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* The circular arc from →1 to 1 which passes through →i. We have

MC→1(→i) =
→i2 + i

i+ 1
= 1.

Thus, the circular arc from →1 to 1 which passes through →i is taken to the line segment from 0
to ↑ which passes through 1. Consequently the image of the circular arc is the positive real axis.
[Instead, we could just have used conformality to deduce that this was the image - the angle and

its orientation at z = →1 must be preserved, so the positive real axis had to be the image.]

To see where the interior is mapped to, we choose a point in R1 and see where its image lies. For →i
2 ,

we have that
MC→1(→i/2) =

4 + 3i

5
.

So combining our observations above, we conclude that the image of R1 under MC→1 is the first
quadrant ! = {w ↓ C : 0 < Arg(w) < ω/2}. [Alternatively, we could have concluded this by
conformality as the interior must stay on the ‘same side’ of each line segment otherwise the orientation
would be reversed.]
we notice that the map g : ! ↔ H, g : z ↗↔ z2 open up the first quadrant to the upper half plane and
conclude that the desired transformation is given by

f(z) = g ↘MC→1(z) = g

(
iz + i

→z + 1

)
=

(
iz + i

→z + 1

)2

.
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(b) We know from lectures that a holomorphic map f with f ↓(z0) ≃= 0 is conformal at z0.
We first see that the map g1 : z ↗↔ exp (iω/2) = iz maps R1 to the right-half of the unit disc
{z ↓ C : |z| < 1,Re(z) > 0}. The map g1 is conformal on all of C as it’s holomorphic and its
derivative does not equal 0.
We next see that the map g2 : z ↗↔ z2 maps {z ↓ C : |z| < 1,Re(z) > 0} to R2. The map g2 is
conformal on C \ {0} as f ↓(z) = 0 ⇐⇒ z = 0. Since 0 /↓ {z ↓ C : |z| < 1,Re(z) > 0}, g2 is
conformal on its domain. We thus conclude that the desired map is

g(z) = (g2 ↘ g1)(z) = (iz)2 = →z2.


