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(c) The region R2 can also be described as {z ↓ C : 0 < |z| < 1,Arg(z) ↓ (→ω,ω)}. Since

Log(z) = log |z|+ iArg(z),

we deduce that the principal branch of Log maps R2 to the horizontal half-strip

{z ↓ C : Re(z) < 0, Im(z) ↓ (→ω,ω)}.

Q.4 [Q9, 2004]

(a) Determine all Möbius transformations T for which T (↔) = ↔ and T (1) → T (0) = 1. What is the

geometric meaning of T and of its inverse T↑1
?

(b) Let C1 be the circle passing through 0, 1,→i and C2 be the circle passing through 0, 1, i. Let ! be the

intersection of the two discs bounded by C1 and C2.

(i) Determine the unique Möbius transformation S which maps the ordered set of points {0, 1,→i}
to the ordered set of points {→1,↔, i}.

(ii) Sketch the image of ! under S.

S.4 (a) We know that

T (z) =
az + b

cz + d
, for a, b, c, d ↓ C.

From the condition T (↔) = ↔ we get that c = 0. Consequently,

1 = T (1)→ T (0) =
a+ b

d
→ b

d
=

a

d

which implies that a = d. We find that

T (z) = z +
b

a
.

If w = z + b
a then z = w → b

a so we deduce that T↑1(z) = z → b
a . Geometrically T is translation by

the complex number b
a and T↑1 is translation by the complex number → b

a .

(b) (i) We know from lectures that a Möbius transformation w = f(z) preserves the cross-ratio, i.e.

(w → w2)(w1 → w3)

(w → w3)(w1 → w2)
=

(z → z2)(z1 → z3)

(z → z3)(z1 → z2)
.


