Functional Analysis and Applications Michaelmas 2023

Department of Mathematical Sciences, Durham University

Problem Class 4 Solution

Solution to Question 1. Since {e,;} ¢\ is a Schauder basis, every x € &
can be written uniquely as

x=) an(x)ey,

neN

for some sequence of scalars {a,(x)},en. We define
FP(x0) = an(x),

and find that f is linear due to the uniqueness of the expansion of the
vector x with respect to the basis (try to show this!). We thus turn our
attention to the positivity of d,, and the boundedness of f\"”.
The fact that d,, > 0 follows directly from the assumption that e, ¢ 2.
Indeed, if the infimum is zero we can find a sequence {xy} ey © X5 such
that
) 1 1

llen — xl Sylell%fn len—y[ + P Pl
This implies that e, is a limit of a sequence of elements from 27, i.e. e,
isin yn = Iy, which is a contradiction.
Next we focus on the boundedness of V. We start by noticing that

Z ar(x)en

keN

an(x)e,+ ) ap(x)e
k#n

lxll =

Remembering that f™ (x) = a,(x) and noticing that ¥ i, ax(x)e; be-
longs to X’ nﬂ we find that:
If a,(x) #0 then

_ Lizgn@r(Xec| | _(_Zk#nak(x)ek) )
Ixll =, (x)] ent =y =] | en "~ am ) = | ()| dp.
€Ly

Consequently, if @, (x) # 0 we find that | £ (x)] < L.

If @, (x) = 0, on the other hand, then f”(x) = 0 and the above remains

true. We conclude that forall x € &
(n) < (B
|| = n

ISince > k#n @k (X) e converges to x — a,(x)e, and ch\;n =1 Ak (X)ex € Ty,
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which shows that f” € 2* and || f"| < din

To show that this is indeed the norm of £ we find for any & > 0 an ele-
ment y, in 23, such that

dn < |len—ye| = +e)dy
and notice that

|f(n)(en_y£)| — |f(n)(en)| —1= ”en_yt?” - ”en_yé'”

”en_ygn B (1+5)dn’

and as such

(n)
[ — |f @) 1
171 =sup ==y 2(1+«e)cln'

As ¢ is arbitrary we conclude that || f™ | = + and together with the upper
bound on this norm we find that || /™| = —n

Lastly, the uniqueness of the sequences {f""} _ <2 * follows from the
fact that if g™ < * satisfies g™ (ex) = §,, x then due to its continuity

g™ (x) = (”)(Z ak(x)ek) (”)(hm Zak(x)ek)

keN N—oo}

= lim Z ar(x)g™ (ex) = ar(x) = f™ (x).

N=ooj 5y
As the above holds for any x € & we have that g/ = f_ The proof is
now complete.

Solution to Question 2. Using the given hint we see that in order to show
our desired result, we only need to show that any sequence {y,}, . €
T (M) has a converging subsequence in %. Indeed, given { yn} nen € T (M)
we can find {x,},eny € M such that y, = Tx,. As M is bounded and T
is compact, we can find a subsequence of {x,},.cn, {xnk}kel\l’ for which
VYn = Txp, converges.

To show the continuity of T we notice that M = {xe Z |||x] =1} is a
bounded set. Since T (M) < T (M) and T (M) is compact we find that as
compact sets in metric spaces are always bounded we must have that for
any vector x € M

ITx]<C

for some C > 0. This implies that || T|| < C and as such the operator is
bounded.

Solution to Question 3. We have seen in class that if f € £, (N)* is of the
form f = fj, for some b € ¢, (N) then

(1) | foll < 1B .
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Let % = {e,} ,en be the standard Scahuder basis of ¢, (N) and denote by
M ={fe,} ,en- We claim that

N
leryzl dnén = Zl anfen
n=

for any scalars ay,...,ay. Indeed, given any a € ¢, (N) we see that

N N
ler)]—l Apeén (a) = Z a]( anen) = Z aj Z an6nv]
- 1

JjeN n= i jeN  n=1
N N

=) aj@ =) @jfe,(@.
Jj=1 n=1

Since a € ¢, (N) was arbitrary we conclude the desired identity.
This, together with (I) shows that for any b € ¢; (N) we have that

— 0.
n—oo

<

- Hfh B fzﬁi\[:l bnen

N —_—
Jo— Z,lbnfen

N
n=1 1

Consequently, if {fp},. oy = Yoo ()™ we find that spanM is dense in
/o (N)*. Since M is countable we conclude that ¢, (N)* is separable.
From class we know that 2" is separable implies that  is also separable
and as we know that ¢, (N) is not separable we have reached a contra-
diction.

Solution to Question 4. If (i) holds the by the continuity of norm
lxnll — llxIl.
n—oo
Moreover, for any f € Z*

0= |fxp) = fX)|=|f =0 = | f| 1xn—xIl,
which, using the squeezing lemma, shows that f (x,) — f(x) for any
—00
fe#x”, ie.

w
x;/l — X.
n—oo
Note that the above proof holds in any normed space and not only in a
Hilbert space.

Assume now that (ii) holds. We have that
I = xII* = |2, 1* — 2Re (x, x) + | X1
Since the norms converge we find that

2 2
2R ll" — [lxlI”.
n—oo



4

Since the sequence converges weakly we have that
2Re (xp, x) — 2Re(x,x) =2 x].
n—oo
We conclude that
lxn = 1 = x| — 2Re x, ) + 1x1? — flxl® = 201x]1” + [ x]* =0,

showing the desired result.



