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Solution to Home Assignment 4
Solution to Question 1. For any f € C[a, b] we have that
[MFf] = [[mflo= max [mx) fGo] < Imlleo| £l

x€la,b)

which implies that || M| < |7l -

Choosing f = 1 we find that || f|| =1 and
M1l = llmllo -

Consequently

M = sup |MF| = 1M1 = 1Ml
fll=1

Combining these two inequalities gives us the desired result.

Solution to Question 2. For any f € C[a, b] we have that

rel= [ lrolars [ Iloa= - ol
Consequently,

[7flloo= max (x-a)|fle) = @=a | [

x€la,b)

which implies that |T|| < b—a. As in the previous question, choosing
f ==1we find that ||f||oo =1land

Tfx)=x—a

which implies that | T|| = | T f|| = b—a. Combining these two inequalities
gives us the desired result.

Solution to Question 3. The linearity of this operator is a known result
from Linear Algebra I and as such we won’t show it and focus only on the
boundedness. For any x € 2 we have that

ISoTxll=IS(TX)N<IUSINTxII < ISIATINxI)=CUSINTI) NIl
This shows the boundedness of So T as well as the fact that
SoT|<ISINTI.

The second statement follows by induction. Indeed, it is a tautology for
n = 1. Assume it holds for 7 and consider T"*!. We have that

|7 = |To | < ITH|T"| < N TINTI" =TI,

where we have used the first part of the question and the induction as-
sumption.
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Solution to Question 4. For any a < 0 and any x # 0 we have that
laxll =lalllxll = —alxll # allxll.
This implies that the norm can'’t be a linear functional.

Solution to Question 5. For any f, g € Cla, b]
b, (f+8)=(f+8) (x0) = fx0) + (x0) = B, () + 0y ()

Similarly, for any f € C[a, b] and a scalar «
8x, (af) = (af) (xo) = af(xo) = abx,(f),

which shows the linearity of 6,. To show the boundedness of the func-
tional we notice that

163 (A =£ )| < | fllo
which implies that ||§y,|| = 1. Moreover, choosing f = 1 we find that
|/l =1and
1630 2165 (£)] =1,
from which we can conclude that ||, = 1.

Solution to Question 6. We start by noticing that for any x € (-1.1) the

function .

neN I-x

is analytic and consequently ¥ ,,cn 7 x*"~D converges for any k and m
in N when |x| < 1. We conclude that for any |A| < 1

Y n# AP <00
neN

which implies that the sequence b), defined by
by, = n%n_l
belongs to ¢, (N). We notice that, by definition,
fi(a)=(a,by)

and using Riesz’ representation theorem we conclude that fj € £, (N)*.
The same theorem also tells us that

2
[ 711 = 121, = \/W:@
neN (1_|/1|2)§

None of the above can be extended to when || = 1. For example

fila =) nay,

neN
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which doesn’t converge for all a € ¢, (N) (as the sequence a, = %, which
isin ¢, (N), illustrates).

Solution to Question 7. We start by showing that .¥ is conjugate linear.
Indeed, since for any y;, y» € # and any x € Z

fJ/1+J/2(x) = <x’y1 + J/2> = <x»J/1> + <x» J’2> = fJ/1 (x) + fyz (x) = (fy1 + fJ/Z) (x)
which implies that
J(yl +J/2) = fy1+yz = fyl +fy2 =JI )1+,

Moreover, for any y € # and a scalar a, and any x € #Z

fay(x) = (x,ay) = 5<x,y> =afy(x)
which implies that

I (ay)=fay=0afy=aSy.

Next we focus on the norm identity. Due to Riesz’ representation theorem

|Vl = sup  [(Fy)@|= sup |f )| =]y]s-
H xeH

xeZ, |l x=1 L lxll=1

Riesz’ representation theorem also assures us that .7 is surjective and the
injectivity of it follows from the above. Indeed, if ¥ y; = .7 y» then

0=y =Iyallze = |17 1 =v2)llzee = |71 = 12l %

which implies that y; = y». The first part of the question is now con-
cluded.

We now consider the function defined by (1) and show that it is an in-
ner produce that induces ||-||+. Before we begin we mention that when
a map .7 is conjugate-linear and bijective then its inverse, .7 ! is also
conjugate-linear and bijective (similar to an exercise in the previous as-
sighment).

e For any f € Z* we have that
102
(LD =TI Na =17

which shows the non-negativity. Moreover, { f, f) = 0 if and only
if #~1 f = 0 which implies tha]

f=5(Ff)=50=0.
 For any f, g, h € #Z* we have that
(F+en)=(T 7 (f+8), I h)y =(I ' f+T7'8.T ')y
=(IVf, I h)o + (I~ 1g, I Yh)o, =(f, h) + (8, h).

Lthis can be shown from the conjugate-linearity.




» Forany f,g € # and a scalar @ we have that
(af.g)=(T " (af), T 'g)s =(@I ' [,.77'8)y

(I, TG g = (I, I g) gy = alf8).
e Forany f,ge#

(f,8)=(I 1, I 1g) 0 =(I 18I )y

(778, I Ny =(8 1)
As all the required properties are satisfied, we find that (-,-) is indeed an
inner product in #*. To show that it induced the norm we need to show

that | f|5,. = (f,f) for every f € Z*. Since, as we saw,

) =171

it is enough to show that ||f\|%* = ||J_1f||%, for every f € Z* which
follows directly from (1). Indeed for any f € #Z*

[l =17 (F 7 )lzpe =157 -

Solution to Question 8. In a previous assignment we have shown that
¢~ (N) is not separable by finding an uncountable set {x4}4cg € €0 (N)
such that

||xa—xﬁ||oozl, Ya #p.

Consequently, the set { Ixa } qeg 1S an uncountable setin ¢; (N)* and

fxa - fxﬁ
Thus, ¢; (N)* is not separable.

:||xa—xﬁ||0021, Ya # .

Solution to Question 9. We have seen in class that if f € £, (N)* is of the
form f = fj, for some b € ¢, (N) then

(%) | foll < 1Bl .

Let & = {e;},en be the standard Scahuder basis of ; (N) and denote by
M ={fe,} ,cn,- We claim that

N
fZI,YZI anen = Zl aﬂfen
n=

for any scalars ay,...,ay. Indeed, given any a € ¢, (N) we see that

N N
S35 e, (@ =) “j( “nen) =).a;) pdy;
1

"= jeN \n= j JeN n=l



N

N
=) 4@ =) jfe,(@.
j=1

n=1
Since a € ¢, (N) was arbitrary we conclude the desired identity.
This, together with shows that for any b € ¢; (N) we have that

N
b— Z b,e;,
n 1

=1

=< — 0.

n—oo

N —_—
fo= X Bufer| = | fo= fii e
n=

Consequently, if {fp},. amy = oo (N)* we find that spanM is dense in
/o (N)*. Since M is countable we conclude that /., (N)* is separable.
From class we know that 2" is separable implies that & is also separable
and as we know that ¢, (N) is not separable we have reached a contra-
diction.

Solution to Question 10. (i) According to Reisz’ representation theorem
any f € Z* can be written as f, for some y € #Z where

frx=(xy)
and forevery ye #, f, € Z*. Thus, x, ni» x if and only if for every
—00
yeEH
(Xny) — (%6,¥).

(ii) Since & = {e;},en is an orthonormal set we have that for any y € 7

Y [(nen)|* <oo.

neN

Thus, for any y € # we must have that

<enrJ’> = <J”en> nfo’ooz <0’J’>-

Using the previous sub-question we conclude the desired result.
(iii) The statement doesn’'t remain true. Consider the orthogonal sequence
X, = ne, where {e,},en is an orthonormal sequence. Let

1
y= —en.
Then y is well defined since {+} _ € £, (N) and
(Xmy)=1#=0

n—oo

Solution to Question 11. (i) Letusassume thata given sequence {x,},en €
Z# converges weakly to x and y. Then, according to the previous ex-
ercise, for any ze #

(Xn,2) — (x,2)



and
<xn,Z>ﬁ:;;(}cz>.

Consequently (x,z) = (y,z), or {x—y,z) =0, for any z € #. Choos-
ing z = x — y we see that

Jx=y]*=(x=px-y)=0

which shows that x = y, i.e. the weak limit is unique.

(ii) We use the given fact and follow up as in the previous sub-question:
Assuming that {x,},cn € 2 converges weakly to x and y we have
that forany f e 2"

flx=y)=f®=fy) = lim f(x,) = lim f (x,) =0,
Choosing fy—, € £* such that fy_, (x—y) = ||x—y| in the above
shows that ||x — y|| = 0 which implies that x = y.

Solution to Question 12. (i) (3) follows from a theorem form class and
(4) follows from the previous question.
(ii) We have that

5 y,ej||<x,,,ej>|sd >

j=N+1 j=N+1

y’ejw > |<xn’ej>|25J Y yei| Ixall.

j=N+1 j=N+1

where we have used the Cauchy-Schwarz and Bessel’s inequalities.
Since {x,},en is bounded and

M =sup || x|l

neN

we conclude that

> |<y,ej>||<xn,ej>|SMJ S el

j=N+1 j=N+1

(iii) We start by showing the statement in the hint: {x,},c\ converges
weakly to x if and only if for any y € #

(ny) — (5,)
which is equivalent to
(xn, y)—{(x,3) — 0.
Due to the linearity of the inner product the above is equivalent to

<xn_x1y> n?.)00:<0)y>
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for every y € #, which holds if and only if {x,, — x},cn converges to
0. We thus focus our attention on using (3) and (4) to show that for
any y € Z we have that

(xn—x,y) — 0.

n—oo

Given y € #Z we have that

(xn=x,y)= ) (xn—x€) (1))
JjeN
For any given N € N we find that

o]

|<xn—x,J/>|S£|<xn—x’ej>||<y,ej>|+ 2. [(xn—x.ej)|[(v.ej)|-
j=1

j=N+1
For a given ¢ > 0, since {(y,e;)} .. € ¢2(N) we can find N (¢) € N
such that for any N = N(¢)

S (el
V. e; < —
j=N+1 ! M?

JeN

where M = sup,,cy I X, — x|l which is finite according to (3)H Using
the reult of our previous sub-question we conclude that for any n €
N, as long as N = N (¢) we have that

j=N+1 J=N+1

$ |<xn—x,e,->||<y,ej>|SMJ £ el <e

Since (3) is satisfied, for any given € > 0 we can find N(¢) € N such
that for any N = N (¢)

i [(xn—x,€j)| [y e)| <e.

j=N+1

Consequently, when N = N (¢) we have that

N
[Con =y} = 2 [Gon =5 e) [y )] +e.
i=

Using (4) we conclude that for any such N

limsup [{x, - x,y)| se.
n—oo

sup || x, — x|l = sup ([ x, [ + 1 x]1) = sup [ x, || + [ x]l.
neN neN neN



As € was arbitrary and {|(x, - x, y)|}
that

aen 18 non-negative conclude

lim [(x, = x,y)] =0,

which shows the desired result.



