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Thus we need to solve for w in terms of z for our ordered sets {z1, z2, z3} = {0, 1,→i} and
{w1, w2, w3} = {→1,↑, i}. In this case, we have

(→1→ i)

(w → i)
=

(z → 1)(0 + i)

(z + i)(0→ 1)
↓↔ →(1 + i)

(w → i)
=

→i(z → 1)

(z + i)

↓↔ i(w → i)(z → 1) = (1 + i)(z + i)

↓↔ iw(z → 1) = (1 + i)(z + i)→ z + 1

↓↔ iw(z → 1) = iz + i

↓↔ w =
z + 1

z → 1
.

(ii) To find the image of !, we first find the image of its boundary. We know from lectures that Möbius
transformations map lines and circles to lines and circles. We also know from lectures that 3 points
determine a unique line or circle and if one of the points is ↑ then we have a line. Since 0, 1,→i
lie on C1, we see that C1 is mapped to the line ω1 through →1 and i.
Using our formula

S(z) =
z + 1

z → 1

from above, we have that
S(i) =

1→ i

→1→ i
=

→2i

2
= →i.

So, by the same reasoning as above, since 0, 1, i lie on C2, we see that C2 is mapped to the line ω2
through →1 and →i.
By continuity of S, the image of ! must be one of the four connected regions in Figure ??. To
determine the image of !, we take z = 1

2 in the interior and see where it gets mapped to under S,
that is S(12) = →3. We conclude that the image of ! under S is the region above ω2 and below ω1.

S→↗

Q.5 [Q5 2022]

(a) Let U = {z ↘ C : Re(z) < 0} and V = {z ↘ C : 0 < |z| < 1}. Show that exp is a conformal in C

and satisfies f (U) = V . Is exp: U ↗ V a biholomorphism?

(b) Using part (a) or otherwise, find a conformal map from {z ↘ C : |z| < 1} to {z ↘ C : 0 < |z| < 1}.

S.5 (a) the function f(z) = ez is an entire function. Consequently, we know from class that it is conformal on
C at every point where its derivative is not zero. As f →(z) = ez ≃= 0 for any z ↘ C we conclude that f
is conformal on C.
Since ez = exeiy when z = x+iy we see that the line y = c, x < 0 is mapped to a segment 0 < r < 1,
ε = c. Consequently the image of U by f is the union of all such segments with y ranging over R.
This gives us V .
The map is not biholomorphic as it is not even injective – the lines y = c, x < 0 and y = c + 2ϑ,
x < 0, both of which are in U , are mapped to the same segment.

(b) In order to be able to use (a) we need to take D = {z ↘ C : |z| < 1} to U . This will be done by using
a Möbius transformation. We know that the Cayley map takes the upper half plane, H, conformally
to the unit disc, D. Consequently, its inverse takes D to H conformally. To reach U we only need to


