
Andreas Braun Geometry of Mathematical Physics III EP, problems week 6

13) Show that using the field strength Fµν and the 4-current Jµ we can write
the Maxwell equations as

∂νF µν = Jµ , ϵµνρσ∂νFρσ = 0 .

solution: We need to unpack those equations by discriminating between
indices being 0 or i = 1, 2, 3 (we use latin letters for indices running from 1
to 3). As F 0i = Ei the first equation gives

∂iEi = ∇ · E = J0 = ρ (0.1)

when µ = 0. For µ = i we use Fi0 = −Ei and F ij = ϵijkBk to find

∂0F
i0 + ∂jF

ij = −∂tEi + ϵijk∂jBk = ji (0.2)

which reads
∇ × B − ∂

∂t
E = j (0.3)

in vector notation. These are the inhomogeneous Maxwell eqns.
Let us no unpack the homogeneous eqs. Let us first set µ = 0. Then
ϵ0ijk = ϵijk and hence

0 = ϵijk∂iFjk = ϵijk∂iϵjklBl = 2δil∂iBl = ∂iBi (0.4)

i.e.
∇ · B = 0. (0.5)

Finally let µ = i in the inhomogeneous Maxwell eq. Then one of the other
3 indices must be 0 so that we can write

0 = ϵi0jk∂0Fjk + ϵij0k∂jF0k + ϵijk0∂jFk0

= ϵi0jk∂0ϵjklBl + 2ϵ0ijk∂j(−Ek)
= −ϵijkϵjkl∂0Bl + 2ϵ0ijk∂j(−Ek)

=
(

−2 ∂

∂t
B − 2∇ × E

)
i

(0.6)

14) Show that
Fµν = ∂µAν − ∂νAµ

can be written as

E = −∇ϕ − ∂A

∂t
, B = ∇ × A .
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solution: We can proceed similar as above. Let us first set µ = 0 and
ν = k. We get

F0k = −Ek = ∂0Ak − ∂kA0 = ∂

∂t
Ak + ∂kϕ (0.7)

where we have used A0 = −A0 = −ϕ. Now let us look at the situation µ = i
and ν = j. We find

Fij = ϵijkBk = ∂iAj − ∂jAi . (0.8)

The fastest way to understand this equation is to fix e.g. i = 1, j = 2. In
this case we find

ϵ12kBk = B3 = ∂1A2 − ∂2A1 = (∇ × A)3 (0.9)

and similarly for other cases. This can also be seen by contracting the above
with ϵijl to find

ϵijlϵijkBk = ϵijl(∂iAj − ∂jAi) (0.10)

which gives
2Bl = 2ϵijl∂iAj = 2(∇ × A)l (0.11)

15) Show
∂

∂Xa1...an

(Xb1...bnXb1...bn) = 2Xa1a2...an ,

for any tensor X with components Xa1...an .
solution:
We have

∂

∂Xa1...an

(Xb1...bnXb1...bn) = ∂

∂Xa1...an

(Xc1...cnXb1...bnηc1b1 · · · ηcnbn)

=
(
δa1

c1 · · · δan
cn

Xb1...bn + Xc1...cnδa1
b1 · · · δan

bn

)
ηc1b1 · · · ηcnbn)

= Xa1...an + Xa1...an = 2Xa1...an

Here are some things to ponder:

1. How do electric and magnetic fields behave under Lorentz transformations?

2. Which action reproduces the Maxwell equations?

3. What is the relationship of the potential Aµ to observable physics?
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