Andreas Braun Geometry of Mathematical Physics 111, problems week 2

4 Show using index notation that

where g and h are complex n X n matrices and v and w are n-dimensional
vectors. Solution:

a) First note that
(gh)ij; = Girhu; (0.1)

where we are using summation convention, i.e. k is being summed over.
All that the t does is transposition, i.e. swapping the two indices of a
matrix, together with complex conjugation, so that

(9h)}; = gjehwi = Ginhus = hlygl; = (h'gh);; (0.2)
b) We have trgh = (gh);; so that
trgh = gijhji = hjigi; = trhg (0.3)
c¢) First recall that (gv); = ¢;;v; and a - b = a;b;, so that
(gv) - (hw) = gi;v;hipwy = ng}-;hikwk =vg¢ hw (0.4)
d) We can write the determinant as

det 9 = €iyig.in €jrja.gn Givg1 Gizge *° Ginjn (05)

using the € tensor with n indices which I have called ¢ ---4, and
J1+++Jn. Take a moment to unpack this and convince yourself that
this produces the usual rule for e.g. a 2 x 2 matrix. Note that we are
summing over all indices and it does not matter what we call them.

Now we are ready to work out

L L A |
det " = €iyiy.i, €j1jo...jn Gi151 Yiajs Girin
= €irig..in €j1jo..gn Giri1 Gjoia * " Ginin (O 6)
= €j1ja..gn Ciria.in Girir Gjaia * " Gjnin
= €j1jo...gn Cirig..in Gjri1 Gjoia " Gjnin — det g

1



Andreas Braun Geometry of Mathematical Physics 111, problems week 2

5. For a general k X k matrix M show that

(a) deteM =M |

(b) Use this to conclude that for g = e we have logdet g = trlogg . Here
the log of a matrix is defined as the inverse function of the exponential.

Solution:

(a) We can start as in the lecture to find
det e = lim [det(1+ M/n)]" (0.7)

Now consider det(1 + M/n). The terms appearing in the determinant
are all products of entries of the matrix 1 + M/n. Terms that do not
contain diagonal elements have a factor n~*, whereas each diagonal
factor in a summand of the determinant replaces one factor of n=! by
one factor (1 + M;;/n) (where i is the index of the diagonal element).
The leading terms in the limit n — oo are hence coming from the
term in the determinant which has only factors from the diagonal of
1+ M/n:

Tim [det(1+ M/n)]" = lim [H (1 + M)r (0.8)

n—o0 n
7

A similar feature appears when expanding the product, the leading
terms are those that contain only a single factor of n=!:

M 1 _
H(1+ n):1+nZMu+O(n 2) (0.9)
Hence
trM"™
dete™ = lim [det(1+ M/n)]" = lim [1 + r} =™ (0.10)
n—oo n—oo n

(b) We have g = e™ and M = logg. Applying the above formula we find
log det g = log det ™ = log ™ = trM = trlogg. (0.11)

In the physics literature, the relationship proven in a) is mostly stated
in the above form as ‘log det = tr log".
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6. Show that the Pauli matrices
(0 1 (0 —i (10
=1 0) 27\ o) P70 -1
satisfy
Solution:
We work out
[ | = _ _ (0 1) (0 =i\ (0 =i\ (0 1
TLof =N TR0 = g\ 0 i 0/)l\1 o0
1 0 —1 0 (1 O . .
= (0 —Z> — (0 Z) =2 (O _1> —220’3—2Z€1230’3

[ = 0 —\ (1 O B 1 0 0 —1
7291 =1; o)lo -1 0o —-1)\i o
0 ¢ 0 —1 {0 1 ) )
= (2 0) — (—i 0 )= 21 <1 0) = 2101 = 21€93101

01 1 0

1 0/\0 -1

0 1 0 —1 (0 —1 ) .
= (_1 O) — (1 0 ) =2 (Z Ol> = 2202 = 2Z631202

(0.12)

(0.13)

(0.14)

(0.15)

(0.16)

The remaining cases of commutators follow from the antisymmetry of both

the commutator and the €;;;.



