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Q.2 [Q2 from the May 2023 exam]

2.1.(a) On what subset of C is the function f(z) = (z + i)4 → 3 conformal? Justify your response.

2.1.(b) Describe the geometric effects of f(z) on the tangent vectors of the curves passing through the point

z = 1→ 2i.

2.2 Let ω : [0, 3] ↑ C be the contour given by

ω(t) :=






2t, if 0 ↓ t ↓ 1,

4→ 2i+ 2 (→1 + i) t, if 1 ↓ t ↓ 2,

2 (3→ t) i, if 2 ↓ t ↓ 3.

(a) Sketch ω(t) in C.

(b) Evaluate
∫
ω cos(z)dz.

S.22.1.(a) We know from class that if a function f is holomorphic in a domain (i.e. open and connected set) U
then it is conformal at z0 ↔ U if and only if f → (z0) ↗= 0. Our function f is an entire function so we
only need to check where the derivative is zero.

f →(z) = 4 (z + i)3

which implies that f →(z) ↗= 0 if and only if z ↗= →i. Consequently, we conclude that f is conformal on
C \ {→i}.

2.1.(b) Given a function f on a domain U such that f →(z0) ↗= 0, we have that the tangent vectors of the image
of a given curve passing by z0 is the multiplication of the original tangent vector by f →(z0) which acts
as a stretch by |f →(z0)| and rotation by Arg (f →(z0)). In our case z0 = 1→ 2i gives

f → (1→ 2i) = 4 (1→ i)3 = 4
(↘

2e↑
iω
4

)3
= 2

7
2 e↑

3iω
4 .

We conclude that the geometric effects of f(z) on the tangent vectors of the curves passing through
the point z = 1→ 2i is a stretch by 2

7
2 and rotation by 3ε

4 clockwise.
2.2.(a) The curve is composed of three straight lines which intersect at the appropriate points:

ω1 : x(t) = 2t, y(t) = 0, 0 ↓ t ↓ 1,

ω2 : x(t) = 4→ 2t, y(t) = →2 + 2t, 1 ↓ t ↓ 2,

ω3 : x(t) = 0, y(t) = 2(3→ t), 2 ↓ t ↓ 3.
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2.2.(b) We know that cos(z) is entire and as such is holomorphic in a domain that contains the closed contour
ω (C). By the Complex Fundamental Theorem of Calculus we conclude that

∫

ω
cos(z)dz = 0.


