
Andreas Braun Geometry of Mathematical Physics III MM Problem Class 1

Problem Class 1

Problem 1: For
Λ1/2 = exp (Sµνθµν) (0.1)

show that Λ†
1/2 ̸= Λ−1

1/2.
solution: This is equivalent to (Sµνθµν)† = −Sµνθµν . Note that using {γµ, γν} =
2ηµν1 implies that whenever µ ̸= ν:

Sµν = 1
4 [γµ, γν ] = 1

4 (γµγν − γνγµ) = 1
4 (γµγν + γµγν) = 1

2γµγν . (0.2)

Furthermore, the concrete way in which we have been writing the Dirac matrices,

γ0 =
(

0 12×2
−12×2 0

)
, γi =

(
0 σi

σi 0

)
i = 1, 2, 3 (0.3)

shows that (γ0)† = −γ0 and (γi)† = γi. Now let’s go: Letting i, j = 1, 2, 3, we can
work this out as

(S0i)† = 1
2(γ0γi)† = 1

2(γi)†(γ0)† = −1
2(γi)(γ0) = S0i

(Sij)† = 1
2(γiγj)† = 1

2(γj)†(γi)† = 1
2(γj)(γi) = −Sij

. (0.4)

Hence for a general choice of the real numbers θµν we have

(Sµνθµν)† ̸= −Sµνθµν (0.5)

so that Λ†
1/2 ̸= Λ−1

1/2.

Problem 2: Show that
Λ†

1/2γ
0 = γ0Λ−1

1/2 (0.6)

solution: We can work this out as follows

Λ†
1/2γ

0 = (exp (Sµνθµν))† γ0 =
∞∑

k=0

1
k! ((S

µν)†θµν)kγ0 (0.7)

so we need to know how to commute γ0 with (Sµν)†. Note that

(Sµν)†γ0 = −γ0Sµν , (0.8)
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when µ = 0 and ν = 1, 2, 3, we get no minus sign from the † and one minus sign
from γiγ0 = −γ0γi, when µ, ν ̸= 0 we get a minus sign from the † and two minus
signs from pulling γ0 to the left. We can now work out

((Sµν)†θµν)kγ0 = ((Sµν)†θµν)k−1γ0(−Sµνθµν) = ((Sµν)†θµν)k−2γ0(−Sµνθµν)2 =
... = γ0(−Sµνθµν)k

(0.9)
Hence

Λ†
1/2γ

0 =
∞∑

k=0

1
k! ((S

µν)†θµν)kγ0 =
∞∑

k=0

1
k!γ

0(−Sµνθµν)k = γ0Λ−1
1/2 (0.10)

and we are done.
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