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Exercise 1. (a) State the Hahn-Banach theorem.
(b) Let X' be a Banach space over a field F. For a given 0 # x € X define

ﬂ:span{x} — [

by ﬁc (ax) = al| x|l where a € F. Show that fx is a linear functional and

that ”fx”span{x}* =1
(c) Prove that for any 0 # x € X there exists f, € X'* such that f,(x) = || x|

and || fx| - =1.
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Exercise 2. Consider the operator T : /o, — £}, with 1 < p < oo, defined
by

(a) Show that T is well defined when a > 1/ p. In that case also show that

it is a linear operator and that it is bounded. Is T well defined when
a=1/p?

(b) Show that for any a > 1/ p the operator T is injective but not surjec-
tive.
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Exercise 5. Consider the subset # < ¢, given by

%:{aeégl Y nzlan|2<oo}.

neN

(a) Is #t closed with respect to the norm of ¢,? Prove your claim.
(b) Let B be the set

B:{a&?(?l Y nzlanlzsl}c{%’.

neN

Show that for any a € B we have that
1
2
a = ==
and then prove thatif {a,},,cx is @ sequence in B such that
(an)jnj(;odj, V]EN

for some a € B (component-wise convergence) then
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Exercise 6. Let 2 and % be normed spaces and let E be a given subset of
Z.LetT: 2L — % be a given bounded linear operator.

(@) Show thatif T|g =0 then T| 4 = 0 where .# = spanE.
(b) Let{E,},,cn be agiven sequence of subsets of 2'. Show thatif {T,},,cn €

B(Z,¥%) satisty

then if {T},},cn converges to T € B(Z',%) in the operator norm we
have that

T| =0.
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