
and closed at the other from a circle of radius r to the entire circle of radius r". If the
above segment is closed, or its size is larger than 27” the image is no longer injective.

e The map z" injectively takes a ray of angle 6 to a ray of angle n@ mod 2r. Consequently,
the map z"" injectively takes the wedge bounded by rays of angles 6, and 6, to the wedge
bounded by rays of angles nf; mod 2w and n6, mod 2n ifn|0, — 02| <2n. Whenn|6, —0,| =
27 the image is the entire complex plane (not invectively).

o We can define n different n—th “roots” which are inverses to the map z". We can write

them all in the form
1 1 i[w+ﬂ)
zn=|zlnel n ~n
with k=0,...,n—1 (we remove the k index from the map, but one need to specify which
k we are talking about). Note that for a fixed k the n—th root of z takes C into a anti

clockwise rotation by% Of Ry k-1
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3.2. Exponential and trigonometric functions

DEFINITION 3.1 (Complex exponential). We define the complex exponential functionexp: C —
C by
exp(z) := e*(cosy+isiny). (z=x+1y)
As shorthand we write exp(z) = €.

PROPOSITION 3.2. We have the following properties of the complex exponential function:
e“*#0 forallzeC.

ezl+22 — ezl eZz.
e*=1ifandonlyifz=2nik for someke Z.
e “=1/ée°.

|€Z| — eRe(z)'

Uk O~

PROOE

REMARK. A couple of observations:

e We have exp(27i) = 1 and exp(mi) = —1. The latter is Euler’s formula.
e The complex exponential function is 27i-periodic; that is, exp(z + 2kni) = exp(z) for
any ke Z.
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LEMMA.
o The map e* injectively takes a segment of length 2m which is open at one end and closed
at the other from the line x = c to the entire circle of radius e°. If the above segment is
closed, or its size is larger than 21 the image is no longer injective.
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o The map e* injectively takes the line y = c to the ray of angle c mod 2n without the origin.
o The map e* injectively takes the set {z€ C : 0 <Im(z) <0 +2n} toC* whereC* := C\{0}.

DEFINITION 3.3 (Trigonometric functions).
1 . . 1 . .
sin(z) ;== —(e'* — e *%) cos(z) := =(e'*+ e %)
21 2
1 1
sinh(z) := E(ez —-e % cosh(z) := z(ez +e7 %)

LEMMA 3.4. We have that forz=x+1y:
sin(z) = sin(x) cosh(y) + i cos(x) sinh(y).

cos(z) = cos(x) cosh(y) —isin(x) sinh(y).
sinh(z) = —isin(iz) = sinh(x) cos(y) + i cosh(x) sin(y)
cosh(z) = cos(iz) = cosh(x) cos(y) + i sinh(x) sin(y).
In addition we have that forall ze C

sin(z)® + cos(z)® =1, cosh(z)? —sinh(z)? = 1.

LEMMA.

e The map sin(z) injectively takes a segment of length 2nm which is open at one end and
closed at the other from the line y = c to an ellipse when ¢ # 0. When ¢ = 0 we get the
‘squished” ellipse [-1,1] x {0} and the map is injective for a segment of length m on which
the real map sin(x) is injective.

e The map sin(z) injectively takes the line x = c to a one sided hyperbola when c # nk and
c# 5 +mk forallk € Z. When c = wk or c = 5 + wk for some k € Z we get the“squashed”
hyperbolas:

o {0} x iR if c = wk. The map is injective in this case.

o [1,00) x {0} if ¢ = § +2mk. The map is injective on {z€ C : z=% +2mwk+iy, y =0}
and{zeC: z=%+2nk+iy, y<0}.

o (—00,1]x{0} ifc = —Z+2mk. The map isinjectiveon{z € C : z=—5 +2nk+iy, y =0}
and{zeC : z=-5+2nk+iy, y<0}.
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Similar statements can be done for cos(z) using the identity cos(z) = sin (z + %) (a shift by % on
the x—axis), and sinh(z) and cosh(z) using the identities

sinh(z) = —isin(iz), cosh(z) = cos(iz)
(rotations by +75 of the variable and image in the complex plane).

3.3. Logarithms and complex powers

LEMMA 3.5. [Inverting the exponential function] For every w € C*, the equation
3.1 e“=w
has a solution z. Furthermore, if we write w = lw|e'? with ¢ = Arg(w), then all solutions to
are given by
(3.2) z=loglw|+i(p+2nk) forkeZ.
Here, log|w| is the usual natural logarithm of the real number |w|. Note that there are infinitely

many solutions.

PROOE
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i

DEFINITION 3.6 (Complex logarithm functions). For any two real numbers 6, < 0, with 0, —
01 =2m, let arg be the choice of argument function with values in (01, 0-]. Then the function
log(z) :=log|z| +iarg(z)

is called a branch of logarithm. It has a jump discontinuity along the ray Ry, = Rp,. This ray is
called a branch cut.

If we choose arg(z) = Arg(z) € (—m, 7], then we obtain a branch of logarithm called the prin-
cipal branch of log. We write Log for this principal branch: it is given by the formula

Log(z) :=log|z| + iArg(z).

The principal branch of logarithm has a “jump discontinuity” along the ray given by the non-
positive real axis R<g.
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LEMMA 3.7. [Properties of logarithms] We have the following properties when using any given
branch of logarithm:
1. €'°8% = z for any z € C\ {0}.
2. In general
log(zw) # logz+log w.
3. In general
log(e®) # z.

PROOFE

LEMMA.
e A branch of the maplog(z) injectively takes a ray without the origin of angle 0 # 0, mea-
sured with respect to the branch cut, to the line y = 0.
e A branch of the maplog(z) takes a concentric circle of radius r, minus the branch cut, to

a segment of length 2w on the line x = logr with its lowest point given by the angle that
define the branch cut.

DEFINITION 3.8 (Complex powers). For w € C fixed, by choosing any branch of log we can
define a branch of the function z — z% by the expression

z" = exp(wlogz).
For example, if w = 1/n and we use the principal branch we get

n :lzlﬁel n,

1 log|z|+. rg(z)) 1 .Argz)
n n

zn =e
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EXAMPLE. Find (1- )2 using the principal branch of the logarithm.

EXAMPLE. Find 27 for all possible branches.

3.4. Mobius transformations

3.5. Complex differentiability

DEFINITION 3.9 (Complex differentiability). A function f: U — C defined on an open set U
in C is (complex) differentiable at z, € U if

m f(2) = f(zo)

z—z0  Z—2Zg
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exists. We call this limit the derivative of f at zy and write f'(zo) for the limit, i.e.

. (2) — f(z0)
f(z0) = lim %
Another form to the above limit is

lim f(zo+h) —f(Zo).
h—0 h

EXAMPLE. Show that f(z) = z? is differentiable at z = 0.

EXAMPLE. At which points is f(z) = z differentiable?

LEMMA (COLT for derivatives and the chain rule).
1. Let f,g:C — C be differentiable at zy € C. Then:

43
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o [+ g isdifferentiable at zo and

(f +8) (20) = f'(20) + &' (20)-
e (product rule) f g is differentiable at zy and
(fg) (z0) = f'(20)g(20) + f(20) &’ (20)-
 (quotient rule) if g(zo) # 0 then f/ g is differentiable at zy and
Y . fl(z0)8(z0) - f(20)g' (20)
= (z0) = 5 .
8 8(20)
2. (chain rule) Let f, g : C — C be functions such that g is differentiable at zy € C and f is differ-
entiable at g(zy). Then f o g is differentiable at zy and

(fog) (=) = f'(g(20)) &' (20)-

PROOE

3.6. Cauchy-Riemann equations

PROPOSITION 3.10. [Cauchy-Riemann equations] Let f = u+ iv be complex differentiable at
zo = Xo+1Yo. Then the real partial derivatives uy, uy, Uy, Uy exist at (xo, yo) and satisfy the Cauchy-
Riemann equations:

Uy (xo,J/o) =Uy (xo,J/o) Uy (xo,J/o) =—Uyx (xo,)/o)-
Furthermore, the derivative of f at zy can be written as
f'(20) = ux(20) + ivx(20) = vy(20) — iuy(20)
= Uy (20) — iuy(20) = vy (20) + i Vx(20).

PROOE
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THEOREM 3.11. Let f = u+ iv be defined on an open subset U of C. Assume the partial
derivatives uy, uy, vy, vy exist, are continuous, and satisfy the Cauchy-Riemann equations ar zo €
U. Then f is complex differentiable at z.

PROOE

Holomorphicity.
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DEFINITION 3.12 (Holomorphic functions). A function f : U — C defined on an open set
U c Cis holomorphic on U if it is complex differentiable at every point in U. We say f is holo-
morphic at z, if it is holomorphic on a open ball B, (z;) for some € > 0.
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DEFINITION 3.13. [Paths & path-connectedness]

1. A path or curve from z € C to w € C is a continuous function y : [0,1] — C with y(0) = z and
yY(1) = w. We say the path/curve is closed if z = w (in this case, the endpoints of the path join
up).

2. A path/curve is said to be continuously differentiable, or C!, if its real part and imaginary
parts are continuously differentiable on [0, 1]. At the end point 0 and 1 this means that real
part and imaginary parts have right-sided derivatives at 0 and left-sided derivative at 1, and
that the derivatives are continuos from the right at 0 and from the left at 1.

In that case we define
Y (0 =Re(y(®)) +i(m(y»))'.

3. We say a subset U < C is C! path-connected if for every pair of points z, w € U there exists
a C! path from z to w such that y(z) € U for all ¢ € [0,1]. For simplicity, we will use the term
path-connected instead of C! path connected in the remaining of this module.

In general paths can be defined from an interval [a, b] instead of [0, 1]. It makes no difference
since we can always re-parametrise the paths. For instance, if y; : [a, b] — X is a given function
we just define y: [0,1] — X by

(1) = (t—a)
YWw=ri\y,—,/)

Conversely for y: [0,1] — X we define y; : [a, b] — X by
Yiy=y((b-a)t+a).

Note that the continuity or differentiability of the maps is identical, as well as their image, so our
definition of paths and C! paths remains intact.

DEFINITION 3.14 (Domains). A domain D is an open, path-connected subset of C. (Some
people call domains regions).
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z1=2+1

Zp=1-1

zp=1-1

ZgZ—i

49

THEOREM 3.15. Let f : D — C be holomorphic on a domain D < C. If f'(z) = 0 for every z€ D

then f is constant onD.
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LEMMA 3.16. [Chain rule] Let U < C be an open set, f : U — C be a holomorphic function on
C andy:[0,1]1 — U be a C* path. Then for t, € [0,1] we have

(fop) (to) = f'(y(£0))Y' (t0).
PROOF OF THE LEMMA.

PROOF OF THE THEOREM.
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3.7. The angle-preserving properties of holomorphic functions

DEFINITION 3.17 (Conformal maps). We say that a (real differentiable) map f: D — Con a
domain D < C is conformal at z; if it preserves the angle and orientation between any two tan-
gent vectors at zp. This is exactly the same as saying that it preserves the angle and orientation
between any two C! curves passing through zy. We say that f is conformal if it is conformal at
all points in D.

LEMMA 3.18. [Holomorphic maps are conformal] Let f be a holomorphic map at zy. If f'(zo) #
0 then f conformal at zy.

PROOFE
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COROLLARY 3.19. Any conformal map maps orthogonal grids in the (x, y)-plane to orthogonal
grids.

y axis v axis

u axis

X axis

PROPOSITION 3.20. [Conformal maps are holomorphic] Let D be a domain. If f is conformal
at zo € D then f is complex differentiable at zy and f'(zo) # 0. Therefore, if f is conformal on D,
then f is holomorphic on D and f'(z) # 0 for all z € D. Thus

fisconformalonD <= f is holomorphic with f'(z) # 0 forall z € D.

PROOFR

3.8. Biholomorphic maps

DEFINITION 3.21 (Biholomorphic maps). Let D and D’ be domains. We say that f: D — D'
is biholomorphic if f is holomorphic, a bijection, and the inverse f~!: D’ — D is also holomor-
phic. A biholomorphic map f is called a biholomorphism. When f as above exists, we say that

the domains D and D' are biholomorphic and write f: D — D',
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LEMMA 3.22 (Automorphism groups). Let D c C be a domain. The set of all biholomorphic

maps f: D — D from D to itself forms a group under composition. We call this group the auto-
morphism group of D and denote it by Aut (D).

PROOE



CHAPTER 4

Mobius transformations

4.1. Definition and first properties of Mobius transformations

Recall the that the General Linear group GL; (C) is defined to be

GLZ(C)::{(? Z) a,bc,deC, ad—bc;éo},

i.e. the set of all 2 x 2 complex valued matrices with non-zero determinant.

DEFINITION 4.1 (M6bius transformations). Given any matrix T = (i Z) € GLy(C) we can

define a function
Mr:C—C

by
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ifcz+d #0,and if cz+d = 0 we set Mt (—%) = oo when ¢ # 0. We can extend the map to ¢ by
setting

a4 ifc#0,
Mr(00) =1 ©
7(00) {oo, ifc=0.

The function My : € — € is called a Mébius transformation.

Im(z) Im(z)

lzl=2

1‘ ‘} Re(2) Re (2)

N
\
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LEMMA.
e The map 1/ z injectively takes the setD\ {0} ={z€C : 0< |z| <1} toD° ={ze C|:|z| > 1}.
When considering 1/ z over C we find that it injectively takes D to D U {oo}.
Similarly, 1/ z injectively takes the set D¢ to D \ {0} and on € it takes D€ U {oo} toD.
e The map 1/ z injectively takes the ray at angle 0 without the origin to the ray at angle —0
without the origin. On C the statement remains the same by adding the origin and oo to

the rays.
Im(2) Im(2)
0<|z|=2
//_/\ ~_
e \\
// ‘\\ |zl =1
/ \ Z
\
/\ /\ Re (z2) C) Re(2)
\\ //
AN S
~ _
~ |

LEMMA 4.2. The set of Mébius transformations form a group under composition. Further-
more,
1. MT1 O]WT2 = MT1T2'
2. (M)~ = My,
3. Forany k € C* we have that My = M. We conclude that Mt =1d if and only if

10
=il )

forsomekeC*.

PROOE

COROLLARY 4.3. Any Mobius transformation is a bijection from € to C.

LEMMA 4.4. Let T = (Z Z) € GL2(0). If c =0, the Mébius transformation Mt gives a biholo-
morphic map
Mr:C—C.
Ifc #0, then Mt gives a biholomorphic map

_d ~
MT:C\{T}—»C\{%}.
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PROOE

COROLLARY 4.5. A Mébius transformation Mt is conformal at all z € C with Mt(z) # oo.

4.2. How to find Mobius transformations

DEFINITION 4.6. Given four distinct points zy, z1, 22, z3 € C, the cross-ratio of these points is
defined by

20—
(20— 22)(21 — 23) %=z

— — T Az
(20-z3)(z1-22) =

(20, 215 22,23) :=
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We will denote the cross ratio of zy, z1, 22, z3 by (20, 21; 22, z3). We can extend the definition to the
case that one of the points is co by removing all differences involving that point, for example,

(21 — z3)

(00,213 22,23) 1= .
(21— 22)

THEOREM 4.7. [Three points Theorem] Let {z1, z2, z3} and {w;, w», ws} be two sets of three
ordered distinct points in C. Then there exists a unique Moébius Transformation f such that
f(zi))=w; fori=1,2,3.

LEMMA 4.8 (Fixed points). Let T € GLy(C). If My : € — C is not the identity map then My has
at most 2 fixed points in C, where z is a fixed point of the map f if f (zo) = zo. In other words, ifa
Mobius transformation has three fixed points in C, then it is the identity.

PROOF OF FIXED POINT LEMMA.

PROOF OF THREE POIINTS THEOREM.
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LEMMA 4.9. The cross-ratio is preserved under Mobius transformations. In other words, if
f:C— C isa Mobius transformation then

(f (z0), f(21); f (22), f (23)) = (20, 21; 22, 23)-

LEMMA 4.10 (Building blocks of Mobius transformations). Any Mdbius transformation is
composition of the following four type of maps:
1. Shift: z— z+ b for someb e C.
2. Stretch/Compression: z — Az for some A € R.
3. Rotation: z — 'z for some 6 € (-m, ).

4. Inversion: z — %

PROOE
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PROOF OF THE INVARAINCE OF THE CROSS-RATIO.

60



4.3. THE IMAGE OF SPECIAL DOMAINS UNDER THE MOBIUS TRANSFORMATION - THE GEOMETRY OF CIRCLES AND LINE$

Using the invariance of cross-ratio to find Mébius transformation.

ExaMPLE. Find the M6bius map that takes the points {1, -1, i} to {0, 00, 1} respectively.

4.3. The image of special domains under the Mdbius transformation - the geometry of
circles and lines

LEMMA 4.11. LetT:(a b
c d

open. Together with the fact that Mébius maps are bijections on C we have that

) € GLy (C) and let D < C be a open set. Then Mt (D\{—%}) is

MT(OD\{—g}) =0M7 (D) \ {oo}.

d

When ¢ = 0 we consider -

AcC.

as oo which is outside of C and consequently A\ {oo} = A for any
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LEMMA 4.12. The map f(z) = % takes a circle that doesn'’t pass through the origin to a circle.
Moreover, if B is an open ball whose closure doesn’t contain the origin then f(B) is once again an
open ball. Consequently, if D < C is a set then for any zo € D\ {0} for which there exists € > 0 with
B (z9) € D we have that there exists § > 0 such that Bs (f(z0)) = f(D) (i.e. f takes any non-zero
interior point of D to an interior point of f(D)).

PROOF OF THE AUXILARY LEMMA.
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PROOF OF THE LEMMA.
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LEMMA 4.13. [Equation of circles and lines in C] Giveny, f € R and a € C, the equation
Yzz—az—az+pf=0

describes a circle ify # 0 and |a|*> — By > 0, and a line ify = 0 and a # 0. Conversely, any circle or
line can be described by an equation of this form.

PROPOSITION 4.14. Mdbius transformations map circles and lines in € to circles and lines in
C, where we consider any line to pass through infinity. By circles in C we mean simply circles in C.

PROOE
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Terminology: we use the term circline to refer to an object that is either a circle or line.
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EXAMPLE. Find the image of D and H under the Cayley map defined as
z—1

flz)=

z+i

Im(z) Im(z)

Re(z) Re(2)
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Im(z)

Re(z2)

Im(z)

Re(z)

EXAMPLE. Show that the Cayley map takes {z€ C : 0 <Arg(z) < 5} to {ze D : Im(z) < 0}.

Im(z)

Re(z)

Im(z)

Re(2)

The above examples also give us maps from discs/half discs to upper/lower/left/right planes

and quadrants by using the inverse Cayley map

-1 iz+1
(Mc) " (2) = Mc-1(2) = ] .
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Mobius transformations that preserve the upper plane and unit disc.

PROPOSITION 4.15. [H2H] Every Mébius transformation mapping H to H is of the form Mt
with T in the group

SLZ(R)::{T:(‘CZ Z) a,bc,deR, detT:ad—bc:l}.

Conversely, every such Mobius transformation maps H to H, and hence gives a biholomorphism
fromH toH.

PROOE
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OJ
PROPOSITION 4.16. [D2D] Every Mébius transformation from the unit disk D to itself is of the
form M7 with T in the set

SU1,1) := {T: (% g) ca,feC,detT = chIZ—I,BI2 = 1}.
Conversely, every such Mébius transformation maps D to D and hence gives a biholomorphic au-
tomorphism of D.

PROOE
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COROLLARY 4.17 (D2D-improved).
1. Every Mobius transformation f from the unit disk D to itself can be written as
0 Z— 20
z) = e =,
1@ Z0z—1
for some angle 6 and zy € D which is the unique point such that f(zy) = 0.
2. All Mobius transformations of the unit disk to itself for which f(0) = 0 are rotations about 0.

PROOE
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O

ExaMPLE. Find a biholomorphic map f from the unit disc to itself such that f (1) = 0 and
f=D=1

4.4. Riemann Sphere - revisited
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4.5. Biholomorphic domains - revisited
Function Maps the domain To the domain Biholomorphic?
c, if 6> 21,
2", neN {0<Arg(2) <0}U{0} {0 <Arg(2) < nO}U{0}, ifo<%, When 6 < 2.
{0<Arg(2) s m}U{-m <Arg(2) < nf —2m}U{0}, if Z<0<2L.
. ion by nf, of the i f
z", neN {01 <Arg(2) < 0>} with —nm <0, <07 a r({)(t)a:[o\xrlg (i)n< :9:;9312;355 ° When 6, -0, < 27"
Principlebranchofz%, neN {01 <Arg(2) <02} U10} with — <0 <O <7 {%‘ <Arg(z)<%}U{0} Yes

e {6) <Im(z) < 6,}

Log(2) {61 <Arg(2) <0} \ {0} with —m <6, <0, <7
L {rn <lzl <ra}
Cayley map f(2) = D
Cayley map f(2) = H
Cayley map f(z) = £+ HND={lzl <1, Im(z) >0}

Cayley map f(z) HNHg = {Rez >0, Im(z) > 0}
Mobius map M7 (z) with real matrix 7 such thatdetT =1 H
f(2) :em% with @ € (-, 7] and zp € D D

General Mobius transformation domains bounded by circlines

cr, if 6, -6, >2m,
{61 mod 27 < Arg(z) < 6> mod Zn} \{0}, if 6,—6,<2m.
{01 <Im(2) < 62} \ {0}
{%2< |zl <ﬁ}
HL
D
HnD = {|z] <1, Re(z) <0}
H_nD={lz| <1, Im(z) <0}
H
D

domains bounded by circline

When 6, -6, <27

where we have used the notation of H_ := {z € C : Imz < 0} for the lower half plane.

EXAMPLE. Find a biholomorphic map that takes {z € C : Arg(z) # —n} to D.

Im(z2)

Re(z)

Im(z)

Re(2)

Im(z)

Im(z)

Re(z)

Re(z)



CHAPTER 5

Notions of Convergence in complex analysis and power series

DEFINITION 5.1 (Pointwise convergence). Let (X,dx) and (Y, dy) be two metric spaces. A
sequence of functions {f,},en : X — Y converges pointwise (on X) to f if every x € X the limit
function f(x) :=lim,_ fr(x) exists in Y. In other words, for any x € X and any € > 0 there
exists N(¢g,x) € N such thatif n > N(¢, x)

dy (fn(x), f(x)) <e.

Note that N (¢, x) depends on € and x € X in general.

Key issue with pointwise convergence: Pointwise convergence doesn’t necessarily preserves
continuity.

DEFINITION 5.2 (Uniform convergence). We say a sequence of functions {f;}pen : X — Y
converges uniformly (on X) to (the limit function) f if we have

supdy (fn(x), f(x)) — 0.
xeX n—00

In other words, for any € > 0 there exists N (¢) € N such that if n > N (¢)
d(fn(x), f(x) <e, Vxe X.
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Note that N (¢€) here does not depend on the specific choice of x € X — the same N works for all
of them!

THEOREM 5.3. [Uniform limits of continuous functions are continuous] Let (X, dx) and (Y, dy)
be two metric spaces and let {f,,} nen : X — Y be a sequence of continuous functions that converges
uniformly to f on X. Then f is continuous on X.

PROOE

0J
LEMMA 5.4. [Test for uniform convergence] Let f, : X — C be a sequence of functions converg-
ing pointwise to a limit function f.
L If1fu(x) — f(x)| < s, for every x € X, where {s;} nen 1S Some sequence in R (independent of x)
withlim,_.o, s, =0, then f; converge uniformly to f on X.
2. Ifthere exists a sequence x,, € X such that| f,,(x,) — f (x,)| = ¢ for some positive constant c, then
fn does not converge uniformly to f on X.

PROOE
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O

ExAMPLE. Show that the sequence of functions f;,(z) = e* + % converges to e* uniformly on
C.

EXAMPLE. Show that for any R > 0 the sequence of functions f,(z) = e* + = converges to e*
uniformly on {z € C : |z| < R}. Does is converge uniformly on C?

THEOREM 5.5. [Weierstrass M-test] Let f,, : X — C be a sequence of functions such that | fn(x) | <
M, for all x € X and some sequence of non-negative numbers { My} ,en Such that
o0
M, < oo.
n=1

Then Sy(x) = ZQ’:I fn(x) converges uniformly on X to some limit function S : X — C which we
denote by

S(x) =) fulx).
n=1

In particular, if all the functions f,(x) are continuous on X then S(x) = Y77, fu(x) is also contin-
uouson X.

PROOFE

ExAMPLE. Show that
[’} |2Z|3n

32n n2

n=1
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converges uniformly to a continuous function on D.

THEOREM 5.6. Assume a sequence of functions f, : [a,b] — R converge uniformly on an inter-
val [a, b] to some function f, and that {f,},en are all continuous. Then for any c € [a, b] we have

that:

c Cc
lim f fn(x) dx:f f(x)dx.
a a

n—oo
In particular, if 37| fu(x) converges uniformly on an interval [a, b] and if { f,;} nen are continuous
foralln e N then for any c € [a, b] we have that:

f (Z fn(x)) dx = Z fn(x)dx.
a \p=1 n=1J4a
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5.1. Locally uniform convergence

DEFINITION 5.7 (Locally uniform convergence). Let {f,},en be a sequence of functions de-
fined on a metric space X. We say {f,,} converges locally uniformly (on X) to (the limit func-
tion) f, if for every x € X there exists an open set U, < X (that can depend on x!) containing x
on which {f;;} ,en converges uniformly to f.

EXAMPLE. Show that the sequence of functions f},(z) = z" converges locally uniformly on D
but not uniformly.

THEOREM 5.8. Let {f,}nen be a sequence of continuous functions, which converges locally
uniformly on X to a limit function f. Then f is continuous on X.

PROOE

0

THEOREM 5.9. [Local M-test] Let X be a metric space and let f,, : X — C be a sequence of
continuous functions such that for any xo € X, there is an open Uy, < X containing xo and con-
stants My, (Uy,) > 0 (which may depend on Uy,!) such that | f,(x)| < My, (Uy,) for all x € Uy,, and

% | My, (Uy,) < 0o. Then Y52, fn converges locally uniformly to a continuous function on X.



PROOE

5.1. LOCALLY UNIFORM CONVERGENCE
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(z+3)"

: 0o
EXAMPLE. Show that the series 3.5 | ~—

function on C*.

converges locally uniformly to ao continuous

5.2. Complex power series

DEFINITION 5.10. A (complex) power series is an expression of the form
o0
Y an(z=0)"
n=0

where {a;} ¢\ is a sequence of complex numbers and c € C.

THEOREM 5.11. For any sequence of complex numbers {a,},en We can define the power series
[e.®]
S(z) =) an(z—0o)".
n=0

There exists R € R-q U {+oo} such that

e S(z) converges only for z= c when R = 0. In this case S(c) = ay.

e S(z) converges absolutely for all |z—c| < R when R > 0. If R = +oo this condition holds
forany z.

e S(z) diverges for|z—c| > R when R > 0. If R = +oo this condition never holds.

R is called the radius of convergence of our power series and Bg(c) is called the disc of conver-
gence.



5.2. COMPLEX POWER SERIES

Recall/Fact: The radius of convergence can be found using the formula
B 1
limsup,,_.., Vlanl '
We can replace limsup by lim when the limit exists.
Moreover, we have the following formula when the limit exist:

a
R= lim ]

n—oo |y 1|

(note that the above implies that if both limits exist they are the same).
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THEOREM 5.12. A power series )5, a,(z—c)" with radius of convergence0 < R < oo converges
uniformly on any ball B;(c) with 0 < r < R. This implies the power series is locally uniformly
convergent on its disc of convergence.

PROOFE

EXAMPLE. Show that the power series Y7 %l converges locally uniformly on C.

Differentiation/integration of power series.

PROPOSITION 5.13. [Term by term differentiation or integration preserves the radius of con-
vergence] Let Y9\ a,(z — ¢)" be a power series with radius of convergence 0 < R < +oo. Then the
formal derivatives and anti-derivatives of the power series
(o] an

o _ i1
n;lnan(z c) and Y ™

n=0

(Z_ C)I’H-l

are power series with the same radius of convergence R.
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THEOREM 5.14. [Power series can be differentiated term by term in their disc of convergence]
Let Y57 yan(z—c)" be a power series in C, with radius of convergence 0 < R < +oo, and let f :
Bg(c) — C be the resulting limit function. Then f is holomorphic on Bg(c) with

fl@=3 nayz-o""!
n=1

for z € Bg(c).

PROOE
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COROLLARY 5.15. A power series f of the form Y7, a,(z— c)" with positive radius of conver-
gence R can be differentiated infinitely many times in Bgr(c). We have that

f(k)(z) = Z nn-1)...(n—k+ l)an(z—c)”_k: Z k!(’;)an(z—c)”_k
n=k n=k

for z € Bg(c) which implies that f® (c) = k! ay.

COROLLARY 5.16 (Power series can be integrated term by term in their disc of convergence).
A power series f of the form 357, a,(z— ¢)" with positive radius of convergence R has a holomor-
phic antiderivative F : Bgr(c) — C, that is a holomorphic function F on Bg(c) such that F'(z) =
f(2). F isgiven by F(z) := Y52 ) =~ (z — c)"*! for z € Bg(c).

0 n+1




5.2. COMPLEX POWER SERIES

85



CHAPTER 6

Complex integration over contours

6.1. Definition of contour integrals

DEFINITION 6.1. Consider a continuous function f : [a, b] — C where [a, b] c R. We define

fabf(t)dt:fab(Re(f(t))+iIm(f(t)))dt::f

a

b b
Re(f(t))dt+if Im (f(0)dt.

86
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EXAMPLE. Find f; f(t)dt where f(1) = t +it,

LEMMA 6.2.
1. Let fi and f, be continuous functions from [a, b] to C. Then

b b b
f(fl(t)+f2(t))dt:f fl(t)dt+f f(ndt.

2. For any complex number c € C, and continuous function f : [a, b] — C,

b b
f cf(t)dt= cf f(dt.

PROOFE
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O

Recall: We say that a path v : [a, b] — Cis C! if its real part and imaginary parts are continuously
differentiable on [a, b]. At the end point a and b this means that real part and imaginary parts
have right-sided derivatives at a and left-sided derivative at b, and that the derivatives are con-
tinuos from the right at @ and from the left at b.
In that case we define

Y (0= (Re(y(0))' +i(Im(y(0))'.

DEFINITION 6.3 (Contours). Let y : [a, b] — C be a curve, and suppose that there exist a =
ap< a; < dp<...<dap < ap= bsuch that the curves y; : [a;_1,a;] = C, i =1,2,...,n defined
by y: (1) := y(¢) for t € [a;_1,a;] are C' curves. Then we say that y is a piecewise C!-curve, or a
contour.
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DEFINITION 6.4. Let U < C be an open set, and let f : U — C be a continuous function. Let
v : la, b] — U be a C!-curve. Then we define the integral of f along the curve y by

b
ff(Z)dzzzf fy)y'(nadt.
Y a

If y:[a, b] — U is a contour such that y|4;,_, ¢ > C, Witha=ay<ay<ax<...<ap-1<a,=>bis
a C! curves fori =1,..., n, then we define

ff(Z)dz:Z f(2)dz.
Y

i=1YYi

LEMMA 6.5 (Basic properties). Assuming that fi, f» and f are continuous on U we find that
for any c! curvey:la,bl = U:

1.

f(f1(z)+fz(Z))dZ=ff1(Z)dZ+ffz(Z)dZ-
Y Y Y
2. ForanyceC

fcf(z)dz: cff(z)dz.
Y Y
3. Defining (—y):[=b,—al — U by (-y) (t) = y(~t) we have that

ff(Z)dz:—f f(z)dz.
Y -y

PROOFE

EXAMPLE. Consider the path y:[0,27] — C defined by y(0) = re'? with r > 0. Find:
. [ dz
. [, zdz.
« [,z"dzfornez.
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LEMMA 6.6 (Reparametrisation of curves). Let U < C be an open set, f : U — C be continuous,
and lety : [a,b] — U bea C! curve. Ifp:d,b'] — la,b] is continuously differentiable bijection
with p(a') = a and ¢ (b') = b and we defined : [a',b'] — C by

8():=y () =(youp)®

ff(z)dz:ff(z)dz.
Y 9

then

PROOE
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Important notation: Given a domain D such that there exists a bijective contour y : [a, b] — 0D
with a continuous inverse y‘l :0D — [a, b] and such that y'(r) # 0, we define

f f(z)dzsz(z)dz.
0D Y

This notion is well defined and doesn’t depend on y due to our Reparametrisation of curves
lemma, Lemmal6.6f When the boundary has no “end points”, such as the circle, we can extend
to above definition to the case where y : [a, b) — dD has the previously mentioned properties
and y(a) = y(b).

For example, for D={z€C : |[z—c| <1, r >0, c € C} we have that

0D={zeC:|lz—c|l=r1r,r>0,ceC},

which is the bijective image of the C! curve y : [0,271) — C

Yer @) =c+ rel?.

Consequently

2n . .
f f(@dz= f(z)dz:f f(c+ re’g)rie’GdG.
|z—c|=r Yer 0

DEFINITION 6.7. Letify:[a,b] — Cand 6 : [c,d] — C be two contours such that y(b) = 6(c).
We define their addition, y U §, as the curve
yué:la,b+d—-c]—C
with
v (1), ,ast<b,

o(t):=
yuol) {5(t+c—b), b<st<b+d-c.
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By the definition of integration along a contour and the change of variables formula we have
that

f(z)dz:ff(z)dz+ff(z)dz.
6 Y )

YU
6.2. The Fundamental Theorem of Calculus

THEOREM 6.8 (Complex Fundamental Theorem of Calculus - Part I (FTC-I)). Let U c C be
an open set and let F : U — C be holomorphic with continuous derivative f. Then for any contour
Y : la, bl — U we have

ff(z)dz =F(y(b)) - F(y(a)).
Y
In particular ify is closed, that isy(a) = y(b), then we have that

ff(z)dz =0.
Y

PROOFE
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DEFINITION 6.9 (Length of a contour). Let vy : [a, b] — C be a contour. We define the length
of y by

b
L(y) ::f ly'(0)|dz.
a

LEMMA 6.10 (The Estimation Lemma). Let f : U — C be continuous andy : [a,b] — U be a

contour. Then
f f(2)dz
Y

< (suplf(z)l)L(y).

zey

PROOFE
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O

The definition of a length of a curve is motivated from the analysis of functions of many
variables and the study of integration over curves. There one shows that the infinitesimal length
of a curve is exactly |y/(¢)|dr. This means that if we have a function g : U — R and a curve
Y : [a, b] — U we can define the integral of the real valued function g along the curve y as

b
f glym) |y m|ar.
a

We have a special notation for this:
Notation: Let U < C be a open and let g: U — R be continuous. For any y : [a, b] — U we define

b
fg(z)dlzl::f gly) |y @l|dae.
Y a

In the proof of our estimation lemma we have shown the important inequality:

’ff(z)dz sf |f(z)|d|z|.
Y Y
EXAMPLE. Considery: [0, %] — C given by y () = 2¢'?. Find an upper bound for

z+4
f 3 dz
yz°—1
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THEOREM 6.11 (Complex Fundamental Theorem of Calculus - PartII (FTC-II)). Let f : D —
C be continuous on a domain D. Iffy f(z2)dz =0 for all closed contoursy in D, then there exists a
holomorphic F : D — C such that
F'(2) = f(2).

PROOE
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