
Andreas Braun Geometry of Mathematical Physics III EP, problems week 9

24) By considering infinitesimal gauge transformations (|αa| � 1)

g = eiα
ata ≡ eiα = 1 + iα +O(α2) (1.1)

and Taylor expanding finite gauge transformations to leading order in α ∈
g = Lie(G), show that the infinitesimal gauge variations of the fields
are

δαφ = iαφ

δαAµ = i[α,Aµ] + ∂µα

δαFµν = i[α, Fµν ] ,
(1.2)

where φ 7→ φ+ δαφ and so on to leading order.
solution: By construction, these have to give us the associated Lie algebra
representations (but now space-time dependent): Expanding to linear order

δφ = eiαφ− φ ' (1 + iα)φ− φ = iαφ (1.3)

δAµ = eiα(Aµ + i∂µ)e−iα − Aµ
' (1 + iα)(Aµ + i∂µ)(1− iα)− Aµ
' iαAµ − iAµα + ∂µα = i[α,Aµ] + ∂µα .

(1.4)

where we have used that α∂µα� ∂µα. Finally

δFµν = eiαFµνe
−iα − Fµν

' (1 + iα)Fµν(1− iα)− Fµν
' iαFµν − iFµνα = i[α, Fµν ] .

(1.5)

26) Consider a field φ in the adjoint representation, with components φa, where
a = 1, . . . , dim g.

(a) Show that
(Aµφ)a = ifbc

aAbµφ
c (1.6)

and similarly for (Fµνφ)a.
[Hint: we worked out the matrices defining the adjoint representation
in problem 29 of Michaelmas term, but wrote group elements as eαa t̂a

instead of the physics convention eiαata used here]
(b) Let Φ := φata, and Aµ = Aaµta, Fµν = F a

µνta as usual. Show that

(Aµφ)ata = [Aµ,Φ] (1.7)

and similarly for Fµνφ. Show that therefore

DµΦ = ∂µΦ− i[Aµ,Φ]
[Dµ, Dν ]Φ = −i[Fµν ,Φ] .

(1.8)
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solution:

(a) In problem 29 MM we have seen that the matrices defining the adjoint
representation are

ρ(t̂a)bc ≡ (t̂adja )bc = fac
b (1.9)

but then we did not include the i in the exponent and simply defined
g = et̂aα

a as well as [t̂a, t̂c] = fac
bt̂b, whereas using the physics conven-

tions with g = eitaα
a . Clearly t̂a = ita which implies [ta, tc] = ifac

btb.
Using t̂a = ita we find

(tadja )bc = ifac
b (1.10)

and hence

(Aµφ)a = Abµ(tadjb )acφc = Abµ(tb)acφc = ifbc
aAbµφ

c . (1.11)

(b) Using part (a) we find

(Aµφ)ata = ifbc
aAbµφ

cta = Abµφ
c[tb, tc] = [Aµ, φ] (1.12)

and repeating part (a) for Fµν gives

(Aµφ)a = ifbc
aF b

µνφ
c . (1.13)

so that the same computation shows that

(Fµνφ)ata = ifbc
aF b

µνφ
cta = F b

µνφ
c[tb, tc] = [Fµν , φ] (1.14)

Now we can work out

DµΦ = Dµφ
ata = ∂µΦ− i(Aµφ)ata = ∂µΦ− i[Aµ,Φ] (1.15)

as well as

[Dµ, Dν ]Φ = [Dµ, Dν ]φata = (Fµνφ)ata = [Fµν ,Φ] (1.16)

Here are some things to ponder:

1. How are convariant derivative and field strength defined for a non-abelian
gauge theory?

2. What is the impact of charged matter in different representations?
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