Andreas Braun Geometry of Mathematical Physics 111, problems week 3

1. Let f be a homomorphism between two groups G and H. Show that

a) f(eq) = ey where eg and ey are the unit elements of G and H, re-
spectively.

b) f(g7') = f(g)~" for any g € G.
2. U(2) is the group of complex 2 x 2 matrices g such that g" = ¢!, with the

group composition being matrix multiplication. Let F' be the map which

sends
g detyg. (0.1)

Show that F' is a group homomorphism from U(2) to U(1).

3. (a) Show that
0;0; -+ 0;0; = 252Jl (02)

where o; are the Pauli matrices.
(b) Show that

@) = ¢ — ( F:os(a) + isig(q)ag/a sin(a)as/a + ?sin(a)al/a>
—sin(a)ag/a +isin(a)a;/a  cos(a) — isin(a)as/a
(0.3)

where a = y/a} + a3+ a}. |hint: write @ = an with |n|*> = 1, ie.

n; = a;/al

Here are some things to ponder:
1. What is the point about group homomorphisms and group isomorphisms?
2. What is a one-parameter subgroup?

3. What nice properties do the Pauli matrices have?




