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Q.3 [Q5 from the May 2023 exam]

3.1 Prove that for each a → R, a > 0, the series

→∑

n=1

n↑z

converges uniformly on {z → C : Re(z) > 1 + a} where n↑z
is defined using the principal logarithm

[You may use without proof that
∑→

n=1 n
↑b

, b → R, b > 1, converges.]

3.2 Does the series
∑→

n=1 n
↑z

defines a continuous function on {z → C : Re(z) > 1}? Justify your re-

sponse.

3.3 Does the series
∑→

n=1 n
↑z

converge uniformly on {z → C : Re(z) ↑ 1}? Justify your response.

S.3 3.1 We will aim to use one of Weierstrass M-tests – standard or its local variant. Denote by fn(z) = n↑z .
We notice that for any z → C

|fn(z)| =
∣∣e↑z Logn

∣∣ =
∣∣∣e↑Re(z) logne↑iIm(z) logn

∣∣∣ = e↑Re(z) logn = n↑Re(z).

On {z → C : Re(z) > 1 + a} we have that

|fn(z)| ↓ n↑1+a = Mn.

Using the given hint we have that
∑→

n=1Mn < ↔ and consequently, using Weierstrass’ M-test, we
conclude that

∑→
n=1 fn(z) converges uniformly on {z → C : Re(z) > 1 + a}.

3.2 The idea is similar to the previous result, though we see that we can’t avoid having a >
0 in using Weierstrass’ M-test. However, we know that

∑→
n=1 fn(z) converges uniformly on

{z → C : Re(z) > 1 + a} for any a > 0. Given w → {z → C : Re(z) > 1} we can find aw > 0

such that w → {z → C : Re(z) > 1 + aw}, for example aw = 1+Re(w)
2 . In other words, for any

w → {z → C : Re(z) > 1} there exists an open set Uw = {z → C : Re(z) > 1 + aw} that contains
w and on which the series converges uniformly. This means, by definition, that

∑→
n=1 fn(z) converges

locally uniformly on {z → C : Re(z) > 1}. As fn(z) are continuous in the domain for any n → N we
conclude from a theorem from class that the resulting function is also continuous.

3.3 We notice that when z = 1 the series is nothing but the harmonic series
∑→

n=1 n
↑1 which doesn’t

converge. Consequently the series can’t converge uniformly in {z → C : Re(z) ↑ 1} as it doesn’t
even converge pointwise there.

Q.4 [Q6 from the May 2023 exam] Consider the set U = C \ {iy : y → R, y ↓ 0}.

4.1 Sketch the set U in C.

4.2 Is U an open set? Justify your response.

4.3 Find a biholomorphic map from U to the open unit disc D = {z → C : |z| < 1} and justify why this

map is biholomorphic.

S.4 4.1

Re(z)

Im(z)


