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CHAPTER 4

Poisson’s Equation

Let QO < R" be open. Poisson’s equation is the PDE
-Au=f
where u: Q) — R is the unknown and f: Q — R s given.

DEFINITION 4.1 (Linear, second-order, elliptic PDEs). Let Q < R" be open and a;j,bj,c :
Q—Rfori,je{l,...,n} Let Abe the matrix-valued function defined by [A(x)];; = a;;(x), and
let b be the vector-valued function defined by [b(x)]; = bj(x). Define the linear, second-order
differential operator L by

i,j=1 j
for u: Q — R. We say that L is elliptic if A is symmetric and uniformly positive definite, which
means that a; j(x) = a;;(x) for all x € Q and that there exists a constant & > 0 such that yTAx)y =
a|y|? for all y € R", x € Q. PDEs of the form Lu(x) = f(x) are called elliptic PDEs.

n n
Lu=-)_ aijuxixj+Zbjuxj+cu:—A:D2u+b-Vu+cu,
-1

For example, for Poisson’s equation L=—-A, A=1,b=0,c=0,and a = 1.

4.1. Poisson’s Equation in [a, b]
In one dimension Au = u” and Poisson’s equation has the form
_ull — f

In the case where we consider Dirichlet boundary conditions, i.e. u(a) = u(b) = 0 you have
shown that the solution to the equation is given by

_[*y-a)b-x) fb(x—a)(b—y)
u(x)—fa s fydy+ T b_a fyady.

which can be written as

b
u(x) =f Gx,Nfydy

3



4.1. POISSON’S EQUATION IN |[a, b] 4

where b
(y—;z)(a—x) ify<x,

G(x,y) = y
(x,¥) x—a)(b-7) .
b-a y=x

G a called the Green'’s function and is an important tool in the study of linear PDEs.

Properties of the Green function for the Dirichlet problem on [a, b]:
e G is symmetric, i.e. G(x,y) = G(y,x).
e G is continuous.
» We have that
b—
bh—
x

=

ify<x,

Q

Gylx,y) =

Q

if .
g | y>x

showing that Gy is discontinuous on y = x. The same holds for Gy(x, y).
¢ Outside of the diagonal y = x we have that

Grx(x, y) = ny(x, y)=0.

REMARK 4.2 (Green's functions). Let Q < R" be open and bounded with smooth boundary.
It can be shown that if u € C?(Q) satisfies —Au = f in Q and u = g on 0Q, where f and g are
continuous, then there exists a Green’s function G such that

(4.1) u(x) :fQG(x,y)f(y) dy—f(mVyG(x,y)-n(y)g(y) ds(y).

See Evans (2010, Section 2.2.4). As above, the Green’s function is symmetric and satisfies Laplace’s
equation in x and y away from the diagonal y = x.
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4.2. Poisson equation in R", n =2
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4.2. POISSON EQUATION IN R”, n=2 8

DEFINITION 4.3 (Fundamental solution). Let n = 2. The fundamental solution of Poisson’s
equation in R" is the map @ : R"\ {0} — R defined by

1
——log|x| ifn=2
27
Dlx) = 1 1
ifn=3
nn-2)a(n) |x|"2
where
( ) ﬂn/Z
a(n)=———
EE

and where I': (0,00) — R is the Gamma function, which is defined by
I'(s) = f e *dx.
0

REMARK 4.4 (Facts about I and «).

 I' can be considered an extension of the factorial. Using integration by parts one can
show that for any s > 0
[(s+1)=sI(s).

One can also show that I'(1) = 1 and as such
I'n)=(n-1)!

for any n € N. One can also show thatT (1) = /7.
e It can be shown that a(#) is the volume of the unit ball B; (0) in R":

a(n) = f ldx.
B;(0)
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As a consequence one can show that for any R > 0 and x € R"
|Br(x)| = a(n)R".
Moreover, the surface area of Bg(x) is given by
|0BR(x)| = na(m)R"".

LEMMA 4.5 (Properties of the fundamental solution).
(i) A®(x) =0 forx#0.
(ii) ®(x) o0 asx — 0.
(iii) @ has an integrable singularity at the origin: For any R > 0,

f |®(x)|dx < co.
Br(0)
(iv) V® also has an integrable singularity at the origin: For any R > 0,

f VO (x)| dx < oo.
Br(0)

PROOE
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DEFINITION 4.6 (The function spaces L} _and C}).
(i) We define the the space of locally integrable functions on R" to be

L (R"):= {(p R'—>R: fKI(p(x)I dx < oo for any compact set K ¢ IR%”}.
(ii) Let k be a nonnegative integer. We let

Cf(IRz”) ={f:R"—R: f € CK([R"), supp(f) is compact}

denote the set of k—-times continuously differentiable functions on R” with compact
support. For the case k = 0 we also use the notation C.(R") to denote C2(R").

Similarly, for any 1 < p < co one can define
LP (R := {(p R"—-R: f I(p(x)lpdx<oo},
Rﬂ

and

L®°R™ :={¢:R" — R : esssup,epn |¢(x)| < oo}
as well as local versions of these spaces. The notion of essential supremum (esssup) pertains for
measure theory. When a given function is continuous, which is what we will mostly deal with,
this is nothing but the normal supremum.

LEMMA 4.7 (C.(R™) < L*(R™)). Let f € C.(R™). Then f € L*(R™).

PROOF.
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O

DEFINITION 4.8 (Convolution). Let ¢ € Llloc(IRz”) and f € C.(R™). The convolution of ¢ and f
is the function ¢ * f :R"” — R defined by

W+ NW= [ px-yrway.

LEMMA 4.9 (Properties of the convolution). Letg € Ll (R") and f € C.(R").

loc
(i) The assumptions on @ and f ensure that the convolution is well-defined, i.e.,

(= fx)|<oo VxeR"
(i) The convolution is commutative:
pxf=fxg.
(iii) Ifp € LY(R™), then ¢ * f € L®(R").

(iv) More generally, if ¢ € LP(R™), f € LY9(R™) with p,q € [1,00], then ¢ = f € L" (R"™) where

1+%:%+%.Also

lo * fllrwn < l@llrr@mll fllLawny.
PROOFL

O

THEOREM 4.10 (Solution of Poisson’s equation in R"). Let f € C3(R") be twice continuously
differentiable with compact support. Define

u==oxf.



Then ue C3(R) and u satisfies

PROOFE
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—Au(x) = f(x), xeR"

13
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LEMMA 4.11 (Average of a function over the surface of a ball). Let g : R" — R be continuous.
Let xy € R™. Then

][ g(2)dS(z) — g(xg) as €—0.
0B (xp)

PROOF.
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4.2.1. Fundamental Solution in R.

THEOREM 4.12 (Solution of Poisson’s equation in R). Let f € C2(R) be twice continuously
differentiable with compact support. Define

ifx<0,
Defineu:=®  f. Then u € C*(R) and u satisfies
(4.3) -u"(x) = f(x), xeR.

We call ® the fundamental solution of Poisson’s equation in R.

PROOFE
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4.3. The Poincaré Inequality

THEOREM 4.13 (Poincaré inequality). There exists a constant C > 0 such that
b _ b
f F00) - Fi2dx< C? f FPdx
a a
forall f € Cl(la, b)), wheref denotes the average of f over [a, b]:

_ 1 b
=— x)dx.
Fep| o
We can write the Poincaré inequality in terms of L>~norms as

(4.4) Lf = Fllzqany < CUE N 2qam-

PROOF OF POINCARE’S INEQUALITY ON [a, b].

20
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THEOREM 4.14 (Poincaré inequality for functions that vanish on the boundary).
There exists a constant C > 0 such that

b b
| irraz=c [ i ol dx
a a
for all f € C(la, b)) satisfying f(a) = f(b) = 0. We can write this in terms of L>~norms as

!
12 qa,pny < CUF N 2 a,b-

PROOE

21
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THEOREM 4.15 (The Poincaré inequality in higher dimensions). Let Q < R" be open and
bounded. There exists a constant C > 0 such that

||f||L2(Q) = C”vf”LZ(Q)
forall f € C'(Q) satisfying f =0 on <.

PROOE
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4.4. Poisson’s Equation in Q c R"

4.4.1. Existence.

THEOREM 4.16 (Existence for Poisson’s equation in general domains). Let Q < R" be open,
bounded, and connected with smooth boundary. Let f € C1(Q) be bounded and g € C(0Q). Then
there exists at least one solution u € C*(Q) N C(Q) of the Dirichlet problem

-Au=f inQ,
u=g onoQ.

PROOE

4.4.2. Energy Method: Uniqueness and Continuous Dependence.
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THEOREM 4.17 (Uniqueness for Poisson’s equation). Let Q < R" be open, bounded and con-
nected with smooth boundary. There exists at most one solution u € C*(Q) of the Dirichlet prob-
lem

-Au=f inQ,
u=g onoQ,
where f € C(Q), geC(09Q).

PROOE
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DEFINITION 4.18 (H] and H! norms). Let Q < R" be open and bounded and let f € C1(Q).
(i) The H&—norm of f is defined by

1/2
1 ey = 19 2 = (fﬂ IVf(x)Izdx) .

It can be shown that |- || ;1 ) isanorm on {f € C'(Q): f=00ndQ}.
(ii) The H'-norm of f is defined by

P 2 1/2
£y = (112 + 19 F iy

1/2
:(f |f(x)|2dx+f|Vf(x)|2dx) .
Q Q

It can be shown that | - || ;1) is @ norm on clQ).
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THEOREM 4.19 (Continuous dependence on dat& for Poisson’s eﬂuation). Let Q) c R" be open
and bounded with smooth boundary. Let fi, f> € C(Q). Let u; € C*(Q) satisfy

—Aul = f1 in Q,
u1=0 onoQ,
and uy € C*(Q) satisfy
—Auz = fg in Q,
u, =0 onoQ.

Then there exists a constant C > 0 such that
ey — M2||H&(Q) = C“fl - f2”L2(Q)-

In simpler terms, this theorem says that if f is close to f, (in the L>~norm), then u; is close to u;
(in the H&—norm).

PROOE
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4.5. Variational Formulation of Poisson’s Equation

DEFINITION 4.20 (Weak solutions of Poisson’s equation). We say that u € V is a weak solution
of Poisson’s equation

-Au=f inQ,
(4.5) u=0 onadQ,
with f e C(Q) if
(4.6) f Vu(x)-Vo(x) dx:f fXpx)dx forallpeV.
Q Q

The functions ¢ are called test functions.
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THEOREM 4.21 (Relation between the weak and classical formulations).

(i) Ifue C?(Q) is a classical solution of Poisson’s equation [&.5), then it is a weak solution.
(ii) Ifu is a weak solution of Poisson’s equation [@.5) and if in addition u € C*(Q), thenitisa
classical solution.

classical formulation =  weak formulation
weak formulation + regularity = classical formulation

PROOF OF THE RELATIONSHIP BETWEEN THE WEAK AND CLASSICAL FORMULATIONS.
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DEFINITION 4.22 (Dirichlet energy). The Dirichlet energy is the function E : V — R defined
by
1
Elv]= —f IVv(x)Izdx—f f®vx) dx.
2 Ja Q

E is a function of a function and we also refer to it as a functional or an energy functional or
simply an energy.

THEOREM 4.23 (Dirichlet’s principle: Minimising E is equivalent to solving Poisson’s equa-
tion). Let ue V. The following are equivalent:

(i) u isa minimiser of E, i.e.,
Elu] = minE[v].
veV

(i) u is a weak solution of Poisson’s equation (4.5), i.e.,

4.7) fVu(x)-V(p(x)dx:ff(x)(p(x)dx forallpeV.
Q Q



PROOE
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COROLLARY 4.24 (C? minimisers of E satisfy Poisson’s equation). Ifu € C*>(Q) NV is a min-
imiser of E, then u is a classical solution of Poisson's equation (4.5).



CHAPTER 5

Laplace’s Equation

39
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5.1. Mean-Value Formulas

THEOREM 5.1 (Mean-Value Formulas). Let Q < R" be open. If u € C*(Q) is harmonic in Q,
then
u(x) = u(y)dS(y) =J[ u(y)dy
0B, (x) B, (x)
for each ball B, (x) c Q). Therefore u(x) equals the average of u over any sphere and over any ball
in Q centred at x.

PROOFE
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THEOREM 5.2 (Mean-Value Formula = Harmonic). LetQ < R" be open. If u € C2(Q) satis-

fies

u(x) = u(y)dS(y) :J[ u(y)dy
0B, (x) By (x)

for each ball B, (x) < Q, then u is harmonic in Q.

PROOFL

5.2. Maximum Principles

DEFINITION 5.3 (Open and closed subsets). Let Q < R". We say that U < Q is an open subset
of Q (or is relatively open in Q) if U = QN O for some open set © < R". Aset V < Q is a closed
subset of Q (or is relatively closed in Q) if V.= Qn C for some closed set C < R".
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DEFINITION 5.4 (Connected sets). A set Q < R” is disconnected if it can be written as the
union of two disjoint nonempty open subsets of Q2. Otherwise it is connected.

LEMMA 5.5 (Subsets of connected sets). Let Q € R". The following are equivalent:
(i) Q is connected.
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(ii) The only subsets of Q) that are both open and closed subsets are Q) and the empty set.

PROOFL

46
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THEOREM 5.6 (Maximum Principles). Let Q c R" be open, bounded and connected. Let u :
Q- R, ue C*(Q) N CQ) be harmonicinQ.
(i) Weak maximum principle: u attains its maximum on the boundary of Q, i.e.,

maxu =maxu.
Q 00

(i) Strong maximum principle: If u attains its maximum in Q, then u is constant, i.e., if

there exists xo € Q such that

u(xp) = maxu
Q

then u is constant.

PROOE
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REMARK 5.7 (Minimum Principles). Harmonic functions also satisfy minimum principles in
open sets, i.e., if u is harmonic then it attains its minimum on the boundary of Q,

min ¥ = min u,
Q 0Q

and if it also attains its minimum in Q, then u is constant.

PROOE

O

THEOREM 5.8 (Uniqueness for Poisson’s equation). Let Q < R" be open, bounded and con-
nected. There exists at most one solution u € C*(Q) N C(Q) of the Dirichlet problem

-Au=f inQ,
u=g onoqQ,
where f € C(Q)), g € C(09Q).

PROOFE
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5.3. Maximum Principles for General Elliptic PDEs

DEFINITION 5.9 (Subharmonic and superharmonic functions). Let Q < R” be open. We say
that u € C2(Q) is subharmonic in Q if —Au(x) < 0 for all x € Q. We say that u € C%(Q) is superhar-
monicin Qif —Au(x) =0 for all x € Q.
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THEOREM 5.10 (Weak maximum principle E)r subharmonic functions). Let Q < R" be open,
bounded and connected and let u € C*>(Q) n C(Q).

(i) Ifu is subharmonic, then it satisfies the weak maximum principle

maxu =maxu.
Q 00

(i) Ifu is superharmonic, then it satisfies the weak minimum principle

min u = min u.
Q 0Q
Moreover, subharmonic functions satisfy the strong maximum principle and superharmonic func-
tions satisfy the strong minimum principle.

PROOE

THEOREM 5.11 (Maximum principles for general elliptic PDEs with ¢ = 0). Let Q < R" be
open, bounded and connected and let f € C(Q). Let u € C*(Q) n C(Q) satisfy Lu= f, whereL is a
linear second-order elliptic operator of the form

n n
Lu= _iélaijuxixj +jZ:1bjuxj =—A:D*u+b-Vu
where a;j and b; are continuous functions on (2, and A is symmetric and uniformly positive def-
inite, which means that a; j(x) = a;;(x) for all x € Q and that there exists a constant a > 0 such
thaty” A(x)y = a|y|? forally e R", x € Q. Assume that f <0.

(i) Weak maximum principle: u attains its maximum on the boundary of Q, i.e.,

max u = max u.
a 00

(ii) Strong maximum principle: If u attains its maximum in Q, then u is constant, i.e., if
there exists xo € Q such that

u(xp) = maxu
Q
then u is constant in Q.
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Similarly, if f = 0, then u satisfies weak and strong minimum principles. In particular, if f =0,
then u satisfies weak and strong maximum and minimum principles.

5.4. Regularity of Harmonic Functions

THEOREM 5.12 (Regularity of Harmonic Functions). Let Q € R" be open and u € C*(Q) be
harmonic. Then
(D) ueC®(Q),
(i) u is analytic in Q, which means that u is infinitely differentiable and, for all xy € Q, the
Taylor series of u about xy converges to u in some neighbourhood of xy.

PROOF OF THE REGULARITY OF HARMONIC FUNCTIONS.
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THEOREM 5.13 (Liouville’s Theorem). Let u:R" — R be a bounded harmonic function. Then
u is constant.

PROOFE



CHAPTER 6

The Heat Equation

DEFINITION 6.1 (Linear, second-order, parabolic PDEs). Let Q < R” be open, T > 0, and
aij,bj,c:Qx(0,T) — R for i,j €{l,...,n}. Let A be the matrix-valued function defined by
[A(x, 1)];j = a;;(x, t) and b be the vector-valued function defined by [b(x, 1)]; = b;(x, ). Define
the linear, second-order differential operator L by

n n
Lu=— ) Gjjugy + ) bjly+cu= ~A:D*u+b-Vu+cu,

ij=1 j=1
for u:Q x (0, T) — R. PDEs of the form u,(x, t) + Lu(x, t) = f(x, t) are called parabolic if A(x, t)
is symmetric and uniformly positive definite, which means that a;;(x, f) = a;; (x, t) for all x € Q,
t € (0, T) and that there exists a constant & > 0 such that y” A(x, 1)y = a|y|? forall y e R", x € Q,
t € (0, T). In particular, for fixed ¢, L is an elliptic operator.

55
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6.1. Fourier Series and the Heat Equation in R/27Z
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THEOREM 6.2 (Fourier series). Let L >0 and v € L?([0,L]). Define vy € L?([0,L]) by

N P £-15%
un(x) = ) Dpe'L
n=-N
where the Fourier coefficients 0, are defined by

~ 1 L —j2nn
(6.1) vn:—f v(x)e " L “dx.
LJo

Then vy converges to v as N — oo in the L>~norm, i.e.,

lim |lv—vpnll;2 =0.
Neooo ” N”L ([O,L])

57
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We write
- 4 j2n
(6.2) v(x)= ) Dpe'l
n=—oo

and call the right-hand side the Fourier series of v.

58
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6.2. Fourier Transform and the Heat Equation in R"

6.2.1. The Fourier Transform.

DEFINITION 6.3 (The Fourier Transform). Let v € L'(R"). We define its Fourier transform
0:R"— C by
1

(6.3) v(&) = W

f v(x)e % *dx



6.2. FOURIER TRANSFORM AND THE HEAT EQUATION IN R" 61

and its inverse Fourier transform v : R" — C by

1 .
v — l{.x
(6.4) i) = s fR v@etrde.

THEOREM 6.4 (Properties of the Fourier transform (extended)).
(i) v e L* (R™). Moreover,
I 17||L°°(IR€") <| U”Ll(Rn) .
(ii) 0(&) is uniformly continuous on R".
(i) F : L} (R™) — L (R™) is linear, i.e. foranyu,ve LY (R™) and any a, B € C we have that

(au+Bv) @) = F (au+ pv) @) = aF W) (€) + BF (1) (€) = it (&) + fO ().
(iv) For a fixed a € R" and u € L' (R") we have that us(x) = u(x — a) is a function in L' (R") and
ia(§) = 0(&e '+
(v) Fora fixed A >0 and u € L' (R") we have that u)(x) = A"u(Ax) is a function in L' (R") such
that | ull r gey = luall 1 gny and

~ e f)
Uy (§) = u(l :
(vi) For a given multi-index
a=(ay,...,a,) € (Nu{o)”
olPl 1 .. .
b aj. ffuand m € L' R") for any multi-index p with || < «

. n

we denote by |a| =

then

a1 a
0x)'...0x,"

F (—a'“'” ) (§) =T ad).
(vii) For a given multi-index
a=(ay,...,ay) € (NuUioh”
we have that ifu and x| xﬁ” u(x) € L' (R™) for any multi-index B with |ﬁ| < a then
alalﬂ(a
IS

(viii) The notion of convolution: For any u, v € L (R") we can define

u*v(x) :fuqan u(x—y)v(y)dy:fRn u(y)vix—-ydy.

F (2" xp"u(x)) (§) =
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(ix) The inversion formula: If u and i belong to LY (R™) then

u(x) = lnf 0(&) e *dé.
Rn

2m)2

Denoting by
1
(&) = —
@2m)2

the inversion formula can be written as

f u(x)e**dx
Rn

u=1q.
(x) The Fourier transform can be extended to a linear operator
F 117 (R") — LY (R")
where p € [1,2] and q is its Holder conjugate, i.e.
1 1

—+—=1
P 4

(in particular q € [2,00]). When p = q = 2 we find that
F:L*(R") — L*(R").

(xi) Plancherel’s identity: For any u € L? (R") we have that ii € L? (R") and

||u||L2([Rn) = ||ﬂ||L2(Rn) .

Moreover, ifu, v € L?> (R") then

fwu(x)ﬁ(x)dx:Lnﬁ(E)5(€)df-
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(xii) The Fourier transform is unique: If u, v € L (R") with p € [1,2] are such that i(§) = D(&) for

allé e R" thenu=v.
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6.2.2. The Fundamental Solution of the Heat Equation.
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DEFINITION 6.5 (Fundamental solution of the heat equation). The Fundamental solution of
the heat equation in R" is the function @ : R” x (0,00) — R defined by

1 _lx?
D(x,t) = ——— ¢ 4,
(Arkt)2

THEOREM 6.6 (Solution of the heat equation in R"). Let k > 0 and g € C(R") be bounded.
Define u:R"™ x (0,00) — R by

lx—yl?

(6.5) u(x,t):Z;nf e % g(y)dy=0xg
(4rkt)2 Jrr

where @ is the fundamental solution of the heat equation in R". Then
() u is infinitely differentiable: u € C*°(R" x (0,00));
(ii) u satisfies the heat equation: u; = kAu inR" x (0,00);
(iii) u has initial value g: For each point x, € R"
x, r)li»n(}co,m u(x, 1) = g(xo).
xeR", >0

PROOE
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REMARK 6.7 (Solution formula for the heat equation with source term). Consider the heat
equation on R” with a source term:

ur—kAu=f inR" x(0,00),
u=g forr=0.
This is satisfied by

t
u(x, t):f[an)(x—y)g(y)dy+f0 fRn@(x—y,t—s)f(y,s)dyds.
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6.3. The Energy Method

THEOREM 6.8 (Uniqueness for the heat equation). Let Q < R" be open, bounded and con-
ﬁected with smooth boundary. Let k >0, T > 0. There exists at most one smooth solution u :
Q x [0, T] — R of the heat equation

ur—kAu=f inQx(0,T],
u=g onoQx|[0,T],
u=1uy on2x{0}.

PROOE
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LEMMA 6.9 (The Gronwall inequality). Let E : [0,00) — R be a continuously differentiable
function satisfying E' < —\E for some constant A € R. Then E(t) < e E(0) forall t = 0.

PROOFE

THEOREM 6.10 (Sobolev Embedding Theorem). Let f € C!([a, b]).
(i) Forallx,y€la,b],

1
lf—fx)l =< ”f,”LZ([a,b]) ly —x|2.
In other words, f is Holder continuous with exponent1/2.
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(ii) Sobolev inequality: There exists a constant C > 0 such that

I fllzota,bp) < CIF I (a,01)

1

— 2 2 2
where | £l ao) = (1122 0 )+ 17 W)

THEOREM 6.11 (Asymptotic behaviour of the heat equation with periodic BCs).
Let u: R x [0,00) — R be smooth and 2n—periodic in x, i.e., u(x+2n,t) = u(x,t) for all (x,t) €
R x [0,00). Let u satisfy

ur—kuyxy=0 for(x,t) e (0,2m) x (0,00),
u(x,0) = up(x) forxe(0,2m),

where uy : R — R is a smooth 2n—periodic function. Let ug = % f02 " uy(x) dx denote the average
value of uy. Then u — ug in L*([0,2x]) as t — oco:

lim [lu(-, £) = uoll = ((0,221) = 0.
t—o0
In other words, the temperature converges uniformly to the average initial temperature as t — oo.

PROOFE
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THEOREM 6.12 (Asymptotic behaviour of the heat equation with time independent data).
Let Q c R" be open, bounded and connected with smooth boundary. Let u:Q x [0,00) — R be a
smooth function satisfying

ur(x,t) - kAu(x, t) = f(x) for(x,t) e Qx(0,00),
u(x,t)=g(x) for(x,t)e 0Q x[0,00),
u(x,0) =up(x) forxeQ,

where f, g, uy are given smooth functions. Let v : Q — R be a smooth, time independent solution
of the same equation:

—-kAv(x) = f(x) forxeQ,
v(x)=g(x) forxeodQ.
Then
tli_)rg)llu— Vll2(q) = 0.

In other words, if the source term [ and boundary data g are independent of time, then the solu-
tion of the heat equation converges in the L>~norm to the solution of Poisson’s equation as t — oo.
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6.4. Maximum Principles

DEFINITION 6.13 (Parabolic domain and parabolic boundary). We define
Qr=Qx(0,T]
and we refer to Qr as a cylinder. Note that Q7 includes the top of the cylinder Q x {t = T} but
not the bottom Q x {t = 0}. The parabolic boundary of Q7 is defined by
[r=Qr\Qr=(@x{0}) U 0Qx[0,T]),

which is the bottom and sides of the cylinder Q1 but not the interior or the top.

DEFINITION 6.14 (The function space Cf). Define Cf(QT) to be the space of functions on
Q7 that are once continuously-differentiable in time and twice continuously-differentiable in
space:

CHQr) ={u: Qr =R : U, s, Uy, Uy, € CQ) Vi, j€{L,..., i}

Recall the following facts:
e A matrix A € R"*"™ is negative semi-definite if
y-Ay<0 VyeR™

e Let U <R™ be open and let g € C?>(U). Suppose that y, € U is a local maximum point of

g. Then
Vg(yo) =0, D?g(y) is negative semi-definite

where D? g is the matrix of second partial derivatives of g, which has components [D?g]; j
8yiy» i,jell,...,m}.
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THEOREM 6.15 (Weak maximum principle for the heat equation). Letk > 0 and let Q) cR" be
open and bounded. Let u: Qr — R, u € C2(Qr) N C(Qr).

@

(ii)

(iii)

If
u;—kAu<0inQr,
then

maxu = maxu.
Qr I'r

In other words, if u is a solution of the heat equation u;— kAu = f inQr with f <0, then
u attains its maximum on the parabolic boundaryT'r.
If
ur—kAu=0inQr,
then

min ¥ = min u.
Qr I'r

In other words, if u is a solution of the heat equation u; —kAu = f inQr with f =0, then
u attains its minimum on the parabolic boundaryT T.

If
ur—kAu=0inQr,
then
maxu = maxu, min u = min u.
Qr I'r Qr Ir

PROOE
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THEOREM 6.16 (Strong maximum principle). LetQ c R” be open and bounded. Let u: Q1 —
R, ue Cf Q)N C(Qr). Assume additionally that Q is connected.
() Ifu;—kAu<0inQr, andifu attains its maximum over Qr ata point (xy, ty) € Qr, then
u is constant in Qg = Q x (0, o).
(i) Ifu;—kAu=0inQr, and if u attains its minimum over Qr ata point (xy, ty) € Qr, then
u is constant in Qg = Q x (0, fp].
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CHAPTER 7

The Wave Equation

DEFINITION 7.1 (Linear, second-order, hyperbolic PDEs). Let Q < R” be open, T > 0, and
aij,bj,d: Qx(0,T) — Rfor i,j€{l,...,n}. Let A be the matrix-valued function defined by
[A(x, 1)];j = a;(x, t) and b be the vector-valued function defined by [b(x, 1)]; = b;(x, ). Define
the linear, second-order differential operator L by

n n
Lu=— ) Gjjugy+) bjuy+du= —A:D*u+b-Vu+du,

ij=1 j=1
for u:Q x (0, T) — R. PDEs of the form u(x, t) + Lu(x, t) = f(x, t) are called hyperbolicif A(x, t)
is symmetric and uniformly positive definite, which means that a;;(x, f) = a;; (x, t) for all x € Q,
t € (0, T) and that there exists a constant & > 0 such that y” A(x, )y = a|y|? forall y e R", x € Q,
t € (0, 7). In particular, for fixed ¢, L is an elliptic operator.
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7.1. The Wave Equation in R

7.1.1. D’Alembert’s Solution.
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REMARK 7.2 (The non-homogeneous wave equation). Duhamel’s principle can be used to
show that the non-homogeneous wave equation

it (X, 1) = C e (X, 1) = f(x, 1) for (x, 1) €R x (0,00),
u(x,0)=g(x) forxeR,
us(x,0) = h(x) forxeR,
is satisfied by
1 1 x+ct 1 t px+c(t—s)
u(x,t):—[g(x+ct)+g(x—ct)]+—f h(y)dy+—f f f,s)dyds.
2 2c 2¢Jo Jx

x—ct —c(t-s)
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7.2. The Energy Method

THEOREM 7.3 (Conservation of energy). LetQ < R" be open and bounded with smooth bound-
ary. Let T > 0. Suppose that u € C*(Q x [0, T]) satisfies the following wave equation:

u”—czAu:O inQx(0,T],
u=0 onoQx]I0,T],
u=g onQx{0},
u=h onQ x{0},
where g, h: Q) — R. Define the energy
E(t) = lf u?(x, 1) dx+lczf IVu(x, t)|* dx.
2 Ja 2 Q
Then energy is conserved:

dE

— =0.

dt
In other words, E(t) = E(0) forall t = 0. Ifwe regard Q) as an elastic body, then E can be interpreted
as the sum of its kinetic energy and its elastic potential energy.

PROOE
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COROLLARY 7.4 (Uniqueness of C? (5 x [0, T ]) solutions). Let Q c R" be open and bounded
with smooth boundary. Let T > 0. Consider the following wave equation:
un—czAu:O inQx(0,T],
u=0 onoQxI[0,T],
u=g onQx{0},
h onQx{0},

Uy
where g, h: Q — R. Then there exists at most one C? (5 x [0, T]) solution to the above equation.

PROOE
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THEOREM 7.5 (Finite speed of propagation). Let u € C?(R x [0,00)) satisfy

U = czuxx inR x (0,00).

Fix xy € R, ty > 0. Define

T ={x, ) eERx[0,t0] : —c(tg—t) <x—x09 < c(tp— D)}

90

This is the triangle in the (x, t)—-plane with tip (xy, ty) and base [xo — cty, Xo + cto] x {0}. If u(x,0) =
uy(x,0) =0 for x € [xg— cty, Xo + ctyl, thenu=0inJ .

t axis
Iy
; Xo—C(lp—t)<x<xg+c(thp—1)
X axis
Xog—Cty Xo Xo + Cloy

T ={x,H) eRx[0,10] : —c(tp—t) <=x—x9 <c(tp— 1)}
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