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Preface

Dynamic stochastic optimization is the study of dynamical systems subject to random
perturbations, and which can be controlled in order to optimize some performance cri-
terion. It arises in decision-making problems under uncertainty, and finds numerous and
various applications in economics, management and finance.

Historically handled with Bellman’s and Pontryagin’s optimality principles, the re-
search on control theory has considerably developed over recent years, inspired in par-
ticular by problems emerging from mathematical finance. The dynamic programming
principle (DPP) to a stochastic control problem for Markov processes in continuous-time
leads to a nonlinear partial differential equation (PDE), called the Hamilton-Jacobi-
Bellman (HJB) equation, satisfied by the value function. The global approach for study-
ing stochastic control problems by the Bellman DPP has a suitable framework in viscosity
solutions, which have become popular in mathematical finance: this allows us to go be-
yond the classical verification approach by relaxing the lack of regularity of the value
function, and by dealing with degenerate singular controls problems arising typically in
finance. The stochastic maximum principle found a modern presentation with the con-
cept of backward stochastic differential equations (BSDEs), which led to a very active
research area with interesting applications in stochastic analysis, PDE theory and mathe-
matical finance. On the other hand, and motivated by portfolio optimization problems
in finance, another approach, called the convex duality martingale method, developed
and generated an important literature. It relies on recent results in stochastic analy-
sis and on classical methods in convex analysis and optimization. There exist several
monographs dealing with either the dynamic programming approach for stochastic con-
trol problems ([FR75], [BL78], [Kry80], [FS093], [YZ00], [T04]) or backward stochastic
differential equations ([EIkM97], [MYO00]). They mainly focus on the theoretical aspects,
and are technically of advanced level, and usually difficult to read for a nonexpert in the
topic. Moreover, although there are many papers about utility maximization by duality
methods, this approach is rarely addressed in graduate and research books, with the
exception of the forthcoming one [FBS09).

The purpose of this book is to fill in this gap, and to provide a systematic treatment of
the different aspects in the resolution of stochastic optimization problems in continuous
time with a view towards financial applications. We included recent developments and
original results on this field, which appear in monograph form for the first time. We paid
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attention to the presentation of an accessible version of the theory for those who are not
necessarily experts on stochastic control. Although the results are stated in a rather gene-
ral framework, useful for the various applications, with complete and detailed proofs, we
have outlined the intuition behind some advanced mathematical concepts. We also take
care to illustrate each of the resolution methodologies using several examples in finance.
This monograph is directed towards graduate students and researchers in mathematical
finance. It will also appeal to applied mathematicians interested in financial applications
and practitioners wishing to know more about the use of stochastic optimization methods
in finance.

The book is organized as follows. Since it is intended to be self-contained, we start
by recalling in Chapter 1 some prerequesites in stochastic calculus. We essentially collect
notions and results in stochastic analysis that will be used in the following chapters and
may also serve as a quick reference for knowledgeable readers. In Chapter 2, we formulate
in general terms the structure of a stochastic optimization problem, and outline several
examples of real applications in economics and finance. Analysis and solutions to these
examples will be detailed in the subsequent chapters by different approaches. We also
briefly discuss other control models than the one studied in this book. Chapter 3 presents
the dynamic programming method for controlled diffusion processes. The classical ap-
proach based on a verification theorem for the HJB equation when the value function is
smooth, is detailed and illustrated in various examples, including the standard Merton
portfolio selection problem. In Chapter 4, we adopt the viscosity solutions approach for
dynamic programming equations to stochastic control problems. This avoids the a pri-
ori assumption of smoothness of the value function, which is desirable as it is often not
smooth. Some original proofs are detailed in a unifying framework embedding both regu-
lar and singular control problems. A section is devoted to comparison principles, which
are key properties in viscosity solutions theory, as they provide unique characterization
of the value function. Illustrative examples coming from finance complete this chapter. In
Chapter 5, we consider optimal stopping and switching control problems, which consti-
tute a classical and important class of stochastic control problems. These problems have
attracted an increasingly renewed interest due to their various applications in finance.
We revisit their treatment by means of viscosity solutions to the associated dynamic pro-
gramming free boundary problems. We give explicit solutions to several examples arising
from the real options literature. As mentioned above, the Pontryagin maximum princi-
ple leads naturally to the notion of backward stochastic differential equations. Chapter
6 is an introduction to this theory, insisting especially on the applications of BSDEs
to stochastic control, and to its relation with nonlinear PDEs through Feynman-Kac
type formulae. We also consider reflected BSDEs, which are related to optimal stopping
problems and variational inequalities. Two applications in option hedging problems are
solved by the BSDE method. In Chapter 7, we present the convex duality martingale
approach that originates from portfolio optimization problem. The starting point of this
method is a dual representation for the superreplication cost of options relying on power-
ful decomposition theorems in stochastic analysis. We then state a general existence and
characterization result for the utility maximization problem by duality methods, and
illustrate in some particular examples how it leads to explicit solutions. We also consider
the popular mean-variance hedging problem that we study by a duality approach.
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This book is based mainly on my research studies, and also on lecture notes for
graduate courses in the Master’s programs of mathematical finance at Universities Paris
6 and Paris 7. Part of it was also used as material for an optional course at ENSAE
in Malakoff. This edition is an updated and expanded version of my book published in
French by Springer in the collection Mathématiques et Applications of the SMAI. The
text is widely reworked to take into account the rapid evolution of some of the subjects
treated. A new Chapter 5 on optimal switching problems has been added. Chapter 4 on
the viscosity solutions approach has been largely rewritten, with a detailed treatment of
the terminal condition, and of comparison principles. We also included in Chapter 6 a
new section on reflected BSDEs, which are related to optimal stopping problems, and
generate a very active research area.

I wish to thank Nicole El Karoui, who substantially reviewed several chapters, and
made helpful comments. Her seminal works on stochastic control and mathematical fi-
nance provided a rich source for this book. Several experts and friends have shown their
interest and support: Bruno Bouchard, Rama Cont, Monique Jeanblanc, Damien Lam-
berton, Philip Protter, Denis Talay and Nizar Touzi. I am grateful to Monique Pontier,
who reviewed the French edition of this book for MathSciNet, and pointed out several
misprints with useful remarks. Last but not least, I would like to thank Chau, Hugo and
Antoine for all their love.

Paris, December 2008 Huyén PHAM
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Notation

I. General notation

For any real numbers = and y:
x Ay = min(x,y), x Vy = max(x,y)
T = max(z,0), z~ = max(—z,0).
For any nonnegative and nondecreasing sequence (z,)n>1, its nondecreasing limit in
[0,00] is denoted by lim T zp.
n—-+oo

n

For any sequence (Zp)n>1, Yn € conv(zy, k > n) means that v, = ZIICV:
€ 10,1, n <k <N, < oo and Zg:”")\k =1.

n A\ETE Where Ay

II. Sets

N is the set of nonnegative integers, N* = N\ {0}.

R? denotes the d-dimensional Euclidian space. R = R!, R, is the set of nonnegative
real numbers, R} = Ry \ {0} and R = RU {—o0,+00}. For all z = (z!,...,2%), y =
(y',...,y%) in R% we denote by . the scalar product and by |.| the Euclidian norm:

d
Ty = inyi and |z| = Vz.x.
i=1

R"™*4 is the set of real-valued n x d matrices (R"*! = R"). I,, is the identity n x n matrix.

matrix in R¥™. We set tr(4) = 3" a® the trace of a n x n matrix A = (a¥)1<;,j<n
€ R™ ™, We choose as matricial norm on R™*¢
1
lo| = (tr(o0”))* .
S, is the set of symmetric n x n matrices and S;F is the set of nonnegative definite A in
S,,. We define the order on S,, as
A<B<«= B-AcS/|.

The interior, the closure and the boundary of a set O in R% are denoted respectively by
int(0), O and 0. We denote by B(z,r) (resp. B(z,r)) the open (resp. closed) ball of
center x € R?, and radius r > 0.
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III. Functions and functional spaces

For any set A, the indicator of A is denoted by

1,z e A,
la(z) = {O,mgéA.

C*(0) is the space of all real-valued continuous functions f on O with continuous deriva-
tives up to order k. Here O is an open set of R™.

C°(T x O) is the space of all real-valued continuous functions f on T x O. Here, T =
[0,T], with 0 < T < 00, or T = [0, 00).
C12([0,T) x O) is the space of real-valued functions f on [0,T) x O whose partial
derivatives 2 9F *f
erivatives ——
8t7 89@’ 83:1830]
take the value 0o). If these partial derivatives of f € C12([0,T) x O) can be extended by
continuity on [0,T] x O (in the case T < o), we write f € C12([0,T] x O). We define
similarly for & > 3 the space C1*([0,T] x O).
Given a function f € C%(0), we denote by Df the gradient vector in R” with components

7] 0?
/ ,1 <4 < n,and D?f the Hessian matrix in S,, with components / ,
O; O0x;0x;

These are sometimes denoted by f, and f,,. When O is an open set in R, we simply

, 1 <i,j < n, exist and are continuous on [0,7") (T may

1<i,j<n.

write f and f”. The gradient vector and the Hessian matrix of a function z — f(t,x)
€ C?(0) are denoted by D, f and D2f.

For a function f on R", and p > 0, the notation f(z) = o(|z|’) means that f(z)/|x|?
goes to zero as |z| goes to zero.

IV. Integration and probability

(2, F, P): probability space.

P a.s. denotes “almost surely for the probability measure P” (we often omit the reference
to P when there is no ambiguity). u a.e. denotes “almost everywhere for the measure
w’.

B(U): Borelian o-field generated by the open subsets of the topological space U.

c(G): the smallest o-field containing G, collection of subsets of £2.

@ < P: the measure @ is absolutely continuous with respect to the measure P.

Q@ ~ P: the measure @ is equivalent to P, i.e. Q < P and P < Q.

%: Radon-Nikodym density of @) < P.

E9(X) is the expectation under @ of the random variable X.

E(X) is the expectation of the random variable X with respect to a probability P initially
fixed. E[XG] is the conditional expectation of X given G. Var(X) = E[(X — E(X))(X —
E(X))'] is the variance of X.

Li(ﬂ, F, P) is the space of F-measurable random variables, which are nonnegative a.s.
LP (02, F,P;R™) is the space of random variables X, valued in R", F-measurable and
such that E|X|P < oo, for p € [1,00). We sometimes omit some arguments and write
LP(P) or L? when there is no ambiguity.
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L (02, F, P;R™) is the space of random variables, valued in R™, bounded, F-measurable.
We sometimes write L.

V. Abbreviations

ODE: ordinary differential equation

SDE: stochastic differential equation

BSDE: backward stochastic differential equation
PDE: partial differential equation

HJB: Hamilton-Jacobi-Bellman

DPP: dynamic programming principle



1

Some elements of stochastic analysis

In this chapter, we present some useful concepts and results of stochastic analysis. There
are many books focusing on the classical theory presented in this chapter. We men-
tion among others Dellacherie and Meyer [DM80], Jacod [Jac79], Karatzas and Shreve
[KaSh88], Protter [Pro90] or Revuz and Yor [ReY91], from which are quoted most of
the results recalled here without proof. The reader is supposed to be familiar with the
elementary notion of the theory of integration and probabilities (see e.g. Revuz [Rev94],
[Rev97]). In the sequel, (£2,F, P) denotes a probability space. For p € [1,00), we de-
note by LP = LP(£2, F, P) the set of random variables £ (valued in R?) such that |¢|P is
integrable, i.e. E|¢]P < +o00.

1.1 Stochastic processes

1.1.1 Filtration and processes

A stochastic process is a family X = (X;);er of random variables valued in a measurable
space X and indexed by time ¢. In this chapter and for the aim of this book, we take X’
= R equipped with its Borel o-field. The time parameter ¢ varying in T may be discrete
or continuous. In this book, we consider continuous-time stochastic processes, and the
time interval T is either finite T = [0,7], 0 < T' < oo, or infinite T = [0, c0). We often
write process for stochastic process. For each w € £2, the mapping X (w) : t € T — X¢(w)
is called the path of the process for the event w. The stochastic process X is said to
be cad-lag (resp. continuous) if for each w € {2, the path X (w) is right-continuous and
admits a left-limit (resp. is continuous). Given a stochastic process Y = (Y})ier, we say
that Y is a modification of X if for all t € T, we have X; = Y; a.s., l.e. P[X; = Y] = 1. We
say that Y is indistinguishable from X if their paths coincide a.s.: P[X; = Y;,Vt € T] =
1. Obviously, the notion of indistinguishability is stronger than the one of modification,
but if the two processes X and Y are cad-lag, and if Y is a modification of X, then X
and Y are indistinguishable.

The interpretation of the time parameter ¢ involves a dynamic aspect: for modeling
the fact that uncertainty on the events of {2 becomes less and less uncertain when time
elapses, i.e. one gets more and more information, one introduces the notion of filtration.

H. Pham, Continuous-time Stochastic Control and Optimization with Financial 1
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Definition 1.1.1 (Filtration)
A filtration on (£2,F, P) is an increasing family F = (Fy)rer of o-fields of F: Fs C Fy
CF forall0<s<tinT.

Fy is interpreted as the information known at time ¢, and increases as time elapses.
We set Fyp = o(UierFt), the smallest o-field containing all F;, ¢ € T. The quadruple
(2,F,F = (Fi)ier, P) is called filtered probability space. The canonical example of
filtration is the following: if X = (X;):er is a stochastic process, the natural filtration
(or canonical) of X is

FX=0(X,,0<s5<t), teT,

the smallest o-field under which X is measurable for all 0 < s < ¢. _7:tX is interpreted as
the whole information, which can be extracted from the observation of the paths of X
between 0 and ¢.

We say that a filtration F = (F;)ier satisfies the usual conditions if it is right-
continuous, i.e.

ft+ = nSZt]'—s:.Ft, VteT,

and if it is complete, i.e. Fy contains the negligible sets of F. We then say that the
filtered probability space ({2, F,F = (F;)teT, P) satisfies the usual conditions. The right-
continuity of F; means intuitively that by observing all the available information up to
time ¢ inclusive, one learns nothing more by an infinitesimal observation in the future.
The completion of the filtration means that if an event is impossible, this impossibility
is already known at time 0. Starting from an arbitrary filtration (F;)teT, one constructs
a filtration satisfying the usual conditions, by considering for any ¢t € T the o-field Fi+
to which one adds the class of negligible sets of F#. This constructed filtration is called
the augmentation of (Fy)ier.

In the sequel, we are given a filtration F = (F)er on (£2,F, P).

Definition 1.1.2 (Adapted process)
A process (Xi)ier is adapted (with respect to F) if for allt € T, X, is Fy-measurable.

When one wants to be precise with respect to which filtration the process is adapted,
we write F-adapted. Thus, an adapted process is a process whose value at any time ¢ is
revealed by the information F;. We say sometimes that the process is nonanticipative.
It is clear that any process X is adapted with respect to FX = (FX)er.

Until now, the stochastic process X has been viewed either as a mapping of time ¢
for fixed w (when we consider path) or as a mapping of w for fixed ¢ (when we consider
the random variable as in Definition 1.1.2). One can consider the two aspects by looking
at the process as a mapping on T x (2. This leads to the following definitions:

Definition 1.1.3 (Progressively measurable, optional, predictable process)

(1) A process (Xi)ier is progressively measurable (with respect to F) if for any t € T,
the mapping (s,w) — Xs(w) is measurable on [0,t] X 2 equipped with the product o-field
B([0,t]) @ F;.
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(2) A process (Xi)ier is optional (with respect to F) if the mapping (t,w) — Xi(w) is
measurable on T x 2 equipped with the o-field generated by the F-adapted and cad-lag
Processes.
(3) A process (Xi)ier is predictable (with respect to F) if the mapping (t,w) — X¢(w) is
measurable on T x §2 equipped with the o-field generated by the F-adapted and continuous
Processes.

When we want to specify the filtration, we write F-progressively measurable (optional
or predictable). Obviously, any progressively measurable process is adapted and measur-
able on T x {2 equipped with the product o-field B(T) ® F. It is also clear by definition
that any cad-lag and adapted process is optional (the converse is not true). Similarly,
any continuous and adapted process X is predictable (the converse is not true): since in
this case, Xy = lim, ~ X, this means that the value of X; is announced by its previous
values. Since a continuous process is cad-lag, it is clear that any predictable process
is optional. The following result gives the relation between optional and progressively
measurable process.

Proposition 1.1.1 If the process X is optional, it is progressively measurable. In par-
ticular, if it is cad-lag and adapted, it is progressively measurable.

By misuse of language, one often writes in the literature adapted process for progre-
ssively measurable process.

1.1.2 Stopping times

Having in mind the interpretation of F; as the available information up to time ¢, we
want to know if an event characterized by its first arrival time 7(w), occurred or not
before time t given the observation in F;. This leads to the notion of stopping time.

Definition 1.1.4 (Stopping time)
(1) A random wvariable T : 2 — [0,00], i.e. a random time, is a stopping time (with
respect to the filtration F = (Fi)ier) if for allt € T

{r<t}i={weR:7(w) <t} € F.

(2) A stopping time T is predictable if there exists a sequence of stopping times (Ty)n>1
such that we have almost surely:

(i) lim, 7, = 7

(i) o < T for allm on {T > 0}.
We say that (7,,),>1 announces .

We easily check that any random time equal to a positive constant ¢ is a stopping time.
We also notice that if 7 and o are two stopping times, then 7 Ao, 7V o and 7 + o are
stopping times.

Given a stopping time 7, we measure the infomation cumulated until 7 by

Fr={BeFr:Bn{r<tyekF, VteT},
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which is a o-field of F. It is clear that 7 is F,-measurable. We immediately see that if
7 =t then F, = F;. We state some elementary and useful properties on stopping times
(see e.g. the proofs in Ch. I, Sec. 1.2 of Karatzas and Shreve [KaSh88]).

Proposition 1.1.2 Let o and 7 be two stopping times, and £ a random variable.
(1) For all B € F,, we have BN {o < 7} € F,. In partcular, if o < 7 then F, C F;.

(2) The events

{o <7}, {o <7}, {o="1}

belong to Fopnr = Fo N Fr.
(8) € is Fr-measurable if and only if for allt € T, {1,<; is Fy-measurable.

Given a process (X;)ter and a stopping time 7, we define the random variable X on
{reT} by

X.,-(w) = X‘r(w) (w)

We check that if X is measurable then X is a random variable on {7 € T}. We then
introduce the stopped process (at 7) X7 defined by

X7 =X, teT.

Proposition 1.1.3 Let (X¢)ier be a progressively measurable process, and T a stopping
time. Then X;1,er is Fr-measurable and the stopped process X7 is progressively mea-
surable.

The next result provides an important class of stopping times.

Proposition 1.1.4 Let X be a cad-lag, adapted process, and I' an open subset of X =
R?.
(1) If the filtration F satisfies the usual conditions, then the hitting time of I' defined by

o, =inf{t>0:X;, €I}

(with the convention inf ) = 0o0) is a stopping time.
(2) If X is continuous, then the exit time of I' defined by

T,=inf{t>0: X, ¢}
is a predictable stopping time.

We end this section with the important section theorem, proved in Dellacherie and
Meyer [DM75] p. 220.

Theorem 1.1.1 (Section theorem)

Let (Xi)ier and (Yi)ier be two optional processes. Suppose that for any stopping time
7, we have: X, = Y; a.s. on {T < oo}. Then, the two processes X and Y are indistin-
guishable.
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1.1.3 Brownian motion

The basic example of a process is Brownian motion, a name given by the botanist Robert
Brown in 1827 to describe the irregular motion of pollen particles in a fluid. The context
of applications of Brownian motion goes far beyond the study of microscopical particles,
and is now largely used in finance for modelling stock prices, historically since Bachelier
in 1900.

Definition 1.1.5 (Standard Brownian motion)

A standard d-dimensional Brownian motion on T is a continuous process valued in RY,
(Wo)eer = Wi, ..., W)ier such that:

(i) Wo = 0.

(i1) For all 0 < s <t in T, the increment Wy — Wy is independent of o(W,,u < s) and
follows a centered Gaussian distribution with variance-covariance matriz (t — s)I4.

As an immediate consequence of the definition, the coordinates (W} )i, i = 1,...,d,
of a d-dimensional standard Brownian motion, are real-valued standard Brownian mo-
tion, and independent. Conversely, real-valued independent Brownian motion generates
a vectorial Brownian motion. In the definition of a standard Brownian motion, the inde-
pendence of the increments is with respect to the natural filtration YV = o(W,,u < s)
of W. The natural filtration of W is sometimes called Brownian filtration. It is often
interesting to work with a larger fltration than the natural filtration. This leads to the
following more general definition.

Definition 1.1.6 (Brownian motion with respect to a filtration)
A vectorial (d-dimensional) Brownian motion on T with respect to a filtration F = (Fy)et
is a continuous F-adapted process, valued in RY, (W,)ier = (W}, ..., W)er such that:

(i) Wo = 0.
(i1) For all 0 < s <t in T, the increment Wy — Wy is independent of Fs and follows a
centered Gaussian distribution with variance-covariance matriz (t — s)Iq.

Of course, a standard Brownian motion is a Brownian motion with respect to its natural
filtration.

A major problem concerns the existence, construction and simulation of a Brownian
motion. We do not discuss this problem here, and refer to the multiple textbooks on this
topic (see e.g. Hida [Hi80], Karatzas and Shreve [KaSh88], Le Gall [LeG89] or Revuz and
Yor [ReY91]). We only state a classical property of Brownian motion.

Proposition 1.1.5 Let (Wi)iet be a Brownian motion with respect to (Fy)ter-
(1) Symmetry: (—Ws)ter is also a Brownian motion.

(2) Scaling: for all X > 0, the process ((1/X\)Wiz¢)ier s also a Brownian motion.

(8) Invariance by translation: for all s > 0, the process (Wits — Wy)ier is a standard
Brownian motion independent of Fs.

We also recall that the augmentation of the natural filtration (F}V); of a Brownian
motion W is (o (FYUN)); where N is the set of negligible events of (£2, ¢, P). Moreover,
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W remains a Brownian motion with respect to its augmented filtration. By misuse of
language, the augmentation of the natural filtration of W is called again natural filtration
of Brownian filtration.

1.1.4 Martingales, semimartingales

In this section, we consider real-valued processes. The proofs of results stated here can
be found for instance in Dellacherie and Meyer [DMS80].

Definition 1.1.7 (Martingale)
An adapted process (Xi)ier s a supermartingale if E[X; ] < oo for allt € T and

E[X:|Fs] < X5, a.s. forall 0<s<t, s,teT. (1.1)

X is a submartingale if —X is a supermartingale. We say that X is a martingale if it is
both a supermartingale and a submartingale.

The definition of a super(sub)-martingale depends crucially on the probability P and
on the filtration F = (F;).er specified on the measurable space (£2, F). In this book, the
filtration will be fixed, and if it is not specified, the super(sub)-martingale property will
always refer to this filtration. However, we shall lead to consider different probability mea-
sures @ on (2, F), and to emphasize this fact, we shall specify Q-super(sub)-martingale.

An important example of a martingale is the Brownian motion described in the
previous section. On the other hand, a typical construction of martingale is achieved as
follows: we are given an integrable random variable £ on (£2,F): E|§| < co. Then, the
process defined by

Xt:E[é-‘ftL teT,

is clearly a martingale. We say that X is closed on the right by &. Conversely, when T
= [0,T], T < oo, any martingale (X;);c[o,r) is closed on the right by £ = X7. When
T = [0,00), the closedness on the right of a martingale is derived from the following
convergence result:

Theorem 1.1.2 (Convergence of martingales)

(1) Let X = (X;)t>0 be a submartingale, cad-lag, and bounded in L (in particular if it
is nonnegative). Then, X; converges a.s. when t — oo.

(2) Let X = (Xy)i>0 be a cad-lag martingale. Then (X;)i>o ts uniformly integrable if
and only if X; converges a.s. and in L' when t — oo towards a random variable Xo. In
this case, X closes X on the right, i.e. Xy = E[Xoo|F:] for allt > 0.

In the sequel, we denote by T the interval equal to [0,T] if T = [0,T], and equal to
[0, 00] if T = [0, 00). We also denote by T' the right boundary of T. With this convention,
if (X¢)ier is a cad-lag uniformly integrable martingale, then X is the limit a.s. and in
L' of X; when t goes to T. Moreover, X1 closes X on the right: X; = E[X7|F;] for all
teT.

The next result is a very important property of martingales: it extends the relation
(1.1) for dates ¢ and s replaced by stopping times.
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Theorem 1.1.3 (Optional sampling theorem)
Let M = (My)ier be a martingale cad-lag and o, 7 two bounded stopping times valued
in T, and such that o < 7. Then,

E[MT‘]_-U} =M,, as.

A useful application of the optional sampling theorem is given by the following co-
rollary:

Corollary 1.1.1 Let X = (X;)ier be a cad-lag adapted process.

(1) X is a martingale if and only if for any bounded stopping time T valued in T, we
have X, € L' and

E[X,] = Xo.

(2) If X is a martingale and T is a stopping time, then the stopped process X7 is a
martingale.

We state a first fundamental inequality for martingales.

Theorem 1.1.4 (Doob’s inequality)

Let X = (X¢)ier be a nonnegative submartingale or a martingale, cad-lag. Then, for any

stopping time T valued in T, we have:

E|X. |
A )

p P
ETX_|P \

IN

P[ sup | X¢| ZA} VA >0,

0<t<t

p
B[ swp |X]
o<t<r

IN

Notice that the first above inequality and the theorem of convergence for martingales
imply that if (X;);cr is a cad-lag uniformly integrable martingale, then sup,cp | X;| < oo
a.s.

In the sequel, we fix a filtered probability space (£2, F,F = (Fi)ter, P) satisfying the
usual conditions.

In the theory of processes, the concept of localization is very useful. Generally speak-
ing, we say that a progressively measurable process X is locally “truc” (or has the “truc”
local property) if there exists an increasing sequence of stopping times (7,,)n>1 (called
localizing sequence) such that 7, goes a.s. to infinity and for all n, the stopped pro-
cess X™ is “truc” (or has the “truc” property). We introduce in particular the notion
of locally bounded process, and we see that any continuous adapted process is locally
bounded: take as localizing sequence 7, = inf{t > 0: |X;| > n} so that X™ is bounded
by n. Notice that when X is not continuous with unbounded jumps, X is not locally
bounded. An important example of localization is given in the following definition.

Definition 1.1.8 (Local martingale)
Let X be a cad-lag adapted process. We say that X is a local martingale if there exists
a sequence of stopping times (Tp)n>1 such that lim, .. 7, = 00 a.s. and the stopped
process X™ is a martingale for all n.
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Any cad-lag martingale is a local martingale but the converse property does not hold
true: local martingales are more general than martingales, and we shall meet them in
particular with stochastic integrals (see Section 1.2). It is interesting to have conditions
ensuring that a local martingale is a martingale. The following criterion is useful in
practice.

Proposition 1.1.6 Let M = (M;)ier be a local martingale. Suppose that

E { sup |]MS\} < oo, VteT. (1.2)
0<s<t

Then M is a martingale.

Actually, we have a necessary and sufficient condition for a local martingale M to be
a “true” martingale: it is the so-called condition (DL) stating that the family (M),
where 7 runs over the set of bounded stopping times in T, is uniformly integrable. The
sufficient condition (1.2) is often used in practice for ensuring condition (DL). We also
mention the following useful result, which is a direct consequence of Fatou’s lemma.

Proposition 1.1.7 Let M be a nonnegative local martingale such that My € L'. Then
M is a supermartingale.

We introduce and summarize some important results on Snell envelopes, which play
a key role in optimal stopping problems. For ¢ € [0,7], T < co, we denote by 7; 1 the
set of stopping times valued in [¢, T].

Proposition 1.1.8 (Snell envelope)
Let H = (Hy)o<i<t be a real-valued F-adapted cad-lag process, in the class (DL). The
Snell envelope V' of H is defined by

Vi, = ess sup E[HT|.7-}], 0<t<T,
T€T, T

and it is the smallest supermartingale of class (DL), which dominates H: Vi > Hy,
0 <t <T. Furthermore, if H has only positive jumps, i.e. H. — Hi- > 0,0 <t < T,
then V' is continuous, and for all t € [0,T], the stopping time

m=inf{s>t:Vo=H AT
is optimal aftert, i.e.
Ve = E[V:,| 7] = E[Hq,|F].

We now define the important concept of quadratic variation of a (continuous) local
martingale. We say that a process A = (A;)ier has finite variation if every path is cad-lag
and has finite variation, i.e. for all w € 2, ¢t € T,

sup Y [An (@) — Ar,, ()] < . (1.3)
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where the supremum is taken over all subdivisions 0 = ¢t < t; < ... < t, =t of
[0,t]. The process A is nondecreasing if every path is cad-lag and nondecreasing. Any
process A with finite variation can be written as A = AT — A~ where AT and A~
are two nondecreasing processes. There is uniqueness of such a decomposition if one
requires that the associated positive measures A*([0,¢]) = A} and A=([0,t]) = A; are
supported by disjoint Borelians. We denote by A the signed measure, the difference of
the two finite positive measures A* and A~. The (random) positive measure associated
to the increasing process AT 4+ A~ is denoted by |A|: |A|([0,t]) = A] + A equal to
(1.3), and is called the variation of A. For any process « such that

¢
/ |as(w)]d]Als(w) < 00, VteT, Vwe 2,
0

the process [ adA defined by the Stieltjes integral fg as(w)dAs(w), for all t € T and w
€ {2, has finite variation. Moreover, if A is adapted and « is progressively measurable,
then [ adA is adapted. For any process A with finite variation, we define A°:

Af = A — > AA,, where AA, = A,— A, (AAg = Ay).

0<s<t
A° is a continuous process with finite variation, and is called the continuous part of A.

Proposition 1.1.9 Let M be a local martingale, My = 0. If M has predictable finite
variation, then M is indistinguishable from 0.

Theorem 1.1.5 (Quadratic variation, bracket)

(1) Let M = (Mi)ier and N = (N¢)ier be two local martingales, and one is locally
bounded (for example continuous). Then, there exists a unique predictable process with
finite variation, denoted by < M,N >, vanishing in 0, such that MN— < M,N >
is a local martingale. This local martingale is continuous if M and N are continuous.
Moreover, for allt € T, if 0 = t§ < 7 < ...t} =t is a subdivision of [0,t] with mesh
size going to 0, then we have:

kn
<SMN > = lim > (My =My ) (Ng = No ),

i=1
for the convergence in probability. The process < M, N > is called the bracket (or cross-
variation) of M and N. We also say that M and N are orthogonal if < M,N > = 0,
i.e. the product M N is a local martingale.
(2) When M = N, the process < M,M >, also denoted by < M > and called the
quadratic variation of M or increasing process of M, is increasing. Moreover, we have
the “polarity” relation

<M,N>:%(<M+N,M+N>—<M,M>—<N,N>).

Example
IfW = W!',...,W% is a d-dimensional Brownian motion, we have
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< Wi,Wj >y = (;ijt

where 0;; = 1 if ¢ = j and 0 otherwise. Moreover, the processes wiw] — 0i;t are
martingales.

The following inequality is useful for defining below the notion of a stochastic integral.

Proposition 1.1.10 (Kunita- Watanabe inequality)
Let M and N two continuous local martingales and o, 3 two measurable processes on
T x §2 equipped with the product o-field B(T) @ F. Then for all t € T,

1 1
t ot 2 t 2
/|as||ﬁs|d|<M,N>\sg </ a§d<M,M>S> </ ﬁ§d<N7N>s) a.s.
Jo 0 0

This shows in particular that almost surely the signed measure d < M, N > is absolutely
continuous with respect to the product measure d < M >.

The following fundamental inequality for (local) martingales is very useful when we
shall focus on local martingales defined by stochastic integrals for which one can often
calculate the quadratic variation.

Theorem 1.1.6 (Burkholder-Davis-Gundy inequality)
For all p > 0, there exist positive constants ¢, and Cy, such that for all continuous local
martingales M = (My)ser and all stopping times T valued in T, we have

eBl< M > < B swp \Mt|]p < C,E[< M >?/?).
0<t<r

By combining the Burkholder-Davis-Gundy inequality with the condition (1.2), we
see in particular for p = 1 that if the continuous local martingale M satisfies E[y/< M >]
< oo for all ¢t € T, then M is a martingale.

We say that a cad-lag martingale M = (My)ser is square integrable if E[|M;]?] < oo
for all t € T. We introduce the additional distinction (in the case T = [0, c0)), and say
that M is bounded in L? if sup,cr E[|M|?] < co. In particular, a bounded martingale in
L? is uniformly integrable and admits a limit a.s. My when ¢ goes to T. We denote by
H2 the set of continuous martingales bounded in L2. The next result is a consequence of
Doob and Burkholder-Davis-Gundy inequalities.

Proposition 1.1.11 (Square integrable martingale)

Let M = (My)ier be a continuous local martingale. Then M is a square integrable mar-
tingale if and only if E[< M >;] < oo for allt € T. In this case, M>— < M > is a
continuous martingale and if My = 0, we have

E[M}] = E[< M >;], vteT.
Moreover, M is bounded in L? if and only if E[< M >3] < oo, and in this case
EM2] = E[< M >7].

The space H2 endowed with the scalar product
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(M, N)g = E[< M,N >7]

is a Hilbert space.

The next theorem is known as the Doob-Meyer decomposition theorem for super-
martingales.

Theorem 1.1.7 (Doob-Meyer decomposition)
Let X be a cad-lag supermartingale. Then X admits a unique decomposition in the form

X=Xo+M-A

where M is a cad-lag local martingale null in 0, and A is a predictable process, increasing
and null in 0. If X is nonnegative, then A is integrable, i.e. E[A7] < oo where Ay =
lim, 7 At a.s.

We finally introduce a fundamental class of finite quadratic variation processes, ex-
tending the (local) super(sub)-martingales, and largely used in financial modeling, espe-
cially in the context of this book.

Definition 1.1.9 (Semimartingale)
A semimartingale is a cad-lag adapted process X having a decomposition in the form:

X=Xo+M+A (1.4)

where M is a cad-lag local martingale null in 0, and A is a adapted process with finite
variation and null in 0. A continuous semimartingale is a semimartingale such that in
the decomposition (1.4), M and A are continuous. Such a decomposition where M and
A are continuous is unique.

We define the bracket of a continuous semimartingale X = Xo+M +Aby: < X, X > =
< M, M >, and the following property holds: for all ¢ € T, if 0 =ty <t} < ...t} =tis
a subdivision of [0,¢] with mesh size going to 0, we have the convergence in probability

k
. )
<X, X > = lim Yy (Xt? - thl)
=1

n—00 4
7

This property is very important since it shows that the bracket does not change under a
change of absolute probability measure ) under which X is still a @-semimartingale.

The main theorems stated above for super(sub)-martingales considered cad-lag paths
of the processes. The next theorem gives sufficient conditions ensuring this property.

Theorem 1.1.8 Let F = (Fy)ier be a filtration satisfying the usual conditions, and X
= (Xi)ter be a supermartingale. Then X has a cad-lag modification if and only if the
mapping t € T — E[X;] is right-continuous (this is the case in particular if X is a
martingale). Moreover, in this case, the cad-lag modification remains a supermartingale
with respect to F.
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For a proof of this result, we refer to Karatzas and Shreve [KaSh88], Theorem 3.13 in
Ch. 1.

In the sequel, we say that a vectorial process X = (X!,..., X%) is a martingale (resp.
supermartingale, resp. semimartingale) (local) if each of the real-valued components X*, i
=1,...,d is a martingale (resp. supermartingale, resp. semimartingale) (local). We also
define the matricial bracket of a vectorial continuous semimartingale X = (X1!,..., X%):
<X >=<X,X'>, by its components < X*, X7 >, i,j=1,...,d.

1.2 Stochastic integral and applications
1.2.1 Stochastic integral with respect to a continuous semimartingale

In this section, we define the stochastic integral with respect to a continuous semimartin-
gale X. We first consider the case where X is unidimensional. With the decomposition
(1.4), we define the integral with respect to X as the sum of two integrals, one with
respect to the finite variation part A and the other with respect to the continuous local
martingale M. The integral with respect to A is defined pathwise (for almost all w) as
a Stieljes integral. On the other hand, if the martingale M is not zero, it does not have
finite variation, and one cannot define the integral with respect to M pathwise like for
Stieljes integrals. The notion of a stochastic integral with respect to M is due to Ito
when M is a Brownian motion, and is based on the existence of a quadratic variation
< M >, which allows us to define the integral as a limit of simple sequences of Riemann
type in L2.
A simple (or elementary) process is a process in the form

ar = gLt (1.5)
k=1
where 0 < tg < t; < ... < t, is a sequence of stopping times in T and o) is a
Fi,-measurable random variable, and bounded for all k. We denote by £ the set of
simple processes. When M is bounded in L?, i.e. M € HZ2, we define L?(M) as the set
of progressively measurable processes a such that F| fOT |ow|?d < M >;] < oo. It is a
Hilbert space for the scalar product

T
(Oé’ﬂ)Lz(M) :E[/o atﬂtd<A[ >t}7

and the set of simple processes is dense in L?(M). The stochastic integral of a simple
process (1.5) is defined by

t n
/ audM, = agy (Mg nt — My ni), tET,
0

k=1

and belongs to H2. Moreover, we have the isometry relation

E[(/()Tat th)Z] :E[/OT low|2d < M >t].
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By density of £ in L*(M), we can extend the mapping @ — [ adM to an isometry from
L?(M) into HZ2. For any o € L?(M), the stochastic integral [ adM is characterized by
the relation

</adM7N>:/ad<M,N>, VN € H2.

Moreover, if 7 is a stopping time, we have

tAT t t
/ asdM, = / gl gdM, = / asdMnr, teT.
0 0 0

This identity relation allows us to extend by localization the definition of stochastic
integral to a continuous local martingale, and for a larger class of integrands.
Let M be a continuous local martingale. We denote by L?

7oc(M) the set of progressively
measurable processes « such that for all ¢t € T

t
/ los?d < M >, < 00, a.s.
0
For any a € L% (M), there exists a unique continuous local martingale null in 0, called
the stochastic integral of a with respect to M and denoted by [ adM, such that

</adM,N>:/ad<M,N>

for all continuous local martingale IN. This definition extends the one above when M €
H2 and « € L2(M).

When considering stochastic integrals with respect to a vectorial continuous local
martingale, a first idea is to take the sum of stochastic integrals with respect to each
of the components. However, in order to get “good” representation and martingale de-
composition (see Section 1.2.4) properties, we have to construct the stochastic integral
by using an isometry relation as in the one-dimensional case to obtain suitable closure
properties. We speak about vectorial stochastic integration. Sufficient conditions ensur-
ing that these two notions of vectorial and componentwise stochastic integration are
studied in [CS93]. This is for example the case when M is a d-dimensional Brownian
motion. On the other hand, when one defines the stochastic integral with respect to a
semimartingale, while it is natural and sufficient in practical applications to consider in a
first stage integrands with respect to the finite variation and martingale parts, this class
of integrands is not large enough in theory when studying closure and stability properties
for stochastic integrals. The semimartingale topology was introduced by Emery [Em79]
and is quite appropriate for the study of stochastic integrals.

The following three paragraphs, marked with an asterisk and concerning vectorial
stochastic integration and semimartingale topology, may be omitted in a first reading.
We start by defining the integral with respect to a vectorial process with finite variation,
and then with respect to a vectorial continuous local martingale. The presentation is
inspired by Jacod [Jac79], ch. IV.

Stieltjes integral with respect to a vectorial process with finite variation*
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Let A = (A',..., A?) be a vectorial process whose components are continuous with
finite variation. There exists an increasing process I (for example dI' = "¢ | d|A?|)
and a vectorial predictable process v = (v%,...,7%) (derived from the Radon-Nikodym
theorem) such that

Ai:/'yidl_', i=1,....d (1.6)

1

We denote by Lg(A) the set of progressively measurable processes a = (al, ..., a?) such

that
t
I

d

> ai

i=1

dl’, < oo, a.s.VteT.

We then set
d
/adA = /Zaifyidf,
i=1

with the convention that fg ay(w)dAy(w) = 0 if w is in the negligible set where
fot ‘2?21 oz’fﬁft(w)‘ dl,(w) = oo. The process [ adA does not depend on the choice of
(v, I') satisfying (1.6), and is also continuous with finite variation. Notice that Lg(A)
contains (and in general strictly) the set of progressively measurable processes a =
(al,...,a%) such that for all i = 1,...,d, o € Lg(A?), ie. fot lad,|d| A%, < oo for all ¢
in T for which we have: [ adA = Zle J a'dA?, often denoted by [ o/dA.

Stochastic integral with respect to a vectorial continuous local martingale*
Let M = (M*',...,M?%) be a continous local martingale valued in R%. We denote by
< M > the matricial bracket with components < M?, M7 >. There exists a predictable
increasing process C such that d < M? M7 > is absolutely continuous with respect

to the positive measure dC: for example C' = Zle < M* >. By the Radon-Nikodym
theorem, there exists a predictable process ¢ valued in Sj such that

<M>:/cdc, ie. <M\ M >= /c"fdc, i,j=1,...,d. (1.7)

We define L? (M) as the set of progressively measurable processes a = (a!,...,a?)

valued in R? such that for all t € T

t t
/ ald < M >, a ::/ al ey, dC, < oo, a.s. (1.8)
0 0

‘We mention that the expression fot ald < M >, a, does not depend on the choice of
c and C satisfying (1.7). For all « € L2 (M), there exists a unique continuous local
martingale null in 0, called the stochastic integral of a with respect to M, and denoted

by [adM, such that

</adM7N>=/ozd<M7N>
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for any continuous local martingale N. The integral on the right-hand side of the above
equality is the Stieltjes integral with respect to the vectorial process with finite variation
<M,N>=(<M' N> ... < M?N>). This Stieltjes integral is well-defined by the
Kunita-Watanabe inequality. In particular, we have

</ad]\4,/adM>:/a’d<]W>a.

Notice that if for alli =1,..., d, ot € L2 (M?), i.e. fot lod |2d < M*® >, < oo for all ¢ in

) ) loc

T, then a = (al,...,a%) € L2 (M) and [ adM = Z?:l J a'dM?. The converse does not

loc
2

loc
ot e L2 (MY),i=1,...,d}. However, if the processes M are pairwise orthogonal, i.e.

hold true in general: the set L? (M) is strictly larger than the set {a = (a',...,a?) :

< M? MJ > =0 for i # j, we have equality of these two sets, and we often write instead
of f adM:

d
/a.dM = Z/oﬁdMi.
=1

This is typically the case when M is a d-dimensional Brownian motion W = (W1, ... W),
the condition (1.8) on L? (W) is then written as

loc

t d t
ay|?du = al|Pdu < oo, a.s., VteT.
u
0 = Jo

Moreover, [ adM is a bounded martingale in L? if and only if a € L*(M), defined as
the set of progressively measurable processes « such that F| fOT ard < M > oy < 0.
In this case, we have

E[(/()Tatht)2] :E‘[/Ofozéd<M>t al.

2
loc

martingale [ adM is for example

In the general case, for a« € L7 (M), a localizing sequence of stopping times for the local

¢
Tn:inf{teﬂ‘:/ ald < M >, a, > n},
0

NTn

for which the stopped stochastic integral [ adM is a bounded martingale in L? with
E[< f‘AT" adM >7] < n. When M is a d-dimensional Brownian motion W and « is
a continous process, another example of a localizing sequence for the continuous local
martingale [ a.dW is

o =inf{t € T: |ay] > n}.

In this case, the stopped stochastic integral f’AT" a.dW is a square integrable martingale

with E[< [ a.dW >,] = E[[y"™ |a|?du] < n*t, for all ¢ € T.

Stochastic integral with respect to a vectorial continuous semimartigale*
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Let X be a vectorial continous semimartingale written in the form X = M + A where M
is a vectorial continuous local martingale and A is a vectorial continuous process with
finite variation. Naturally, for all « € L2 (M) N Lg(A), one can define the stochastic
integral of o with respect to X by setting

/adX = /ad]bf—k/adA.

Notice that the locally bounded progressively measurable processes «, i.e. Supg<g<y |as|
< o0 a.s. for all ¢ in T, belong to LZ,_(M) N Lg(A). This class of integrands, sufficient in
most practical applications, is not large enough in theory when one is looking at closure
and stability properties of stochastic integrals. The semimartingale topology is quite
suitable for the study of stochastic integrals. This topology is defined by the distance
between two semimartingales (here continuous) X = (X;)ier and Y = (Yy)ier:

TAn TAn
D(X,Y) = sup ZQ "g ‘/ adX, — / atdYt‘/\lb,

la|<1

where the supremum is taken over all progressively measurable processes a bounded by
1.

Definition 1.2.10 Let X be a continuous semimartingale. Let « be a progressively mea-
surable process and o™ the bounded truncated process aljg<n- We say that « is inte-
grable with respect to X and we write « € L(X), if the sequence of semimartingales
fa(de converges for the semimartingale topology to a semimartingale Y , and we then
set fadX =Y.

‘We have the following properties for this general class of integrands:
foc(X) C L(X).

o If X has finite variation, Lg(X) C L(X).

e L(X)NLY)CLX+Y)and [adX + [adY = [ad(X +7Y).
e L(X) is a vector space and [adX + [BdX = [(a+ B)dX.

o If X is a local martingale, L

Moreover, the space { [ adX : a € L(X)} is closed in the space of semimartingales for
the semimartingale topology. Finally, since the semimartingale topology is invariant by
change of equivalent probability measure, the same holds true for L(X). Warning: if X
is a continuous local martingale and « lies in L(X), the stochastic integral [ adX is not
always a local martingale. Actually, [ adS is a local martingale if and only if « lies in
L% .(M). We also know that when the process [ adX is lower-bounded, then it is a local
martingale and also a supermartingale.

1.2.2 It6 process

In finance, we often use It6 processes as continuous semimartingales for modeling the
dynamics of asset prices.
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Definition 1.2.11 Let W = (W ..., W) be a d-dimensional Brownian motion on
a filtered probability space (2,F,F,P). We define an Ité process as a process X =
(X1,..., X™) valued in R™ such that a.s.

t t
Xt=X0+/ bsds+/ o dW,, teT, (1.9)
0 0

t d t
ie. X§=X3+/0bgds+2/ cddWi, teT, 1<i<n,

where Xo is Fo-measurable, b = (b1,...,b") and 0 = (o,...,0") = (6Y)1<i<n1<i<d
are progressively measurable processes valued respectively in R™ and R™"*¢ such that b* €
Lg(dt) and ot € L2 (W), i=1,...,n, ie.

t t
/ |bs|ds+/ los|?ds < 00, a.s., VtcT.
0 0
We often write (1.9) in the differential form

dXt = btdt + O'tth.

1.2.3 It6’s formula

1. Let X = (X',..., X%) be a continuous semimartingale valued in R? and f a function
of class C12 on T x R?%. Then (f(¢, X;))ser is a semimartingale and we have for all ¢t € T

‘o LN’ .
f(t,Xt):f(O,Xo)Jr/O a—{(u,Xu)du + Z/O af( . X,)dX}
i=1 o

1
= —(u, X )d < X', X9 >, .
! 2 ”2:: / dwid; (v %) h
In this expression, the various integrands are continuous, hence locally bounded, and the

stochastic integrals or Stieltjes integrals are well-defined.

2. In this book, we shall also use in an example (see Section 4.5) It6’s formula for a
semimartingale X = (X!,..., X9) in the form

Xi=M+ A, i=1,...,d,

where M? is a continuous martingale and A’ is an adapted process with finite variation.
We denote by A€ the continuous part of A*. If f is a function of class C*? on T x R?,
(f(t, Xt))ter is a semimartingale and we have for all ¢t € T

ft.X)=f 0X0)+/a(uX)du+Z/ W)dM
i J
+3 Z/ (%a% (u, X )d < M*, M7 >,

WDAAL + Y [f — f(s, X))

0<s<t
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1.2.4 Martingale representation theorem

In this section, we state some martingale representation theorems by means of
stochastic integrals.

The first result is the Brownian martingale representation theorem, also known as
the It6 representation theorem.

Theorem 1.2.9 (Representation of Brownian martingales)

Assume that F is the natural (augmented) filtration of a standard d-dimensional Brow-
nian motion W = (W' ... W%). Let M = (My)ser be a cad-lag local martingale. Then
there exists o = (a!,...,a%) € L? (W) such that

loc

t

d t
M, :M0+/ Q. dW, = MO+Z/ aldWi, teT, as.
0 =170

Moreover, if M is bounded in L? then o € L2(W), i.e. E[fOT lov|2dt] < oo.

For a proof, we may consult ch. 3, sec. 3.4 in Karatzas and Shreve [KaSh88] or ch. V in
Revuz and Yor [ReY91]. This result shows in particular that any martingale with respect
to a Brownian filtration is continuous (up to an indistinguishable process).

The second result is the projection theorem on the space of stochastic integrals with
respect to a continuous local martingale. It originally appeared in Kunita and Watanabe
[KW67], and then in Galtchouk [Ga76]. We may find a proof in Jacod [Jac79], ch. IV,
sec. 2.

Theorem 1.2.10 (Galtchouk-Kunita- Watanabe decomposition)
Let M = (M*',..., M%) be a continuous local martingale valued in R? and N a real-
valued cad-lag local martingale. Then there exist a € L2 (M) and R, a cad-lag local

loc

martingale orthogonal to M (< R,M*> =0,i=1,...,d) null in 0 such that
t
Ny = No + / aydM, + Ry, teT, a.s.
Jo

Furthermore, if N is bounded in L? then o € L?>(M) and R is also bounded in L?.

The next result, due to Yor [Yo78], considers the problem of the limit in L' of
integrands with respect to a martingale.

Theorem 1.2.11 Let M be a continuous local martingale and (a'™),>1 a sequence of
processes in L(M) such that for all n, fa<")dM is uniformly integrable and the sequence

(fOT aE")th)nZl converges in L' to a random variable ¢ € L'. Then there exists o €
L(M) such that [ adM is a uniformly integrable martingale and & = fOT ard M.

1.2.5 Girsanov’s theorem

In this section, we focus on the effect of a change of probability measure on the notions
of semimartingales and martingales. The presentation is inspired by ch. 4, sec. 3.5 in



1.2 Stochastic integral and applications 19

Karatzas and Shreve [KaSh88] and ch. VIII in Revuz and Yor [ReY91]. We are given
a filtered probability space (2, F,F = (F;)ier, P) satisfying the usual conditions. To
simplify the notation, we suppose that F = Fy.

Let @ be a probability measure on ({2, F) such that @ is absolutely continuous with
respect to P, denoted by @ < P. Let Zf be the associated Radon-Nikodym density,
often denoted by

For all ¢t € T, the restriction of Q to F; is absolutely continuous with respect to the
restriction of P to F;. Let Z; be the corresponding Radon-Nikodym density, often denoted
by

_ 4

7, = .
"7 apr|,

Then the process (Z;)ier is a positive martingale (under P with respect to (F)ier),
closed on the right by Zz:

Z, = E[Zp|F)), as. VteT.

Up to modification, we may suppose that the paths of Z are cad-lag. Z is also called the
martingale density process of @ (with respect to P). Z is positive, and actually we have

Zy >0, VteT, Qa.s,

which means that Q[r < oo] = 0, where 7 = inf{t : Z; = 0 or Z;— = 0}: this follows from
the fact that the martingale Z vanishes on [7,00). When @ is equivalent to P, denoted
by @ ~ P, we write without ambiguity Z; > 0, for all ¢ in T, a.s. In the sequel, we denote
by E® the expectation operator under Q. When a property is relative to @, we shall
specify the reference to Q). When it is not specified, the property is implicitly relative to
P, the initial probability measure on ({2, F).

Proposition 1.2.12 (Bayes formula)
Let QQ < P and Z its martingale density process. For all stopping times o < T valued in
T, ¢ F,-measurable random variable such that E[|€|] < oo, we have
E|Z:£Fs
BQgr) = ELEEL o o
Zs
The Bayes formula shows in particular that a process X is a Q-(super)martingale (local)
if and only if ZX is a (super)martingale (local).

Theorem 1.2.12 (Girsanov)
Let Q < P and Z its martingale density process. We suppose that Z is continuous. Let
M be a continuous local martingale. Then the process

1
MQ:Mf/Ed<M,Z>
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s a continuous local martingale under Q. Moreover, if N is a continuous local martingale,
we have

<M@ N?>=<MN>.

If Q ~ P, i.e. Z is strictly positive a.s., then there exists a unique continuous local
martingale L null in t = 0, such that

1
Zy = exp (Lt ~3 <L, L >t) =: &(L), teT, as.
and L is given by
‘1
Lt = /0 ZdZ57 te T., a.s.

The Q-local martingale M is then written also as:
M@ =M-<M,L>.
In the case of a Brownian motion, we have the following important result.

Theorem 1.2.13 (Cameron-Martin)
Let W be a Brownian motion. Let QQ ~ P with martingale density process

Q

dP|, &u(L),

where L is a continuous local martingale. Then the process
We=W-<W,L>

is a Q-Brownian motion.

In the applications of the Girsanov-Cameron-Martin theorem, we start with a contin-
uous local martingale L null on 0 and we construct @ ~ P by setting Q = &(L).P on F;.
This obviously requires the process £(L) to be a martingale. In general, we know that
E(L) is a local martingale, called the Doléans-Dade exponential. It is also a (strictly) pos-
itive process and so a supermartingale, which ensures the existence of the a.s. limit E5(L)
of (L) when ¢ goes to T. The Doléans-Dade exponential £(L) is then a martingale if
and only if E[E4(L)] = 1. In this case, we can define a probability measure Q ~ P with
Radon-Nikodym density £7(L) = dQ/dP, and with martingale density process & (L) =
dQ/dP|z,. We may then apply the Girsanov-Cameron-Martin theorem. Therefore, it is
important to get conditions for £(L) to be a martingale.

Proposition 1.2.13 (Novikov’s condition)
Let L be a continuous local martingale, Lo = 0, such that

E[exp(% <L,L>¢ )] < o0.

Then L and E(L) are uniformly integrable martingales with Elexp(L/2)] < oco.
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Case of Brownian motion
Consider a d-dimensional Brownian motion W = (W1,..., W4%) with respect to (F;)ser-
A common choice of local martingale L is

t d t
Lt:/ Ao.dW, = Z/ AW,
0 =1 70

where A = (AL,...,\9) lies in L?

loc

(W). The associated process E(L) is

t 1 t
&(L) = exp (/ Ao AW, — 5/ |)\u|2du), teT. (1.10)
0 0

When &(L) is a martingale so that one can define probability measure @ ~ P with
martingale density process £(L), the Girsanov-Cameron-Martin theorem asserts that
We = (WL . . W) with

WQ*i:Wi—/Aidt, i=1,...,d (1.11)

is a @-Brownian motion. Notice that in the case where F is the Brownian filtration
and from the Itd0 martingale representation theorem 1.2.9, any probability @@ ~ P has
a martingale density process in the form (1.10). Finally, the Novikov condition ensuring
that £(L) is a martingale is written as

Blow (4 [ )] <o

We end this section by stating a representation theorem for Brownian martingales
under a change of probability measure.

Theorem 1.2.14 (1t6’s representation under a change of probability)

Assume that F is the natural (augmented) filtration of a standard d-dimensional Brow-
nian motion W = (W' ..., W%). Let Q ~ P with martingale density process Z given
by (1.10) and W the Brownian motion under Q given by (1.11). Let M = (M})er a
cad-lag Q-local martingale. Then there exists a = (at,...,ad) € L2 (W) such that:

t d t
M, :M0+/ 0, dWE = M0+Z/ aldWR', teT, as.
0 =170

This result is the basis for the replication problem in complete markets in finance. It
will also be used in the sequel of this book. Notice that it cannot be deduced as a direct
consequence of Itd’s representation theorem 1.2.9 applied to the @Q-martingale M with
respect to the filtration F. Indeed, the filtration F is the natural filtration of W and not
of W€. In order to show Theorem 1.2.14, one first boils down to the probability measure
P from the Bayes formula by writing that N = ZM is a local martingale. We may then
apply Ito’s representation theorem 1.2.9 (under P) to N, and then go back to M =
N/Z from Itd’s formula (see the details in the proof of Proposition 5.8.6 in Karatzas and
Shreve [KaSh88]).
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1.3 Stochastic differential equations

We recall in this section some results about stochastic differential equations (SDE) with
random coefficients, with respect to a Brownian motion.

1.3.1 Strong solutions of SDE

We only introduce the concept of strong solutions of SDE. We fix a filtered probability
space (2, F,F = (Fi)ier, P) satisfying the usual conditions and a d-dimensional Brow-
nian motion W = (W', ..., W%) with respect to F. We are given functions b(t, z,w) =
(bi(t, x, w))lgisd, O'(t, x, w) = (O’i]‘ (t, x, W))lgign,lgjgd defined on T x R"™ x Q, and valued
respectively in R” and R™*%, We assume that for all w, the functions b(., .,w) and o(., ., w)
are Borelian on T x R™ and for all x € R™, the processes b(.,,.) and o(.,z,.), written
b(.,x) and o(.,z) for simplification, are progressively measurable. We then consider the
SDE valued in R"™:

dXt = b(t,Xf)dt + (T(t7Xt)th (112)

which is also written componentwise:

d
dX} =bi(t, Xo)dt + Y oi(t, X)dW{, 1<i<d. (1.13)
j=1
In the applications for this book, we shall mainly consider two types of situations:

(1) b and o are deterministic Borelian functions b(t, z), o(t,x) of t and z, and we speak
about diffusion for the SDE (1.12).

(2) The random coefficients b(t,z,w) and o(t,z,w) are in the form b(t,z, o (w)),
5(t,x, oy (w)) where b, & are deterministic Borelian functions on T x R”™ x A, A set
of R™, and o = (a)ter is a progressively measurable process valued in A. This case
arises in stochastic control problems studied in Chapters 3 and 4, and we say that the
SDE (1.12) is a controlled diffusion by a.

Definition 1.3.12 (Strong solution of SDE)
A strong solution of the SDE (1.12) starting at time t is a vectorial progressively mea-
surable process X = (X*',...,X™) such that

/ [b(u, X,,)|du +/ lo(u, X,)|?du < 0o, a.s., Vt<scT,
t t
and the following relations:

S

X, =X, —|—/ b(u, Xy)du +/ o(u, Xy,)dW,, t<seT,
t t

i.e.
S d S
X;‘:X;'Jr/ bi(u,Xu)du—&-Z/ oij(u, X, )dWi, t<seT, 1<i<d,
t =17t

hold true a.s.
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Notice that a strong solution of SDE (1.12) is a continuous process (up to an indistin-
guishable process).

We mention that there exists another concept of solution to the SDE (1.12), called
weak, where the filtered probability space (2, F,F = (F)ier, P) and the Brownian
motion W are part of the unknown of the SDE, in addition to X.

Existence and uniqueness of a strong solution to the SDE (1.12) is ensured by the
following Lipschitz and linear growth conditions: there exists a (deterministic) constant
K and a real-valued process  such that for allt € T, w € 2, z,y € R"

|b(t>x7w) - b(t7 y,LU)‘ + ‘U(t7-r7w) - U(t7yaw)| < K'”’ - y‘? (114)
|b(t, z,w)| + |o(t, z,w)| < ke(w) + K|z, (1.15)
with
t
E U |fiu\2du} < oo, VteT. (1.16)
0

Under (1.14), a natural choice for x is k; = |b(¢,0)| + |o(¢,0)| once it satisfies the
condition (1.16).

Theorem 1.3.15 Under conditions (1.14), (1.15) and (1.16), there exists for allt € T,
a strong solution to the SDE (1.12) starting at time t. Moreover, for any & F;-measurable
random variable valued in R™, such that E|[|£P] < oo, for some p > 1, there is uniqueness
of a strong solution X starting from & at time t, i.e. Xy = £. The uniqueness is pathwise
and means that if X andY are two such strong solutions, we have P[Xs = Y5, Vt < s € T]
= 1. This solution is square integrable: for all T > t, there exists a constant Cp such
that

E[ sup \Xs\p] < Cr(1+ E[EPF)).

t<s<T

This result is standard and one can find a proof in the books of Gihman and Skorohod
[GST2], Tkeda and Watanabe [IW81], Krylov [Kry80] or Protter [Pro90]. We usually
denote by X*¢ = {X%¢ t < s € T} the strong solution to the SDE (1.12) starting from
¢ at time t. When ¢ = 0, we simply write X¢ = X%¢. By pathwise uniqueness, we notice
that for all t < 0 in T, and € R", we have a.s.

6,Xh*
Xﬁ’I:XS’ o, VO<seT.

When b and o are deterministic functions of ¢t and x, we also know that the strong
solution to the SDE (1.12) is adapted with respect to the natural filtration of W. We
also have the Markov property of any strong solution to the SDE (1.12): for any Borelian
bounded function g on R?, for all t < @ in T, we have

E[g(Xo)| Ft] = wo(t, X¢)
where ¢y is the function defined on T x R by

eo(t,z) = E [g(Xg")] .
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Given a strong solution to the SDE (1.12) starting at time ¢, and a function f of class
C1? on T x R", 1t6’s formula to f(s, X,), t < s in T, is written as

f(s, X)) = f(t, Xy) +/t %(u, Xu) + Lof(u, Xy)du
+ /S D, f(u, X,) o(u, X,,)dW,
¢

where

Li(w)f(t,xz) =b(t,z,w).Dyf(t, ) + 1tr((r(t,.r,w))a’(t,:c,u))DfEf(t,x))

_ O’f
Zb (t,z,w)) Z%ktajw p axk(t,x)

i,k=1
and v(t,z) = o(t,x)o’(t,x) is n X n matrix-valued with components
Yik(t, ) = ZU” (t,x)ok;(t, ).
j=1
1.3.2 Estimates on the moments of solutions to SDE

In this section, we give some estimates on the moments of solutions to the SDE (1.12).
Notice that under condition (1.14), there exists a finite positive constant 5y such that
forallt e T,w € 2, z,y € R”

(b(t,z,w) = b(t,y,w)).(x —y) + %|U(t,x,w) — U(t,y,w)\2 < Bolx — y|2.

The following estimates are essentially based on the Burkholder-Davis-Gundy and
Doob inequalities, Itd’s formula and Gronwall’s lemma that we recall here.

Lemma 1.3.1 (Gronwall)
Let g be a continuous positive function on Ry such that

t
g(t) < h(t) + C/ g(s)ds, 0<t<T,
0
where C' is a positive constant, and h is an integrable function on [0,T], T > 0. Then
g(t) < h(t +C/ 1eCt=)ds, 0<t<T.

Theorem 1.3.16 Assume that conditions (1.14), (1.15) and (1.16) hold.
(1) There exists a constant C' (depending on K ) such that for allt < 6 in T and x € R™

/]
E[ sup |X§"T|2} < C\x|2+CeC<9_”)E[/ |22 + \mu|2du] (1.17)
t<s<6 t

0
E[ sup |Xb” —1‘2} < Cec(eft)E[/ \x|2+|mu,|2du]. (1.18)
¢

t<s<6
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(2) For all0 <t <sinT and x,y € R"

E[ sup |XL7 - Xiv[*] < e2ljp - g2, (1.19)
t<u<s

We may find a proof of these estimates in Krylov [Kry80], ch. 2. Notice that the inequality
(1.18) implies in particular that

limE[ sup ‘Xﬁ’” —x‘z] =0.
h10 - Lselt,t+n]

1.3.3 Feynman-Kac formula

In this section, we consider the SDE (1.12) with deterministic coefficients b(¢,z) and
o(t,z). For all t € T, we introduce the differential operator of second order:

1
(Lep)() = b{t, 2).Dop(a) + 5ta(a(t, 2)0’ (1, 2)Dip(x)), € C*(R™).
L is called the infinitesimal generator of the diffusion (1.12). If X is a solution to the SDE
(1.12), v(t,z) a (real-valued) function of class C1'2 on T x R™ and r(t,z) a continuous
function on T x R?, we obtain by It6’s formula

t
M, :=e o 7A(S'X'*)d‘("v(t, X4) f/ e~ Jo . Xu)du (% + Lov— 7'1}) (s, Xs)ds
0
¢
= (0, Xo) + / e~ JorXadup (s X o (s, Xe)dWs. (1.20)
0

The process M is thus a continuous local martingale.
On a finite horizon interval T = [0, 7], we consider the Cauchy linear parabolic partial
differential equation (PDE):

v — % —Lw=f on[0,T)xR" (1.21)

o(T,)=g¢g, onR" (1.22)

where f (resp. g) is a continuous function from [0,7] x R™ (resp. R") into R. We also
assume that the function 7 is nonnegative. We give here a simple version of the Feynman-
Kac representation theorem. Recall that X*%® denotes the soluton to the diffusion (1.12)
starting from z at time ¢.

Theorem 1.3.17 (Feynman-Kac representation)
Let v be a function CY2([0, T[xR?) N C°([0,T] x RY) with dervative in = bounded and
solution to the Cauchy problem (1.21)-(1.22). Then v admits the representation

T
v(t,z) = B / e S XU p (g, X0 s 4 e S TOX g () | (1.23)

t

for all (t,x) € [0,T] x R%.
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The proof of this result follows from the fact that when v has a bounded derivative in
x, the integrand of the stochastic integral in (1.20) lies in L?(W) from the linear growth
condition in z of o and the estimate (1.17). Hence, M is a (square integrable) martingale
and the representation (1.23) is simply derived by writing that E[My] = E[M;]. We may
also obtain this Feynman-Kac representation under other conditions on v, for example
with v satisfying a quadratic growth condition. We shall show such a result in Chapter
3 in the more general case of controlled diffusion (see Theorem 3.5.2 and Remark 3.5.5).
We shall also see a version of the Feynman-Kac theorem on an infinite horizon for elliptic
PDE problems (see Theorem 3.5.3 and Remark 3.5.6).

The application of the previous theorem requires the existence of a smooth solution
v to the Cauchy problem (1.21)-(1.22). This type of result is typically obtained under an
assumption of uniform ellipticity on the operator L;:

e >0,V (t,z) €[0,T] xR, Yy € R", y/oo'(t, )y > ely|?, (1.24)

boundedness conditions on b, o, and polynomial growth condition on f and g (see Fried-
man [Fr75] p. 147). There also exist other sufficient conditions relaxing the uniform el-
lipticity condition (1.24) but requiring stronger regularity conditions on the coefficients
(see Krylov [Kry80] p. 118).

In the general case where there is no smooth solution to the Cauchy problem (1.21)-
(1.22), this PDE may be formulated by means of the concept of weak solution, called
viscosity solution. This notion will be developed in Chapter 4 in the more general frame-
work of controlled diffusion, leading to a nonlinear PDE called Hamilton-Jacobi-Bellman.
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Stochastic optimization problems. Examples in
finance

2.1 Introduction

In this chapter, we outline the basic structure of a stochastic optimization problem
in continuous time, and we illustrate it through several examples from mathematical
finance. The solution to these problems will be detailed later.

In general terms, a stochastic optimization problem is formulated with the following
features:

e State of the system: We consider a dynamic system caracterized by its state at
any time, and evolving in an uncertain environment formalized by a probability space
(£2,F, P). The state of the system represents the set of quantitative variables needed to
describe the problem. We denote by X;(w) the state of the system at time ¢ in a world
scenario w € 2. We then have to describe the (continuous-time) dynamics of the state
system, i.e. the mapping ¢t — X;(w) for all w, through a stochastic differential equation
or process.

e Control: The dynamics t — X; of the system is typically influenced by a control
modeled as a process @ = (a); whose value is decided at any time ¢ in function of
the available information. The control « should satisfy some constraints, and is called
admissible control. We denote by A the set of admissible controls.

e Performance/cost criterion: The objective is to maximize (or minimize) over all
admissible controls a functional J(X, ). We shall consider typically objective functionals
in the form

T
E {/ f(Xe,w, ap)dt + g(XT,uJ)]7 on a finite horizon T' < oo,
0
and
oo
E[/ e P Xy, w, at)dt], on an infinite horizon.
0

The function f is a running profit function, g is a terminal reward function, and 3 > 0 is
a discount factor. In other situations, the controller may also decide directly the horizon
or ending time of his objective. The corresponding optimization problem is called optimal
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stopping time. Extensions of optimal stopping problems with multiple decision times will
be considered in Chapter 5. In a general formulation, the control can be mixed, composed
of a pair control/stopping time («, 7), and the objective functional is in the form

J(X,Ck,’?') :E[/ f(Xt7C¥t)dt+g(X7):|
0
The maximum value, called he value function, is defined by

v =sup J(X,a,71).
a,T
The main goal in a stochastic optimization problem is to find the maximizing control
process and/or stopping time attaining the value function to be determined.

2.2 Examples

We present several examples of stochastic optimization problems arising in economics
and finance. Other examples and solutions will be provided in the later chapters by
different approaches.

2.2.1 Portfolio allocation

We consider a financial market consisting of a riskless asset with strictly positive price
process SY representing the savings account, and n risky assets of price process S repre-
senting stocks. An agent may invest in this market at any time ¢, with a number of shares
ay in the n risky assets. By denoting by X; its wealth at time ¢, the number of shares
invested in the savings account at time ¢ is (X; — oy.S;)/S?. The self-financed wealth
process evolves according to

ds?
dXt = (Xf - at.S,,)W + atdSt.
t

The control is the process a valued in A, subset of R™. The portfolio allocation problem
is to choose the best investment in these assets. Classical modeling for describing the
behavior and preferences of agents and investors are: expected utility criterion and mean-
variance criterion.

In the first criterion relying on the theory of choice in uncertainty, the agent com-
pares random incomes for which he knows the probability distributions. Under some
conditions on the preferences, Von Neumann and Morgenstern show that they can be
represented through the expectation of some function, called utility. By denoting by U
the utility function of the agent, the random income X is preferred to a random income
X'if E[U(X)] > E[U(X’)]. The utility function U is nondecreasing and concave, this
last feature formulating the risk aversion of the agent. We refer to Follmer and Schied
[FoS02] for a longer discussion on the preferences representation of agents. In this port-
folio allocation context, the criterion consists of maximizing the expected utility from
terminal wealth on a finite horizon T' < oo:



2.2 Examples 29
sup E[U(X7)]. (2.1)

The problem originally studied by Merton [Mer69] is a particular case of the model
described above with a Black-Scholes model for the risky asset:
dsy = rSydt,
dSt = },LStdt + U'Stth.

where p, 7, 0 > 0 are constants, W is a Brownian motion on a filtered probability space
(2,F,F = (Fe)o<t<t, P), and with a utility function in the form

zP—1
Ux) = { RN

—o0o z <0,

with p < 1, p # 0, the limiting case p = 0 corresponding to a logarithmic utility function:
U(z) = Inx, > 0. These popular utility functions are called CRRA (Constant Relative
Risk Aversion) since the relative risk aversion defined by n = —zU”(z)/U’ (), is constant
in this case, equal to 1 — p.

The mean-variance criterion, introduced by Markowitz [Ma52], relies on the assump-
tion that the preferences of the agent depend only on the expectation and variance of
his random incomes. To formulate the feature that the agent likes wealth and is risk-
averse, the mean-variance criterion focuses on MV-efficient portfolios, i.e. minimizing the
variance given an expectation. In our context, the optimization problem is written as

igf {Var(Xr) : E(X1) =m}.

We shall see that this problem may be reduced to the resolution of a problem in the form
(2.1) for some quadratic utility function:

U@)=X—2z% MNeR.

2.2.2 Production-consumption model

We consider the following model for a production unit. The capital value K; at time ¢
evolves according to the investment rate I; in capital and the price S; per unit of capital
by
ds,
th = Ktit + Itdt
St

The debt L; of this production unit evolves in terms of the interest rate r, the consump-
tion rate Cy and the productivity rate P, of capital:

K
st = ’I’Ltdt — Ftdpt + (It + Ct)dt
t

We choose a dynamics model for (S, P;):



30 2 Stochastic optimization problems. Examples in finance

dSt = MStdt + (rlStthl,
dP; = bdt + oodW2,

where (W1, W?) is a two-dimensional Brownian motion on a filtered probability space
(2,F,F = (F)¢, P) and p, b, 01, oo are constants, 01,02 > 0. The net vaue of this
production unit is

Xt = Kt - Lt'
‘We impose the constraints
K;>0,C, >0, Xy >0, t >0.

We denote by k: = K;/X; and ¢; = C¢/X; the control variables for investment and
consumption. The dynamics of the controlled system is then governed by:

dX; = X, {kt (u—r—l—si)—&-(r—ct)} dt
t

X
+ kX0 dW}) + ktﬁodef,
t

dS; = puSydt 4+ 1S, dW}.

Given a discount factor § > 0 and a utility function U, the objective is to determine the
optimal investment and consumption for the production unit:

oo
sup E[/ e P (e, Xy )dt |
(k,c) 0

2.2.3 Irreversible investment model

We consider a firm with production goods (electricity, oil, etc.) The firm may increase
its production capacity by transferring capital from an activity sector to another one.
The controlled dynamics of its production capacity then evolves according to

dXt = Xt(—édt + Jth) + atdt

6 > 0 is the depreciation rate of the production, o > 0 is the volatility, a;dt is the
capital-unit number obtained by the firm for a cost Aaydt. A > 0 is interpreted as a
conversion factor from an activity sector to another one. The control « is valued in Ry .
This is an irreversible model for the capital expansion of the firm. The profit function of
the company is an increasing, concave function I7 from R into R, and the optimization
problem for the firm is

sng[/om e IT(X)dt — Nadt)].
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2.2.4 Quadratic hedging of options

We consider risky assets with price process S and a riskless asset with strictly positive
price process S°. A derivative asset with underlying S and maturity 7 is a financial
contract whose value at expiration T (also called payoff) is determined explicitly in
terms of the underlying asset price S at (or until) 7. Options are the most traded ones
among the derivative products in financial markets: those are financial instruments giving
the right to make a transaction on the underlying at a date and price fixed in advance.
Standard options on the underlying S are European call options and put options, which
can be exercised only at the maturity 7', at an exercise price K (called strike), and whose
payoffs are respectively given by ¢g(Sr) = (Sr — K)4 and (K — St)4. More generally,
we define a contingent claim as a financial contract characterized by its payoff H at
maturity 7', where H is a Fp-measurable random variable. The principle of hedging
and valuation by arbitrage of an option or contingent claim consists of finding a self-
financing portfolio strategy based on the basic assets S and S of the market, and such
that wealth at maturity 7' coincides with the option payoff (we speak about perfect
replication). This is always possible in the framework of complete market, typically the
Black-Scholes model, but in general we are in the context of incomplete markets where
perfect replication is not attainable. In this case, various criteria are used for hedging
and pricing options. We consider the popular quadratic hedging criterion, and in the
next section the superreplication criterion, which both lead to interesting stochastic
optimization problems.

An agent invests a number of shares a; in the risky assets at time ¢. Its self-financed
wealth process is then governed by

SY

We are given a contingent claim of maturity 7, represented by a random variable H

dXt = OétdSt + (Xt — atSt)

Fr-measurable. The quadratic hedging criterion consists of determining the portfolio
strategy «* minimizing the residual hedging error for the quadratic norm:

inf E[H — Xr)>.

2.2.5 Superreplication cost in uncertain volatility

We consider the price of an asset whose volatility o is unknown but we know a priori
that it is valued in an interval A = [g,d]. The dynamics of the risky asset price under a
martingale probability measure is

dX; = o X dWr.
Given a payoff option g(Xr) at maturity T, its superreplication cost is given by

sup Bg(Xr)].
One can show by duality methods that this cost is the minimal initial capital, which
allows us to find a self-financed portfolio strategy with a terminal wealth dominating the

option payoff g(St) for any possible realizations of the volatility, see for example Denis
and Martini [DeMa06].
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2.2.6 Optimal selling of an asset

We consider an agent of a firm owning an asset or good with price process X; that she
wants to sell. Suppose that at the selling of this asset, there is a fixed transaction fee K
> 0. The agent is looking for the optimal time to sell the asset and her objective is to
solve the optimal stopping problem:

sup E[e 77 (X, — K)],

where the supremum runs over all stopping times on [0,00], and 3 > 0 is a positive
discount factor.

2.2.7 Valuation of natural resources

We consider a firm producing some natural resources (oil, gas, etc.) with price process X.
The running profit of the production is given by a nondecreasing function f depending on
the price, and the firm may decide at any time to stop the production at a fixed constant
cost — K. The real options value of the firm is then given by the optimal stopping problem:

supE[/ e PF(X)dt + e PTK|.
T 0

2.3 Other optimization problems in finance

2.3.1 Ergodic and risk-sensitive control problems

Some stochastic systems may exhibit in the long term a stationary behavior characterized
by an invariant measure. This measure, when it exists, is obtained by calculating the
average of the state of the system over a long time. An ergodic control problem then
consists in optimizing over the long term some criterion taking into account this invariant
measure.

A standard formulation resulting from the criteria described above consists in opti-
mizing over controls « a functional in the form

1 T
h;ILS;pTE[/O f(Xt,at)dt],

or

T
lim sup 1 lnE[cxp (/ f(Xy, at)dt)] .
T—o0 T 0

This last formulation is called risk-sensitive control in the literature, and was recently
largely used in mathematical finance as a criterion for portfolio management over the
long term.

Another criterion based on the large-deviation behavior type of the system: P[ X /T >
] ~ e~ 1T when T goes to infnity, consists in maximizing over controls o a functional
in the form
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1 X
limsupflnP[?T > c].

T—o0

This large-deviation control problem is interpreted in finance as the asymptotic version
of the quantile or value-at-risk (VaR) criterion consisting in maximizing the probability
that the terminal value X7 of a portfolio overperforms some benchmark.

2.3.2 Superreplication under gamma constraints

We consider a Black-Scholes model for a financial market with one stock of price process
S and one riskless bond supposed for simplicity equal to a constant:

dSt = N,Sfdt + O'Stth.

The wealth process X of an agent starting from an initial capital  and investing a
number of shares «a; at time ¢ in the stock is given by

dXt = OétdSt7 XO =x.
The control process « is assumed to be a semimartingale in the form
dOét = dBt + 'YtdSt

where B is a finite variation process and v is an adapted process constrained to take
values in an interval [y, 7].
Given an option payoff g(St), the superreplication problem is

v=inf{z :3(a,B,7), suchthat Xy > g(Sr) a.s.}.

The new feature is that the constraint carries not directly on a but on the “derivative”
of a with respect to the variations dS of the price.

2.3.3 Robust utility maximization problem and risk measures

In the examples described in Section 2.2.1 and 2.2.4, the utility of the portfolio and/or
option payoff to be optimized, is measured according to the Von Neumann-Morgenstern
criterion. The risk of the uncertain payoff —X is valued by the risk measure p(—X)
written as an expectation —EU(—X) under some fixed probability measure and for a
given utility function U. Other risk measures were recently proposed such as

p(=X) = sup E°[X] (2:2)
QeQ
or
p(~X) =~ jnt BWU(-X)), (23)

where Q is a set of probability measures. The representation (2.2) is inspired from the
theory of coherent risk measures initiated by Artzner et al. [ADEH99]. For specific choices
of @, this embeds in particular the well-known measures of VaR type. Robust utility
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functionals of the form (2.3) were suggested by Gilboa and Schmeidler [GS89]. Risk
measures in the form

p(-X) = / T Y PIU(-X) > al)de,

where 1 is a probability distortion, i.e. a function from [0, 1] into [0, 1], and U is a utility
function from Ry into R;, were recently considered as a portfolio choice model, and
include Yaari’s criterion, Choquet expected utility, and the behavorial portfolio selection
model.

2.3.4 Forward performance criterion

In the traditional portfolio choice criterion, the utility function is given exogenously and
the performance of the portfolio problem is measured in backward time by the value
function expressed as the supremum over portfolio strategies of the expected utility
from terminal wealth (in the finite horizon case). Recently, Musiela and Zariphopoulou
[MuZa07] introduced a new class of performance criterion. It is characterized by a deter-
ministic datum ug(z) at the beginning of the period, and a family of adapted processes
Ui(z), z € R, such that: Up(z) = uo(z), Us(X;) is a supermartingale for any wealth
process, and there exists a wealth process X; s.t. Uy(X[) is a martingale. Thus, this
criterion is defined for all bounded trading horizons, and is not exogenously given.

2.4 Bibliographical remarks

The first papers on stochastic control appeared in the 1960s with linear state processes
and quadratic costs. Such problems, called stochastic linear regulators, arise in engineer-
ing applications, see e.g. Davis [Da77] for an introduction to this topic.

Applications of stochastic optimal control to management and finance problems were
developed from the 1970s, especially with the seminal paper by Merton [Mer69] on port-
folio selection. The model and results of Merton were then extended by many authors,
among them Zariphopoulou [Zar88], Davis and Norman [DN90], @ksendal and Sulem
[0S02]. These problems are also studied in the monograph by Karatzas and Shreve
[KaSh98]. The model of consumption-production in Section 2.2.2 is formulated in Flem-
ing and Pang [FP05]. Investment models for firms are considered in the book of Dixit
and Pindick [DP94]. The example of irreversible investment problem described in Sec-
tion 2.2.3 is a simplified version of a model studied in Guo and Pham [GP05]. The
mean-variance criterion for portfolio selection was historically formulated by Markowitz
[Ma52] in a static framework over one period. The quadratic hedging criterion presented
in Section 2.2.4 was introduced by Follmer and Sondermann [FoS86]. The superreplica-
tion problem under uncertain volatility was initially studied by Avellaneda, Levy and
Paras [ALP95].

Optimal stopping problems were largely studied in the literature, initially in the
1960s, and then with a renewed interest due to the various applications in finance, in
particular American options and real options. We mention the works by Dynkin [Dyn63],
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Van Morbecke [Van76], Shiryaev [Sh78], El Karoui [Elk81], or more recently the book
by Peskir and Shiryaev [PeSh06]. There are many papers about the pricing of Ameri-
can options, and we refer to the article by Lamberton [Lam98] for an overview on this
subject. The example of optimal selling of an asset in paragraph 2.2.6 is outlined in the
book [Oks00]. The application of optimal stopping problem to the valuation of natural
resources in Section 2.2.7 is studied in [KMZ98]. Optimal stopping models arising in firm
production are studied for instance in Duckworth and Zervos [DZ00].

Ergodic control problems were studied by Lasry [Las74], Karatzas [Kar80], Bensous-
san and Nagai [BN91], Fleming and McEneaney [FM95]. Applications of risk-sensitive
control problems in finance are developed in the papers by Bielecki and Pliska [BP99],
Fleming and Sheu [FS00], or Nagai [Na03].

The large -deviation control problem in finance was introduced and developed in
Pham [Pha03a], [Pha03b]. Some variation was recently studied in Hata, Nagai and Sheu
[HaNaSh0g].

The superreplication problem under gamma constraints was developed by Soner and
Touzi [ST00], and Cheridito, Soner and Touzi [CST05].

Coherent risk measures initiated by Artzner et al [ADEH99] were then developed
by many other authors. We mention in particular convex risk measures introduced by
Follmer and Schied [FoS02], and Frittelli and Rosazza Gianin [FG04]. Optimization prob-
lems in finance with risk measures are recently studied in the papers by Schied [Schi05],
Gundel [Gu05], Barrieu and El Karoui [BEIk04]. The Choquet expected utility criterion
is studied in Carlier and Dana [CaDa06], and behavorial portfolio selection is devel-
oped in Jin and Zhou [JiZh08]. The forward performance criterion for investment was
introduced by Musiela and Zariphopoulou [MuZa07].

The list of control models outlined in this book is of course not exhaustive. There
are other interesting optimization problems in finance: we may cite partial observation
contro problems (see the book by Bensoussan [Ben92]), or impulse control problems
(see Jeanblanc-Picqué and Shiryaev [JS95] or Oksendal and Sulem [OS04]). For others
examples of control models in finance, we may refer to the books of Kamien and Schwartz
[KS81], Seierstad and Sydsaeter [SS87], Sethi and Zhang [SZ94] or Korn [Kor97]. We also
mention a recent book by Schmidli [Schm08] on stochastic control in insurance.
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The classical PDE approach to dynamic programming

3.1 Introduction

In this chapter, we use the dynamic programming method for solving stochastic con-
trol problems. We consider in Section 3.2 the framework of controlled diffusion and the
problem is formulated on finite or infinite horizon. The basic idea of the approach is to
consider a family of control problems by varying the initial state values, and to derive
some relations between the associated value functions. This principle, called the dynamic
programming principle and initiated in the 1950s by Bellman, is stated precisely in Sec-
tion 3.3. This approach yields a certain partial differential equation (PDE), of second
order and nonlinear, called Hamilton-Jacobi-Bellman (HJB), and formally derived in
Section 3.4. When this PDE can be solved by the explicit or theoretical achievement of a
smooth solution, the verification theorem proved in Section 3.5, validates the optimality
of the candidate solution to the HJB equation. This classical approach to the dynamic
programming is called the verification step. We illustrate this method in Section 3.6 by
solving three examples in finance. The main drawback of this approach is to suppose the
existence of a regular solution to the HJB equation. This is not the case in general, and
we give in Section 3.7 a simple example inspired by finance pointing out this feature.

3.2 Controlled diffusion processes

We consider a control model where the state of the system is governed by a stochastic
differential equation (SDE) valued in R™:

dXs = b(Xs, as)ds + o (X, as)dWs, (3.1)

where W is a d-dimensional Brownian motion on a filtered probability space (2, F,F =
(Fi)e>0, P) satisfying the usual conditions. We can consider coefficients b(t,z,a) and
o(t,z,a) depending on time ¢, but in the case of infinite horizon problems described be-
low, it is important that coefficients do not depend on time in order to get the stationarity
of the problem, and so a value function independent of time.

The control o = (a) is a progressively measurable (with respect to F) process, valued
in A, subset of R™.
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The measurable functions b : R” x A — R” and o : R"* x A — R™*9 satisfy a uniform
Lipschitz condition in A: 3 K >0,V z,y € R", Va € A,

b(z, a) = b(y,a)| + |o(z,a) = o(y,a)| < K|z —yl. (3:2)

In the sequel, for 0 <t < T < oo, we denote by 7; 1 the set of stopping times valued
in [t,T]. When t = 0 and T = oo, we simply write 7 = 7g .

Finite horizon problem.
We fix a finite horizon 0 < T' < co. We denote by A the set of control processes a such
that

E[/O 16(0, 002 + |0/(0, )| 2dt| < oo. (3.3)

In the above condition (3.3), the element x = 0 is an arbitrary value of the diffusion and if
this element does not lie in the support of the diffusion, we may take any arbitrary value
in this support. From Section 1.3 in Chapter 1, the conditions (3.2) and (3.3) ensure for
all @ € A and for any initial condition (¢,z) € [0,T] x R", the existence and uniqueness
of a strong solution to the SDE (with random coefficients) (3.1) starting from z at s =
t. We then denote by {X5®, ¢ < s < T} this solution with a.s. continuous paths. We also
recall that under these conditions on b, o and «, we have

E[ sup |XDb* 2} < o0. (3.4)
t<s<T
lim E[ sup | XD — x!z} =0. (3.5)
hlot SE[t,t+h)

Functional objective.

Let f:[0,T]xR"x A — R and g : R" — R two measurable functions. We suppose that:

(Hg) (i) g is lower-bounded
or (i) g satisfies a quadratic growth condition: |g(z)] < C(1+ |z|*), Vz € R™,

for some constant C' independent of x.

For (t,z) € [0,T] x R™, we denote by A(t, z) the subset of controls a in A such that

E[/tT ’f(s,X;’w,aS)’ ds] < 00, (3.6)

and we assume that A(t, ) is not empty for all (¢,z) € [0,7] x R". We can then define
under (Hg) the gain function:

J(t,z, ) = E[/T fs, X5 a,)ds + g(X%w)],
t

for all (¢,z) € [0,T] x R™ and a € A(t,z). The objective is to maximize over control
processes the gain function .JJ, and we introduce the associated value function:

v(t,z) = S,}ll(lz) )J(t,m,a). (3.7)
ac , T
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e Given an initial condition (¢,z) € [0,T) x R", we say that & € A(t, z) is an optimal
control if v(t,x) = J(t,z, &).

e A control process « in the form as = a(s, X®) for some measurable function a
from [0,7] x R™ into A, is called Markovian control.

In the sequel, we shall implicitly assume that the value function v is measurable in its
arguments. This point is not trivial a priori, and we refer to measurable section theorems
(see Appendix in Chapter IIT in Dellacherie and Meyer [DM75]) for sufficient conditions.

Remark 3.2.1 When f satisfies a quadratic growth condition in z, i.e. there exist a
positive constant C' and a positive function x : A — R4 such that

f(t,2,0)] < O+ J2*) + w(a), V(t,2,a) € [0,T] x R" x A, (3.8)

then the estimate (3.4) shows that for all (¢,z) € [0,7] x R™, for any constant control «
=ain A

T
E[/ !f(s,Xjﬂa”ds} < 0.
¢
Hence, the constant controls in A lie in A(t, ). Moreover, if there exists a positive

constant C such that k(a) < C(14]b(0,a)|*+|c(0,a)|?), for all @ in A4, then the conditions
(3.3) and (3.4) show that for all (¢,z) € [0,T] x R™, for any control o € A

E[/T ’f(s.,Xﬁ’g”,as)’ds] < 0.
t

In other words, in this case, A(t,z) = A.

Infinite horizon problem.
We denote by Ag the set of control processes a such that

T
E[/ 1600, )| + |0 (0, ) |dt| < o0, VT > 0. (3.9)
0
Given an initial condition ¢t = 0, z € R”, and a control a € A, there exists a unique
strong solution, denoted by {X7,s > 0}, to (3.1) starting from x at ¢ = 0. We recall the

following estimate (see Theorem 1.3.16):

E [\X;ﬂ < Cla? + Ce“°E

/ 22 4 50, )2 + 00, @) Pdu| . (3.10)
0

for some constant C' independent of s, x and a.

Functional objective.

Let 8 > 0 and f: R" x A — R a measurable function. For € R", we denote by A(z)
the subset of controls « in Ag such that

E{/oo6755|f(X:,as)\ds < 00, (3.11)
0

and we assume that A(x) is not empty for all z € R™. We then define the gain function:
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o0
J(z,a) = E{/ e PEF(XT, ay)ds|,
0
for all z € R™ and « € A(z), and the associated value function

v(z) = sup J(z,a). (3.12)
acA(x)
e Given an initial condition € R", we say that & € A(z) is an optimal control if
v(z) = J(z, &).
e A control process « in the form ag = a(s, X¥) for some measurable function a from
Ry x R™ into A, is called Markovian control.

Notice that it is important to suppose here that the function f(z,a) does not depend
on time in order to get the stationarity of the problem, i.e. the value function does not
depend on the initial date at which the optimization problem is considered.

Remark 3.2.2 When f satisfies a quadratic growth condition in z, i.e. there exist a
positive constant C' and a positive function x : A — R4 such that

If(z,a)| < C(1+ |z|*) + x(a), Y(z,a) €R"x A, (3.13)

then the estimate (3.10) shows that for 5 > 0 large enough, for allz € R", a € A
E[/ e P f(XZ, a)|ds| < oc.
0

Hence, the constant controls in A belong to A(z).

3.3 Dynamic programming principle

The dynamic programming principle (DPP) is a fundamental principle in the theory of
stochastic control. In the context of controlled diffusion processes described in the previ-
ous section, and in fact more generally for controlled Markov processes, it is formulated
as follows:

Theorem 3.3.1 (Dynamic programming principle)

(1) Finite horizon: let (t,x) € [0,T] x R™. Then we have

0
v(t,x) = sup sup E[/ f(s, X5 ag)ds +v(6, Xg"x)] (3.14)
a€A(t,z) 0ET ¢

0
= sup inf E[/ f(s, X57 ag)ds + v(8, Xg"m)]. (3.15)
acA(t,x) 0T L Jy

(2) Infinite horizon: let x € R™. Then we have

0

v(z) = sup supE[/ e_ﬁsf(Xf,as)ds+e‘ﬂ0v(X§6)] (3.16)
acA(x) 0€T 0
0

= sup inf E[/ e‘ﬁsf(Xf,as)ds—&-e‘ﬁav(Xg)], (3.17)
acA(z) 9€T 0

with the convention that e=%) = 0 when #(w) = co.
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Remark 3.3.3 In the sequel, we shall often use the following equivalent formulation (in
the finite horizon case) of the dynamic programming principle:
(i) For all o € A(t,z) and 6 € Ty 7:

0
v(t, ) > E[/ f(s, X57 ag)ds + v(8, X;’I)]. (3.18)
t
(ii) For all € > 0, there exists a € A(t, z) such that for all 0 € Ty

0
v(t,x) —e < E[/ s, X57 a)ds + 1)(0,Xé’w)} (3.19)
¢

This is a stronger version than the usual version of the DPP, which is written in the
finite horizon case as

0
v(t,z) = sup E[/ f(s,Xﬁ"“”.,as)ds+U(9,X§‘I)], (3.20)
a€A(t,) t

for any stopping time 6 € 7; 7. We have a similar remark in the infinite horizon case.

The interpretation of the DPP is that the optimization problem can be split in two
parts: an optimal control on the whole time interval [t,7] may be obtained by first
searching for an optimal control from time € given the state value Xé‘x, i.e. compute
v(0, Xy"), and then maximizing over controls on [t, 0] the quantity

6
E[/ F(5, X5 a)ds + (0, X57)].
t

Proof of the DPP.

We consider the finite horizon case.

1. Given an admissible control a € A(¢, ), we have by pathwise uniqueness of the flow
of the SDE for X, the Markovian structure

0,X5"
S

Xbr =X , s>0,

for any stopping time 6 valued in [t,T]. By the law of iterated conditional expectation,
we then get

0
J(t,z,0) = E{/ fs, X5 ag)ds + J(G,Xé’z,oz)],
¢

and since J(.,.,a) < v, 0 is arbitrary in 7; 1

0
J(t,z,a) < inf E[/ f(s,Xz'z,ozs)ds+v(9,X(§’x)]
t

0cT, 1

0
< sup inf E{/ f(s,Xﬁ’z,as)ds+v(0,X§‘x)].
¢

aEA(t,x) 0T r

By taking the supremum over « in the left hand side term, we obtain the inequality:
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v(t,z) < sup inf FE

6
/ f(s, X57 ag)ds 4 v(6, Xé"x) . (3.21)
a€A(t,x) 0€Ty, Jt

2. Fix some arbitrary control o € A(t,z) and 6 € 7T;p. By definition of the value
functions, for any € > 0 and w € {2, there exists a®“ € A(@(w),X;’(i)(w)), which is
an e-optimal control for 1;(9((;.)),X‘;’(g:)(a.z))7 ie.

v(9(w),X;’(z)(w)) —e< J(O(w),Xé"(i)(w),aE’“). (3.22)

Let us now define the process

() = as(w), s€[0,0(w)]
+(w) {ozi’“(w)7 s € [0(w),T).

There are delicate measurability questions here, but it can be shown by the measurable
selection theorem (see e.g. Chapter 7 in [BeSh78]) that the process & is progressively mea-
surable, and so lies in A(t, z). By using again the law of iterated conditional expectation,
and from (3.22), we then get

0
v(t,z) > J(t,z, &) = E[/ f(s,Xz’””,as)ds+J(0,X§’I,a5)]
t
0
> E[/ fs, X57 ag)ds —l—v(e,X;’w) — €.
¢
From the arbitrariness of o € A(t,z), @ € T, and € > 0, we obtain the inequality

0
v(t,x) > sup sup E[/ f(s,X;’z,as)ds+U(9,Xé"x) . (3.23)
a€A(t,x) 0T 1 ¢

By combining the two relations (3.21) and (3.23), we get the required result.

3.4 Hamilton-Jacobi-Bellman equation

The Hamilton-Jacobi-Bellman equation (HJB) is the infinitesimal version of the dynamic
programming principle: it describes the local behavior of the value function when we send
the stopping time 6 in (3.20) to ¢. The HJB equation is also called dynamic programming
equation. In this chapter, we shall use the HJB equation in a classical way as follows:

Derive the HJB equation formally

Obtain or try to show the existence of a smooth solution by PDE techniques
Verification step: show that the smooth solution is the value function by It6’s formula
As a byproduct, we obtain an optimal feedback control.

3.4.1 Formal derivation of HIB

Finite horizon problem.
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Let us consider the time 6 = t + h and a constant control oy = a, for some arbitrary a
in A, in the relation (3.18) of the dynamic programming principle:

t+h
o(t,2) > B / Fls, XE¥ a)ds +v(t + b, X125 (3.24)
t

By assuming that v is smooth enough, we may apply Itd’s formula between ¢ and ¢ + h:

t+h
v(t + h, Xffh) =o(t,x) +/ (% + E“v) (s, X™)ds + (local) martingale,
t

where £ is the operator associated to the diffusion (3.1) for the constant control a, and
defined by (see Section 1.3.1)

L% = b(x,a).Dyv + %tr (o(z, a)gl(x,a)Di'U) .

By substituting into (3.24), we then get

t+h v
0> E[/ (= +L£%) (s, X)) + f(s,Xz’z,a)ds].
p ot

Dividing by h and sending h to 0, this yields by the mean-value theorem
ov .
0= a(t’l‘)+£ v(t7x)+f(t,x,a).

Since this holds true for any a € A, we obtain the inequality

gi) (t,z) — 223 [L%(t,2) + f(t,x,a)] > 0. (3.25)

On the other hand, suppose that o* is an optimal control. Then in (3.20), we have

t+h
ta) = B[ [ fls. Xzad)ds + ol + 0, X7
t

where X* is the state system solution to (3.1) starting from z at ¢, with the control a*.
By similar arguments as above, we then get
ov

- E(t, z) — L%v(t,x) — f(t,z,a)) =0, (3.26)

which combined with (3.25), suggests that v should satisfy

0
— a—i(t,x) —sup [L%(t,x) + f(t,z,a)] =0, V(t,z)€[0,T) x R", (3.27)
acA
if the above supremum in a is finite. We shall see later how to deal with the case when this
supremum is infinite, which may arise typically when the control space A is unbounded.
We often rewrite this PDE in the form

- %(t,x) — H(t,x, Dyv(t,x), D2v(t,z)) = 0, VY(t,z) €[0,T) x R",  (3.28)
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where for (t,z,p, M) € [0,T] x R* x R" x S,

H(t,x,p, M) = sup [b(z,a).p+ %tr (oo’ (x,a) M) + f(t,z,a)].
acA

This function H is called the Hamiltonian of the associated control problem. The equation
(3.28) is called the dynamic programing equation or Hamilton-Jacobi-Bellman (HJB)
equation. The regular terminal condition associated to this PDE is

o(T,z) = g(z), VreR", (3.29)

which results immediately from the very definition (3.7) of the value function v considered
at the horizon date T'.

Remark 3.4.4 (1) When the control space A is reduced to a singleton {ao}, i.e. there
is no control on the state process, the HJB equation is reduced to the linear Cauchy
problem:

— %(t7 x) — LYv(t,x) = f(t,x,a0), V(t,z)€[0,T)xR" (3.30)
o(T,z) = g(z), VzreR™ (3.31)

2) The optimality argument of the dynamic programming principle suggests that if
one can find a measurable function a* (¢, z) such that

sup [L0(t, 2)f (¢, z,a)] = L v (t,2) + (b, 2,07 (1, 7)),
acA
ie.
o (t,x) € arg max [L%(t,2) + f(t, 2, a)],

then we would get

ov
ot

and so by Feynman-Kac formula

— LDy ) — ft,x, 0 (tx) =0, oT,.) =g,

o(t,) / FOX, 0 (s, XD))ds + 9(X7)]
where X* is the solution to the SDE

dX: =b(X:,a* (s, X))+ o(XZ,a*(s, X2))dW,, t<s<T
X ==

As a byproduct, this shows that the process a*(s, X¥) is an optimal Markovian control.
Infinite horizon problem.

By using similar arguments as in the finite horizon case, we derive formally the HJB
equation for the value function in (3.12):
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Bu(z) —sup [L%(x) + f(z,a)] =0, Vz eR",
acA
which may be written also as
Bu(z) — H(z, Du(z), D*u(x)) = 0, Vo €R",

where for (z,p, M) € R* xR" x S,

H(x,p,M) = sup [b(z,a).p + %tr (o0’ (x,a) M) + f(z,a)].

3.4.2 Remarks and extensions

1. The results in the finite horizon case are easily extended when the gain function J to
be maximized has the general form

T
J(t @, 0) = E[/ Lty 8) (s, XL, @) ds + T(t, T)g(X4")]
t
where
I'(t,s) = exp ( f/ B(u, Xffﬂo[u)du)7 t<s<T,
t

and (3 is a measurable function on [0, 7] xRR™ x A. In this case, the Hamiltonian associated
to the stochastic control problem is

H(t,z,v,p, M) = sup [ — B(t, x,a)v + b(x,a).p + %tr (0(z,a)0’ (z,a) M) + f(t,z,a)].
acA

2. When the control space A is unbounded, the Hamiltonian

1

H(t,z,p, M) = sup [b(z,a).p+ itr (00’ (z,a)M) + f(t,z,a)].
acA

may take the value co in some domain of (¢, z,p, M). More precisely, assume that there

exists a continuous function G(t,z,p, M) on [0,T] x R™® x R™ x S,, such that

H(t,z,p,M) < oo <= G(t,z,p,M) > 0.
Then from the arguments leading to the HIB equation (3.28), we must have

G(t,z, Dyv(t,x), Dv(t,x)) > 0, (3.32)

and — %(t,x) — H(t,z, Dyv(t,z), D2v(t,z)) > 0 (3.33)

Moreover, if inequality (3.32) is strict at some (¢,2) € [0,7) x R", then there exists

a neighborhood of (¢,z, Dyv(t, ), D2v(t,r)) for which H is finite. Then, formally the

optimal control should be attained in a neighborhood of (¢, z), and by similar argument

as in (3.28), we should have equality in (3.33). We then obtain a variational inequality
for the dynamic programming equation:
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min [ — %(t,z) — H(t,z, Dyv(t,x), D?v(t, x)),
G(t,x, Dyv(t,z), D2v(t,z))] = 0. (3.34)
In this case, we say that the control problem is singular, in contrast with the regular
case of HJB equation (3.28). A typical case of a singular problem arises when the control

influences linearly the dynamics of the system and the gain function. For example, in
the one-dimensional case n = 1, A = R, and

ba,a) = b(z)+a, o(x,a) = 6(z), f(t,z,a) = f(t,2)—a,
we have

H(t. 2. p. M) = b(x)p+ 26(2)>M + f(t,x) if —p+1>0
BB = o0 if —p+1<o.

The variational inequality is then written as

ov 1. 2821) . ov ) B

We shall give in Section 3.7. another example of singular control arising in finance and
where the control is in the diffusion term. In singular control problem, the value function
is in general discontinuous in T so that (3.29) is not the relevant terminal condition. We
shall study in the next chapter how to derive rigorously the HJB equation (or variational
inequality) with the concept of viscosity solutions to handle the lack a priori of regularity
of the value function, and also to determine the correct terminal condition.

3. When looking at the minimization problem
T
v(t,z) = sup E[/ f(s,X;’””,as)ds—&-g(X;:I)],
a€A(t,x) t
we can go back to a maximization problem by considering the value function —v. This
is equivalent to considering a Hamiltonian function:

H(t,z,p, M) = irelg [b(z,a).p + %tr (o(z,a)d’(z,a)M) + f(t,z,a)],

with an HJB equation:
ov 9
fa(t,x) — H(t,x, Dyv(t,x), Dyv(t,z)) = 0.
When H may take the value —oo, and assuming that there exists a continuous function
G(t,z,p, M) on [0,T] x R™ x R™ x S,, such that
H(t,z,p,M) > —oc0 <= G(t,z,p, M) < 0,

the HJB variational inequality is written as

max [ — %(m z) — H(t,z, Dyv(t, ), D2v(t,z)) , G(t,x, Dyv(t, z), Dv(t, z))] =0.

We have an analogous remark in the case of the infinite horizon minimization problem.
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3.5 Verification theorem

The crucial step in the classical approach to dynamic programming consists in proving
that, given a smooth solution to the HJB equation, this candidate coincides with the
value function. This result is called the verification theorem, and allows us to exhibit as
byproduct an optimal Markovian control. The proof relies essentially on It6’s formula.
The assertions on the sufficient conditions may slightly vary from a problem to another
one, and should be adapted in the context of the considered problem. We formulate a
general version of the verification theorem given the assumptions defined in the previous
paragraphs.

Theorem 3.5.2 (Finite horizon)
Let w be a function in CL2([0,T) x R™) N C°([0,T] x R"), and satisfying a quadratic
growth condition, i.e. there exists a constant C' such that

lw(t,z)| < C(1 4+ |z)?), V(t,z) €[0,T] x R".
(i) Suppose that

=) —sup [0t )+ f(t,@)] 20, (L) €[0.T) <R, (335)
acA

w(T,z) > g(x), x € R™ (3.36)

Then w > v on [0,T] x R™.
(i1) Suppose further that w(T.) = g, and there exists a measurable function &(t,z),
(t,z) € [0,T) x R, valued in A such that

0 0 -
_8_1;)@71:) — Sup [Law(t7I) + f(t,{[, a’)] = _8_1:(15,33) - [’a(t‘rz)w(t’ ‘T) - f(t,.’[,d(t, l‘))
acA
=0,
the SDE

dXs = b(Xs, a(s, Xs))ds + o(Xs, a(s, Xs))dW

admits a unique solution, denoted by Xﬁ””, given an initial condition Xy = x, and the
process {&(s, X®) t < s < T} lies in A(t,x). Then

w=v on [0,T] xR",
and & is an optimal Markovian control.

Proof. (i) Since w € C12([0,T) x R™), we have for all (¢,z) € [0,T) x R*, a € A(t, ),
s € [t,T), and any stopping time 7 valued in [t,c0), by 1t6’s formula

SAT
0 " -
wls Am X5 = wita)+ [ Gl X + £ (X du
t

SAT
+/ Dyw(u, X5%Y o (X5%, 0 )dW,,.
t
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We choose 7 = 7, = inf{s > ¢ : [ [Dyw(u, Xt") 0(X,%, a)|*du > n}, and we no-
tice that 7, " oo when n goes to infinity. The stopped process { ft L)) ww(u, X5®)’
(X% ay)dW,, t < s < T} is then a martingale, and by taking the expectation, we get

‘ SATn aw
E[w(s Ao, Xgnr, )] = w(t,z) + E[/ By — (u, X5) + L% w(u, X “)du]
t

Since w satisfies (3.35), we have

Ow t,x e t,x t,x

E(u, X5 + L%w(u, X%) + (X", ) <0, Vae At z),
and so

SATp,
Elw(s Ao, X500 )] < w(t,z) — E[/ f(Xvaz’au)du}, Va € A(t,z). (3.37)
t

We have

SATh T
[ e e < [ 5 e du,
t t

and the right-hand-side term is integrable by the integrability condition on A(¢, z). Since
w satisfies a quadratic growth condition, we have

[w(s AT, Xotr, )| < O+ sup [X07P2),
s€[t,T]

and the right-hand-side term is integrable from (3.4). We can then apply the dominated
convergence theorem, and send n to infinity into (3.37):

Elw(s, X!)] < w(t, 2) / FXE" o du] Vo € A(t, ).

Since w is continuous on [0,7] x R™, by sending s to T, we obtain by the dominated
convergence theorem and by (3.36)

E[g(X5")] < w(t,z) — / FIXET ) u], Vo € A(t, ).

From the arbitrariness of a € A(t, x), we deduce that w(t,z) < v(t,z), for all (¢,z) €
[0,T] x R™.

(ii) We apply It&’s formula to w(u, X5*) between ¢ € [0,T) and s € [t,T) (after an
eventual localization for removing the stochastic integral term in the expectation ):

E[ (s X”)]—w(tw )+ E / 6w u, XL%) + LX)y (u, Xb¥)du|.

Now, by definition of &(¢,z), we have

o

8t - Cd(tm)w(tvl) - f(t,.’l,‘,d(t, 1)) = Ou

and so
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E [w(s,f(il)] = w(t,z) / FX%, a(u X“))du].
By sending s to T, we then obtain
T A~ A~ A~
w(t,z) = E[/ XL, X)) du + g(£57)] = J(t,2,d).
t
This shows that w(t, z) = J(t, x, &) < v(¢, ), and finally that w = v with & as an optimal
Markovian control. m]

Remark 3.5.5 In the particular case where the control space A is reduced to a singleton
{ao}, this verification theorem is a version of the Feynman-Kac formula: it states that if
w is a function in CH2([0, T) x R™) N C°([0, T) x R™) with a quadratic growth condition,
the solution to the Cauchy problem (3.30)-(3.31), then w admits the representation

w(t,z) = E{/tT FXE" ag)ds +g(X%m) .

Theorem 3.5.3 (Infinite horizon)
Let w € C?(R"), and satisfies a quadratic growth condition.
(i) Suppose that

fw(z) —sup [Lw(z) + f(z,a)] >0, xR, (3.38)
a€A
limsup e PTE[w(X%)] > 0, Vz € R™, Ya € A(z), (3.39)
T—o00

Then w > v on R™.
(ii) Suppose further that for all x € R™, there exists a measurable function &(x), x €
R"™, valued in A such that

Bu(@) = sup [Lhw(z) + f(z,0)] = fu(z) - L4 w(x) - f(a, a(x)
=0,
the SDE
dXs = b(Xs, &(Xs))ds + 0(Xs, &(X5))dWs
admits a unique solution, denoted by Xf, given an initial condition Xy = x, satisfying

liminf e~ ?T Elw(X%] < 0, (3.40)
T—o00

and the process {a(X¥), s > 0}, lies in A(z). Then
w(z) =v(z), VeeR"

and & is an optimal Markovian control.
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Proof. (i) Let w € C?(R") and o € A(z). By It&’s formula applied to e~fw(X¥)
between 0 and T A 7,,, we have

TANATh
eI, ) @)+ [ e LX) - fu(XD)] du
0
TNATp,
+ / e P Dw(XEY o (XT, ) dW,,.
0

Here, 7, is the stopping time: 7, = inf{t > 0 : f(; |Dpw(u, XE) o (XE, o) |2du > n}, so
that the stopped stochastic integral is a martingale, and by taking the expectation

TNy,
E[e_ﬁ(T/\T”)w(X%AM)] =w(z)+ E[/ e P (—fw + LY w) (Xff)du]
0

< w(z) - E[/O'TM" e O F(X, au)du] (3.41)

from (3.38). By the quadratic growth condition on w and the integrability condition
(3.11), we may apply the dominated convergence theorem and send n to infinity:

T
E[e P Tw(X3)] < w(x) —E[ / e=Pu f(Xff,ozu)du], Vo€ Az).  (3.42)
0
By sending T to infinity, we have by (3.39) and the dominated convergence theorem
oo
w(zx) > E[/ 675’5]0(XZ”,134,5)ci15]7 Va € A(z),
0

and so w(z) > v(x), Vo € R™
(ii) By repeating the above arguments and observing that the control & achieves
equality in (3.42), we have

T
E [efﬂTw(X;)] = w(z) - E[ / e Puf(Re, a(f(g))du} .
0
By sending T to infinity and from (3.40), we then deduce

[ee]
wle) < J(e,6) = B[ [ ez a(tn)aal,
0

and therefore w(z) = v(z) = J(z,&). O
Remark 3.5.6 In the particular case where the control space A is reduced to a singleton
{ao}, this verification theorem is a version of the Feynman-Kac formula on an infinite
horizon: it states that if w is a function C?(R") with a quadratic growth condition, the
solution to the linear elliptic PDE

Bw(z) — LPw(z) — f(z,a0) =0, z€R",
Tlim e PTEw(X2)] =0, zcRY,

then w admits the representation

w(t,z) = E[/OOO e PtF(XT, ag)dt|.
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The two previous theorems suggest the following strategy for solving stochastic con-
trol problems. In the finite horizon case, we first try to solve the nonlinear HJB equation:

_ow sup [Lw(t,x) + f(t,z,a)] =0, (t,z)€[0,T)xR", (3.43)
ot aea

with the terminal condition w(7T’, x) = g(z). Then, fix (¢,z) € [0,T) xR™, and solve sup ¢ 4
[L%w(t,z) + f(t,z,a)] as a maximum problem in a € A. Denote by a* (¢, z) the value of
a that realizes this maximum. If this nonlinear PDE with a terminal condition admits a
smooth solution w, then w is the value function to the stochastic control problem, and
a* is an optimal Markovian control. This approach is valid once the HJB equation (3.43)
has the solution C'2 satisfying the conditions for applying the verification theorem.
Existence results for smooth solutions to parabolic PDEs of HJB type are provided in
Fleming and Rishel [FR75], Gilbarg and Trudinger [GT85] or Krylov [Kry87]. The main
required condition is a uniform ellipticity condition:

there exists a constant ¢ > 0 such that

yo(z,a)o’ (z,a)y > cly?, Vz,y € R, Va € A.

We also mention that in the verification of conditions (ii) in Theorems 3.5.2 and 3.5.3,
it is not always easy to obtain the existence of a solution to the SDE associated to the
candidate & for the optimal control.

3.6 Applications

3.6.1 Merton portfolio allocation problem in finite horizon

We consider again the example described in Section 2.2.1 in the framework of the Black-

Scholes-Merton model over a finite horizon 7T'. An agent invests at any time ¢ a proportion

ay of his wealth in a stock of price S (governed by geometric Brownian motion) and 1—a

in a bond of price S° with interest rate 7. The investor faces the portfolio constraint that

at any time ¢, oy is valued in A closed convex subset of R. His wealth process evolves
according to

X X (1—
X, = ;j” as, + X 5 o)
= X (app+ (1 — ap)r) dt + XrarodWr.

ds?

‘We denote by A the set of progressively measurable processes « valued in A, and such that
fOT |as|?ds < oo a.s. This integrability condition ensures the existence and uniqueness of
a stong solution to the SDE governing the wealth process controlled by « € A (to see this
consider the logarithm of the positive wealth process). Given a portfolio strategy a € A,
we denote by X7 the corresponding wealth process starting from an initial capital X; =
x > 0 at time ¢. The agent wants to maximize the expected utility from terminal wealth
at horizon T". The value function of the utility maximization problem is then defined by

v(t,z) = slelgE[U(Xr}x)}, (t,z) € [0,T] x R4. (3.44)
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The utility function U is increasing and concave on R, . Let us check that for all ¢t €
[0,T7, v(t,.) is also increasing and concave in z. Fix some arbitrary 0 < z < y and «
a control process in A. We write Z, = X%% — X%, Then the process Z satisfies the
following SDE: dZ, = Z,[(asp+ (1 — o)) ds + as0dW|, Zy =y —x > 0, and so Z, >
0, i.e. Xb¥ > X5 for all s > ¢. Since U is increasing, we have U(X5") < U(X%Y), and
thus

E[UX:™)] < E[UXZY)] < v(ty), Ya €A

This shows v(t,z) < v(t,y). Now, let 0 < z, 72, o', a? two control processes in 4, and
A € [0,1]. We write z) = Az1 + (1 — N)za, X% the wealth process starting from z; at
time ¢, and controlled by o, i = 1,2. We write

N AXDTal (1 - A) X2l

s

Q,
s AXD™ 4 (1= N X"

Observe that by convexity of A, the process a’ lies in .A. Moreover, from the linear
dynamics of the wealth process, we see that X* := AX®®1 4 (1 — X\) X *®2 is governed by

dX} = X} (adp+ (1 —ad)r)ds + X2ajodW,, s>t

A
Xt = T.

This shows that AX®»*1 + (1 — \) X2 is a wealth process starting from z, at ¢, and
controlled by a*. By the concavity of the utility function U, we have

U (AXS™ 4 (1= NXE™2) > AU(XE™) + (1 — AU (XE),
and so
oAz + (1= Na) = AE [UXE™)] + (1= N E [U(X3"™)] .
Since this holds true for any a', o2 in A, we deduce that
v(Az1 + (1= N)za) = Mo(a1) + (1 = A)o(xz).

Actually, if U is strictly concave and if there exists an optimal control, the above argu-
ments show that the value function v is also strictly concave in z.

The HJB equation for the stochastic control problem (3.44) is

_ow sup [L%w(t, z)] = 0, (3.45)
ot acA
together with the terminal condition
w(T,z) =U(z), xeRi. (3.46)

ow 0%w
Here, L*w(t, ) = z(ap+(1—a)r) o= + $22a’0?—— . It turns out that for the particular
case of power utility functions of CRRA type, as considered originally in Merton

xP
U(I):_7 IZO’p<Lp7£O7
p
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one can find explicitly a smooth solution to (3.45)-(3.46). We are looking for a candidate
solution in the form

w(t, x) = p(t)U(z),

for some positive function ¢. By substituting into (3.45)-(3.46), we derive that ¢ should
satisfy the ordinary differential equation

¢'(t) +pd(t) =0,  (T) = 1,

where

1
p=psup [a(u—r)+7r— a*(l—p)o?]. (3.47)
acA 2

We then obtain ¢(t) = exp(p(T — t)). Hence, the function given by
wit,z) = exp(p(T — U (), (t,2) € [0,T] x Ry, (3.48)

is strictly increasing and concave in z, and is a smooth solution to (3.45)-(3.46). Fur-
thermore, the function a € A+ a(pu—r) +r — $a*(1 — p)o? is strictly concave on the
closed convex set A, and thus attains its maximum at some constant G. By construction,
G attains the supremum of sup,c 4[L*w(t, z)]. Moreover, the wealth process associated
to the constant control a

dXt = Xt (fb,u + (1 — d)’f’) dt + XtCALO'th,

admits a unique solution given an initial condition. From the verification Theorem 3.5.2,
this proves that the value function to the utility maximization problem (3.44) is equal
to (3.48), and the optimal proportion of wealth to invest in stock is constant given by a.
Finally, notice that when A = R, the values of @ and p are explicitly given by

. w—r
= 3.49
= A=) (3.49)
and
(=7 p
P= 902 17p+7’p.

3.6.2 Investment-consumption problem with random time horizon

We consider a setup with intertemporal utility from lifetime consumption. We use a
similar framework as in the previous section for the model on asset prices. A control is a
pair of progressively measurable process (a, ¢) valued in A x R, for some closed convex
subset A of R such that [ |a|?dt + [ cidt < 0o a.s. We denote by A x C the set of
control processes. The quantity a; represents the proportion of wealth invested in stock,
and ¢; is the consumption per unit of wealth. Given (a, ¢) € A x C, there exists a unique
solution, denoted by X7, to the SDE governing the wealth process

dXt = Xt (Oétu + (]. - at)r - Ct) dt + XtOétO'th7
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given an initial condition Xy = > 0. The agent’s investment-consumption problem is
to maximize over strategies («,c¢) the expected utility from intertemporal consumption
up to a random horizon 7. The random factors, which may affect the horizon 7 of the
investor, are for example death, changes in the opportunity set, or time of an exogenous
shock to the investment-consumption process (e.g. purchasing or selling a house). Given
a utility function u for consumption, we then consider the corresponding value function:

-

v(z) = sup E[/ eiﬁtu(ctXf)dt].
(a,c)€AXC 0

We assume that the random time 7 is independent of the securities market model, i.e. T

is independent of F,, and we denote by F'(t) = P[r < t] = P[r < t|Fo] the distribution

function of 7. The value function can then be written as

v(z) = sup E[/ e_ﬁtu(ctXf)IKTdt}
(e,c)€AXC 0

oo
= sup E[/ e Ptu(c, X5)(1 - F(t))dt} .
(a,c)EAXC 0

We also specialize our setup by assuming an exponential distribution for the random
time horizon: 1 — F(t) = e~ for some positive constant A, also called intensity. In this
case, the intertemporal consumption utility problem with random horizon is turned into
an infinite horizon problem:

v(z) = sup E[/ ef(ﬁJr)‘)tu(ctXf)dt},

(a,c)€ AXC 0
with adjusted discount factor [3 = B+ A\. The HJB equation associated to this control
problem is

Bw(z) — sup [L%“w(z) + u(cx)] =0, x>0,

a€A,c>0
where L%“w(z) = z(ap+(1—a)r—c)w’ + jz2a’0?w”. By defining @(z) = supgsou(C)—
C'z], the Legendre transform of u, this HJB equation may be written as

Bw(z) — 31612 [L0w(z)] —a(w') =0, >0, (3.50)

where £L%w(z) = z(ap+(1—a)r)w’ + $22a?02w”. As in the previous section, we consider
a power utility function u(C) = C?/p for p < 1, P # 0, so that @(z) = 27%/q with ¢ =
p/(1—p), and a maximum attained in C*(z) = z7-1. We are then looking for a candidate
solution to the HJB equation in the form

w(z) = Ku(z),
for some positive constant K. By substituting into the HJB equation (3.50), we derive
an equation satisfied by the unknown K:
- K 1

_ N K 1=
B p)p . ,
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where p is as in (3.47). Such an equation admits a positive solution for K if and only if
8 > p, i.e. the discount factor ( satisfies

/8>p7/\7

and in this case, K is given by

w ()

Hence, with this value of K, the function w(z) = Ku(x) solves the HJB equation (3.50),
with an argument max in the HJB equation given by

- 1, 2
a= argr;leaj([a(y —r)+r— 3¢ (1 =p)o?

(w'(2)77 = K7

¢ =

8=

Moreover, the wealth process associated to these constant controls (a, ¢)
dX; = Xt(&,u +(1-a)yr-— é)dt + XiaodWy,

is a Brownian geometric motion, and so admits a unique solution, denoted by Xz, given
an initial condition X§ = . Finally, a straightforward calculation shows that

e "Ew(X7)] = Ku(x)exp (— (3 — p)T — épT)
— 0, as T goes to infinity,

since 3 > p. From the verification theorem 3.5.3, this proves that v(z) = w(z) = Ku(z),
and the optimal controls are constant given by (&, ¢). We observe that the optimal pro-
portion of wealth is not affected by the uncertainty on the time horizon.

3.6.3 A model of production-consumption on infinite horizon

We develop the example of Section 2.2.2. We consider the following model for a produc-
tion firm. Its capital value K; evolves according to the investment rate I; and the price
S; per unit of capital:

th = Kt@ + Ifdt
St

The debt L; of this firm is determined by the interest rate r, the consumption Cy, and
the productivity rate P; of capital:

K,
dL, = rLdt — ?tht + (I + Cy)dt.
t
We assume a model for the dynamics of (Y; =1nS;, P;) as

ot 1
dY, = p— > dt 4 o1dW;

dP; = bdt + o9dW},
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where (W1, W?) is a two-dimensional Brownian motion on a filtered probability space
(2,F,F = (Ft)t>0, P), and p, b, o1, o2 are constants, 01,02 > 0. The net value of the
firm is

Xi = Ky — Ly,
and the following constraints are required:
K, >0,C; >0, X; >0, t>0.

We denote by k = K;/X; and ¢, = C;/X; the control variables of investment and
consumption. The dynamics of the controlled system is then governed by

dXt = Xt [kt(,u —-r+ befy’) + (7‘ - Ct)] dt

+ kX0 dW}E + ki X eV aadWE (3.51)
2
dy, = (u - "2—1) dt + o1 dW}. (3.52)

Given a discount factor § > 0, and a power utility function:

c
U(C):T’ C>0, withO<y<l,

we denote by A(x,y) the set of progressively measurable processes (k, c) valued in Ry x
R, such that

T T
/ kfdt +/ cfdt < oo, a.s., YT >0,
'Ooo 0
E [/ eiﬁtU(ctXf’y)dt] < 00,
0

where (X*¥ YY) is the solution to the SDE (3.51)-(3.52) starting from (z,y) at t = 0.
The objective is to find the optimal investment and production for this production firm,
and we study the stochastic optimal control on an infinite horizon:

oo
v(z,y) =  sup E[ / e’ﬁtU(ctXf’y)dt}. (3.53)
(k,c)eA(z,y) 0

The associated HJB equation is

2 2 52
Bv — (u — 0—1) g _ T.T@ _ v sup [U(cz) — c:vg—;] (3.54)

2 ) Oy dr 2 0y >0
_y Ov 1 _ 8% 8%
—21;13 [k(p—r+be y)x% + §k2x2(af +e 290%)? + kxo? 8x8y] =

By observing that XV is expressed in the form X*¥ = xexp(Z(y)) where Z(y) is
written as an exponential of process in terms of (k,c) and Y¥, we deduce that

v(z,y) = 27v(l,y).

We are then looking for a candidate solution to HIB (3.54) in the form
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mezgammw,

for some function (y). By substituting into (3.54), we obtain the ordinary differential
equation (ODE) satisfied by ¢:

2 2
o o
ﬂfvrfgl(soyyﬂpf,)f(u*?l)wy

—sup [¢Te™? — ] — ysup Gy, ¢y, k) = 0, (3.55)
c>0 k>0

where
k2
Gy:p k) = =5 (L=9)(of +05e™) + k(u =7+ be™? + 0lp).

One can show that for 3 large enough, there exists a unique smooth C2 bounded solution
¢ to the ODE (3.55). We refer to [FP05] for the details. Since G(y,p,0) = 0, we derive
that at any extremum point y of ¢y, i.e. @ y(y) = 0:

O’% e (y)

o2
0<B—r— (u—gl) Py(y) = 5 eyy) — (L =)e T

Since ¢ is bounded, this shows that ¢, is also bounded on R.
By construction, the positive function w(z,y) = (x7/7)e?® is a solution to the HIB

equation (3.54). From the first part of the verification theorem 3.5.3, we deduce that w
> v. On the other hand, let us consider the functions

. be ¥ +p—r+oip
Mw:( 1oy

i k
G A, © ek

« _ ©o(y) . N
é(y) = exp (777 1) € argrcnzlgl [C'y e ]

Since ¢ and ¢, are bounded, this implies that the functions ¢, l;, e~¥k are also bounded
in y. We deduce that there exists a constant M > 0 such that

E[|X§”’y[2] < 2%exp(Mt), V>0,

where we denote by XV the solution to (3.51) controlled by (k(Y}¥),&(Y))i>o. This
shows that the control (k(Y}"),é(Y”))i>o lies in A(z,y):

E[/ ePU(YY) XYV dt] < oo, (3.56)
0
Moreover, since ¢ is bounded, the function é(y) is lower-bounded by a strictly positive
constant. We then get the existence of a constant B > 0 such that:
0 < e PTu(X3Y, YY) < Be P TURYXRY),

which, combined with (3.56), yields

lim E[e "Tw(X3Y, V)] = 0.

T—o0

We conclude with the second part of the verification theorem 3.5.3 that w = v and
(k(YY), é(Y¥))i>0 is an optimal Markovian control.
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3.7 Example of singular stochastic control problem

We consider a controlled process governed by
dXs = a,dWs,

where « is a progressively measurable process valued in A = R and such that E|[ fOT |aus|?ds]
< 0o. We denote by A this set of control processes. Let g be a nonnegative measurable
function with linear growth condition on R, and consider the stochastic control problem

o(t,z) = SZBE[g(X;x)], (t,z) € [0,T] x R. (3.57)

We now see that for a large choice of functions g, the value function v is not smooth.
From the dynamic programming principle, we have for any stopping time 6 € 7; 1,
and any constant control a; = a € R

o(t, ) > E [v(0, X,7)] . (3.58)

Suppose that v is smooth C12, and apply 1t&’s formula to v(s, X1*) between s = t €
[0,7) and s = 0 = (t + h) A7 where 7 = inf{s >t : |X’* — 2| > 1}. By observing that
the stochastic integral appearing in Itd’s formula is a stopped martingale, we obtain by
substituting into (3.58)

1 (t+h)AT N ) 821)
> F|- — — LoYds|. .
O_E[h/t (at-l—a 6);L‘Q)(S,XS )ds] (3.59)

Notice that by continuity a.s. of the path X»* we have a.s. § = t + h for h < h(w)
small enough. We deduce by the mean-value theorem that the random variable inside

0%v
2

a2
Moreover, since this random variable is bounded by a constant independent of h, we can

0
the expectation in (3.59) converges a.s. to (—;) +a )(¢,z) when h goes to zero.

apply the dominated convergence theorem, and obtain that when h goes to zero

00 o 200

0> (ta)+ a5 (t2), V(L)€ [0,T) xR (3.60)

2
Since this inequality holds true for any a in R, this implies in particular that: ) <0

)
on [0,T) x R, and so
v(t,.) is concave on R for all t € [0,T). (3.61)

On the other hand, since the zero constant control lies in A, it is immediate by definition
of the value function that

v(t,z) > g(z), V(t,z)e[0,T] xR

Denoting by g™ the concave envelope of g, i.e. the smallest concave function above g,
we deduce with (3.61) that

v(t,xz) > g™ (x), Y(t,z) €[0,T) xR. (3.62)
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Now, using the fact that g*®® > g, Jensen’s inequality and the martingale property
of X! for v € A, we get:

vu(t,x) < sup Elg"(X5")]
acA

< sup gcon (E[X;iz]) — gcon(w)_
acA

By combining with (3.62), we deduce that
v(t,x) = g (x), VY(t,z) €[0,T) x R. (3.63)

We then get a contradiction whenever the function g°°® is not C?, for example if g(z) =
max(z — k,0) = g™ (x).

Remark 3.7.7 We shall see in the next chapter by means of the theory of viscosity
solutions that although the inequality (3.60) cannot be interpreted in the classical sense,
the relation (3.63) remains valid. In particular, we see that the value function v is discon-
tinuous in T once g # ¢g°°". Actually, the Hamiltonian for this singular control problem
(3.57) is H(M) = sup,ep|3a*M]. Thus, H(M) < oo if and only if —M > 0, and in this
case H(M) = 0. We shall prove in the next chapter that v is a viscosity solution to the
HJB variational inequality

oot
ot’  0x2

min[—

3.8 Bibliographical remarks

The principle of optimality of the dynamic programming principle was initiated by Bell-
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very technical, and was studied by several authors following various methods: Bensoussan
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The classical approach to optimal control for diffusion processes via a verification
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Krylov [Kry80], Fleming and Soner [FS093], Yong and Zhou [YZ00]. The case of con-
trolled jump-diffusion processes is considered in the recent book by Oksendal and Sulem
[0S04]. Other aspects of dynamic programming are studied in a general framework in
the lecture notes of St-Flour by El Karoui [E1k81].

The example of the investment-consumption problem on a random time horizon was
developed in Blanchet-Scalliet et al. [BELJMO08]. The example of singular stochastic con-
trol problem is inspired by the superreplication problem in the uncertain volatility model,
and it will be developed in the next chapter.

We formulated stochastic control problems in a standard form, where the goal is to
optimize a functional in an expectation form. Recently, motivated by the superrepli-
cation problem under gamma constraints, Soner and Touzi [ST00], [ST02] developed
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other formulations of control problems, called stochastic target problems, and proved
the corresponding dynamic programming principle.

The dynamic programming approach provides a characterization of the value function
and the optimal control when this value function is smooth enough. The general existence
problem of an optimal control is not considered here. We refer to the works by Kushner
[Ku75] and El Karoui, Huu Nguyen, and Jeanblanc-Picqué [EIkNJ87] for results in this
direction.
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The viscosity solutions approach to stochastic control
problems

4.1 Introduction

As outlined in the previous chapter, the dynamic programming method is a powerful tool
to study stochastic control problems by means of the Hamilton-Jacobi-Bellman equation.
However, in the classical approach, the method is used only when it is assumed a priori
that the value function is smooth enough. This is not necessarily true even in very simple
cases.

To circumvent this difficulty, Crandall and Lions introduced in the 1980s the notion of
viscosity solutions for first-order equations. This theory was then generalized to second-
order equations. The viscosity solutions approach provides very powerful means to study
in great generality stochastic control problems and gives a rigorous formulation of the
HJB equation for functions that are only assumed to be locally bounded. By combi-
ning these results with comparison principles for viscosity solutions, we characterize the
value function as the unique viscosity solution of the associated dynamic programming
equation, and this can then be used to obtain further results.

This chapter is an introduction to the notion of viscosity solutions and to the essential
tools to study stochastic control problems. There is a large literature on the theory of
viscosity solutions and we will refer for instance to Crandall, Ishii and Lions [CIL92] for a
seminal reference on this topic. In Section 4.2, we define the notion of viscosity solutions
and give some basic properties. We show, in Section 4.3, how to derive rigorously and in
great generality, from the dynamic programming principle, the Hamilton-Jacobi-Bellman
equation for the value function in the viscosity sense. We state comparison principles
and uniqueness results for viscosity solutions in Section 4.4. Finally, Sections 4.5 and 4.6
show how to use the viscosity solutions approach to solve two stochastic control problems
arising in finance.

4.2 Definition of viscosity solutions
We consider the following nonlinear second-order partial differential equations:
F(z,w(z), Dw(z), D*w(z)) =0, z¢€O, (4.1)

H. Pham, Continuous-time Stochastic Control and Optimization with Financial 61
Applications, Stochastic Modelling and Applied Probability 61,
DOI 10.1007/978-3-540-89500-8_4, (© Springer-Verlag Berlin Heidelberg 2009
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in which O is an open subset of RV and F is a continuous function of O x R x RN x Sy
taking values in R. The function F' is assumed to satisfy the ellipticity condition: for all
zeO,reR, peRN, M, M € Sy,

M < M = F(z,r,p,M) > F(z,r,p, M). (4.2)

For time-dependent problems, a point in RY must be understood as a time variable ¢
and a space variable z in R™ (N = n + 1). Furthermore, O must be an open subset of
the form [0,7) x O,, in which O,, is an open subset of R” and F(t,x,r,q,p, M) must
satisfy the following parabolicity condition: for all ¢t € [0,T), z € O,, r € R, q,4 € R,
peR™ MeS,,

q<q= F(t,z,7,q,p, M) > F(t,x,r,4,p, M). (4.3)

This last condition means that we are dealing with forward PDE, i.e. (4.1) holds for
time ¢t < 7', and the terminal condition is for £ = 7T". This is in accordance with control
problem in finite horizon and HJB equation formulated in the previous chapter, and
corresponding to

F(t,z,q,p, M) = —q — sug [b(x,a).er %tr (o0’ (x,a) M) + f(t,x, a)]7 (4.4)
a€c

while the case of HJB equations for infinite horizon problem corresponds to
1
F(x,r,p, M) = Br — sup [b(x, a).p+ itr (o0’ (z,a) M) + f(z, a)]. (4.5)
acA

The ellipticity condition (4.2) is obviously satisfied since the matrix oo’ is positive defi-
nite.

The conditions (4.2)-(4.3) and the notion of viscosity solutions are motivated by the
following arguments: let us assume that v is smooth, and is a classical supersolution to
(4.1), i.e. relation (4.1) holds with > in the whole domain O. Let ¢ a smooth function
on O =[0,T) x Oy, and (t,Z) € [0,T) x O,, be a minimum point of v — . In this case,
the first- and second-order optimality conditions imply

I(w — )

ot
D,w(t,z) = Dyo(, %) and D2w(t,z) > D2p(t, T).

(fz) > 0 (=0iff>0)

From the conditions (4.2) and (4.3), we deduce that
F(t,z,w(t,z), = (£,7), Dyp(t, ), D2p(t, 7))
—(£,3), Dyw(t,z), D2w(t, 7)) > 0,

Similarly, if v is a classical subsolution to (4.1), i.e. relation (4.1) holds with < in the
whole domain O, then for all smooth functions ¢ on O, and (£,z) € O = [0,T) x O,
such that (¢,7) is a maximum point of v — ¢, we have
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The above arguments lead to the following notion of viscosity solutions. We first
introduce some additional notations. Given a locally bounded function w from O to R
(i-e. for all z in O, there exists a compact neighborhood V,. of = such that w is bounded on
V.), we define its upper-semicontinuous envelope w* and lower-semicontinuous envelope
w, on O by

w*(z) = limsupw(a’), w.(z) = liminfw(z’).

[
z/ —a T

Recall that w* (resp. wy) is the smallest (resp. largest) upper-semicontinuous function
(u.s.c.) above (resp. lower-semicontinuous function (l.s.c.) below) w on O. Note that a
locally bounded function w on O is lower-semicontinuous (resp. upper-semicontinuous)
if and only if w = w, (resp. w*) on O, and it is continuous if (and only if) w = w, = w*

on O.

Definition 4.2.1 Let w : O — R be locally bounded.
(i) w is a (discontinuous) viscosity subsolution of (4.1) on O if

F(z,w*(z), Dp(z), D*¢(z)) <0,

for all T € O and for all ¢ € C?(O) such that T is a mazimum point of w* — .
(i) w is a (discontinuous) viscosity supersolution of (4.1) on O if

F(z,w.(z), Dp(z), D*¢(z)) > 0,

for all z € O and for all p € C?*(O) such that T is a minimum point of w. — .
(i11) We say that w is a (discontinuous) viscosity solution of (4.1) on O if it is both a
subsolution and supersolution of (4.1).

Remark 4.2.1 1. The above definition is unchanged if the maximum or minimum point
Z is local and/or strict.

2. Without loss of generality we can also assume in the above definition that ¢(z) =
w*(Z) (resp. (&) = w(Z)). Indeed, it suffices otherwise to consider the smooth function
P(x) = p(x) + w*(T) — e(T) (resp. Y(z) = p(x) + w.(T) — p(Z)). Then T is a local
maximum (resp. minimum) of w* — ¢ (resp. w, — ) and ¥ (Z) = w*(Z) (resp. w«(T)).

Remark 4.2.2 v is a viscosity subsolution (resp. supersolution) of (4.1) if and only if
v* (resp v4) is a u.s.c. viscosity subsolution (resp. l.s.c. viscosity supersolution) of (4.1).

Remark 4.2.3 In the general discontinuous viscosity solutions approach, there is no
need to prove a priori the continuity of the value function v, since we work with the
L.s.c. and u.s.c. envelopes of the value function. The continuity will actually follow from
a strong comparison principle stated in Section 4.4, which, under suitable conditions,
implies that v, > v*, and so v, = v* = v is continuous inside its domain, see also
Remark 4.4.8.
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4.3 From dynamic programming to viscosity solutions of HJB
equations

We return to the framework of stochastic control problems for diffusions formulated in
Section 3.2 of Chapter 3. The chief goal of this section is to characterize the value function
as a viscosity solution to the associated HJB equation. We also determine the relevant
terminal condition. As in the smooth case, the proofs rely crucially on the dynamic
programming principle, and there are some modifications for handling with viscosity
solutions and eventual singularity of the HJB equation, see Remark 2 in Section 3.4.2.
Recall the Hamiltonian for our stochastic control problems:

1

H(t,x,p, M) = sup [b(z,a).p+ 5tr (o(z,a)0’ (z,a)M) + f(t,z,a)]. (4.6)
acA

In the infinite horizon case, f (hence also H) does not depend on ¢t. We present a unifying

result for taking into account the possible singularity of the Hamiltonian H when the

control space A is unbounded. We then introduce

dom(H) = {(t,2,p, M) € [0,T) x R" x R" x 8, : H(t,2,p, M) < oo},
and make the following hypothesis:

H is continuous on int(dom(H))
and there exists G : [0,T) x R" x R" x §,, continuous such that
(t,z,p, M) € dom(H) < G(t,z,p,M) > 0. (4.7)

Evidently, in the case of infinite horizon problems, the function H (hence also G) does
not depend on ¢.

4.3.1 Viscosity properties inside the domain

The smoothness condition of the value function can be relaxed in the theory of viscos-
ity solutions and we shall prove that the value function satisfies the HJB variational
inequality (3.34) in the viscosity sense. We separate the proof of viscosity supersolution
and subsolution properties, which are different. The supersolution property follows from
the first part (3.18) of the dynamic programming principle. The subsolution property is
more delicate and should take into account the possible singular part of the Hamiltonian.
The derivation is obtained from the second part (3.19) of the DPP and a contraposition
argument.

Viscosity supersolution property
Proposition 4.3.1 (1) Finite horizon: Suppose the value function v is locally bounded
on [0,T) x R™, that the function f has quadratic growth in the sense of (3.8), and that

f(.y . a) is continuous in (t,x) for all a € A. Then v is a viscosity supersolution of the
HJB equation:

- %(t, x) — H(t,x, Dyou(t, x), D2v(t,2)) = 0, (t,z) € [0,T) x R™. (4.8)
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(2) Infinite horizon: Suppose the value function v is locally bounded, that the function f
has quadratic growth in the sense of (3.13), and that f(.,a) is continuous in x for all a €
A. Then for all B > 0 large enough, v is a viscosity supersolution of the HJB equation:

Bu(x) — H(z, Dv(z), D*v(z)) =0, xzcR™ (4.9)

Proof. We show the result in the finite horizon case. Let (¢,Z) € [0,T) x R™ and let ¢
€ C%([0,T) x R"™) be a test function such that

0= (v, — ©)(£,7) = (v — 9)(t, ). (4.10)

min
(t,2)€[0,T) xR

By definition of v, (%, %), there exists a sequence (t,, T,) in [0,7) x R™ such that

(tm, Tm) — (&) and v(tm, Tm) — v(t, T),
when m goes to infinity. By the continuity of ¢ and by (4.10) we also have that
Y 1= V(tm; Tim) — P(tm, Tm) — 0,

when m goes to infinity.

Let a € A and « the control identically equal to a. Then « is in A(ty,,zm) = A
according to Remark 3.2.1. We denote by X!m®m the associated controlled process. Let
Tm be the stopping time given by 7, = inf{s > ¢, : | X!™%" — x,,| > n} in which n >
0 is a fixed constant. Let (h,,) be a strictly positive sequence such that

Tm

o, 0 and
- an h’”L

— 0,

when m converges to infinity. We apply the first part of the dynamic programming
principle (3.18) for v(tm, Tm) t0 Om := T A (tm + ki) and get

Oty Tm) > E

Om
/ f(st;m'zmva)dS+’U(9m7X;::71m):| )
tm

Equation (4.10) implies that v > v, > ¢, thus

0
@(tmvzm) + Ym = E

F(s, X a)ds + (O, X g™ )} :

tm

Applying Itd’s formula to ¢(s, Xtm®m) between t,, and 0,,, we obtain

Om
Im o p L/ (—aa—f —£“<p—f> (s,Xﬁm’x’”,a)ds] >0 (4.11)
tm

h”?’l hm

after noting that the stochastic integral term cancels out by taking expectations since
the integrand is bounded. By a.s. continuity of the trajectory X!=*m=_ it follows that
for m sufficiently large (m > N(w)), Om(w) = tm + hy a.s. Thus, by the mean value

Oy
theorem, the random variable inside the expectation in (4.11) converges a.s. to ——%0(157 z)

ot
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— L%(t,x) — f(t,%,a) when m converges to infinity. Moreover, this random variable is
bounded by a constant independent of m. We then obtain
~Z2(6,0) - Lo(0,7) — [(67,0) 20,
when m goes to infinity by the dominated convergence theorem. We conclude from the
arbitrariness of a € A.
In the infinite horizon case, we assume that 5 > 0 is large enough so that constant

controls are in A(z), for all z in R™ (see Remark 3.2.2). We then use the same argument
as above. O

Viscosity subsolution property

Proposition 4.3.2 (1) Finite horizon: Assume that (4.7) is satisfied and that the value
function v is locally bounded on [0, T[XR™. Then v is a viscosity subsolution of the
Hamilton-Jacobi-Bellman variational inequality:

v

ot (t,x) — H(t,z, Dyv(t,x), D2v(t, x)) ,

G(t,z, Dyv(t,z), Dv(t,z))} =0, (t,z) €[0,T) x R". (4.12)

min{ —

(2) Infinite horizon: Assume that (4.7) is satisfied and that the value function v is locally
bounded on R™. Then v is a viscosity subsolution of

min { Bv(z) — H(z, Dv(z), D*v(z)) ,
G(z, Dv(z), D*v(z))} =0, x € R". (4.13)

Proof. We show the result in the infinite horizon case. Let Z € R™ and let ¢ € C2(R")
be a test function such that

0= (v" =~ )(2) = max(v" - ¢)(z). (4.14)
We will show the result by contradiction. Assume on the contrary that

(@) — H(z, Dp(z), D*p(2)) > 0,
and G(z, Dp(z), D*p(z)) > 0.

Then by the continuity of the function G, and the continuity of H on the interior of its
domain, there exist n > 0 and € > 0 such that

Beoly) — H(y, Do(y), D*¢(y)) > ¢,

forally € B(z,n) ={y € R™ : |T—y| < n}. By definition of v*(Z), there exists a sequence
(zm) taking values in B(Z,n) such that

Ty — T and v(zy,) — 0"(T),
when m goes to infinity. By continuity of ¢ and using (4.14), we also find that

Tm = U(l‘m) - @(Im) — 0,
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when m goes to infinity. Let (h,,) be a strictly positive sequence such that

Tm

hyy — Oandh — 0.

m

Then, according to the second part of the dynamic programming principle (3.19) and
using (4.14), there is an @™ € A(x,,) such that

ehm

Om
/ e P f(X T, 6 ds + eﬁ""?eo(X;:)} :
0

in which we took 0., 1= Ty, A by, Ty = Inf{s > 0: [ XZ™ — x| > 7'} and 0 < 7/ < .
Since (x,) converges to Z, we can always assume that B(z,,n") C B(Z,n), in such a way
that for 0 < s < 0,,, X¥™ € B(&,n). Here X¥™ corresponds to the diffusion controlled
by &™. By Ito’s formula applied to e ¢(X¥m) between s = 0 and s = 6,,,, we get

0

0
Tm € 1 " .
> - = E[ L(XPm, d}
7hm 2 * hm/() ( s aS) g

O
—E[ [ Dup(XEnYo(XEr, a)aw,] (4.15)
0

with

L(z,a) = Bp(z) = L (x) — f(,a).

We note that by condition (3.2) on o, the integrand in the above stochastic integral is
bounded on [0, 6,,] by

|Dep(XTm) o (X, &) < Cy(1+10(0,67)]).

Using (3.3) on & € A(zy,), we find that the expectation of the stochastic integral in
(4.15) is equal to zero.
Moreover, noting that for 0 < s < 6,,

L(XTm,650) > Bp(X{m) = H(X]m, Dp(X{™), D?p(XI™))
> €,

we find using (4.15) that
m 1 1
0> Z— —c (5 - HE[@m]) : (4.16)

By Tchebyshev’s inequality and (3.5), we deduce that

Pl < hpy] < P

sup | X7 — x| =0
S€[0,hm]

E ‘Supse[ovhrn] | X$m — me’
< 3 — 0,
n

when h,, goes to zero, i.e. when m goes to infinity. Moreover, since
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Pl > hy) < 2 E[0,) < 1,

m

this implies that hLE [6.] converges to 1 when h,,, goes to zero. We thus get the desired
contradiction by letting m go to infinity in (4.16). O

The viscosity solution property
By combining the two previous propositions, we obtain the main result of this section.
Theorem 4.3.1 Under the assumptions of Propositions 4.3.1 and 4.3.2, the value func-

tion v is a viscosity solution of the Hamilton-Jacobi-Bellman variational inequality:
(1) Finite horizon:

min{ — %(tw) — H(t,x, Dyv(t,z), D2v(t, ) ,
G(t,z,Dyv(t,z), D2v(t,z))} =0, (t,z) €[0,T) x R". (4.17)
(2) Infinite horizon:

min {Bv(z) — H(z, Dv(z), D*v(z)) ,
G(z, Dv(z), Dzv(x))} =0, zeR". (4.18)

Proof. The viscosity supersolution property of the value function in Proposition 4.3.1
of v means that, in the finite horizon case,

__(t_v %) - H(t_v-i'vDL@(t_~j)7Dz@(fa i')) 2 07

for all (£,z) € [0,T) x R® and ¢ € C?([0,T) x R") such that (£,Z) is a minimum of
ve — . With condition (4.7), this implies that

G(t,z, Dopl(t,7), D3¢(t, 7)) > 0,

and hence

min { — 92 (7.3) + H(F,7, Dup(7,7), D2p(T, 7)), G, . DeplF, ), D2plF, ) } > 0.

In other words, v is a viscosity supersolution of the variational inequality (4.17). The
final result follows from the viscosity subsolution property of Proposition 4.3.2. o

Remark 4.3.4 In the regular case, i.e. when the Hamiltonian H is finite on the whole
domain [0, 7] x R™ x R"™ x S,, (this occurs typically when the control space is compact),
the condition (4.7) is satisfied with any choice of strictly positive continuous function G.
In this case, the HJB variational inequality is reduced to the regular HJB equation:

f%(t, z) — H(t,z, Dyv(t,x), D2v(t,z)) =0, (t,z) € [0,T) x R,

which the value function satisfies in the viscosity sense. Hence, Theorem 4.3.1 states a
general viscosity property including both the regular and singular case. We shall see later
how to use this viscosity property for deriving further results, and to solve a stochastic
control problem in some examples.
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4.3.2 Terminal condition

In the finite horizon case, the parabolic PDE (4.17) should be completed with a termi-
nal condition, in order to fully characterize the value function of the stochastic control
problem. By the very definition of the value function, we have

o(T,z) = g(z), =R (4.19)

However, due to the possible singularity of the Hamiltonian, the value function may be
discontinuous at 7. In this case, (4.19) is not the relevant terminal condition associated to
the HJB variational inequality. We need actually to determine v(T~, z) := lim; »p v(¢, z)
if it exists. This is achieved by the following result:

Theorem 4.3.2 Assume that f and g are lower-bounded or satisfy a linear growth con-
dition, and (4.7) holds.
(i) Suppose that g is lower-semicontinuous. Then v, (T, .) is a viscosity supersolution of

min [v.(T,z) — g(z) , G(T, z, Dyv.(T, x)7DiU*(T7x))] =0, on R". (4.20)
(ii) Suppose that g is upper-semicontinuous. Then v*(T,.) is a viscosity subsolution of
min [v*(T,z) — g(z) , G(T,z, Dyv*(T,x), D2v*(T,z))] =0, on R". (4.21)

Remark 4.3.5 In usual cases, there is a comparison principle for the PDE arising in the
above theorem, meaning that a u.s.c. subsolution is not greater than a l.s.c. supersolution.
Therefore, under the conditions of Theorem 4.3.2, we have v*(T,.) < v.(T,.) and so
v*(T,.) = v.(T,.). This means that v(7~,.) exists, equal to v*(7T,.) = v.(T,.) and is a
viscosity solution to

min [o(T~,2) — g(z) , G(T,JyDz’u(TﬂgL'),Div(T*,x))] =0, on R". (4.22)

Denote by § the upper G-envelope of g, defined as the smallest function above g and
viscosity supersolution to

G(T,z,Dg(z), D*§(x)) =0, on R", (4.23)

when it exists and is finite. Such a function may be calculated in a number of examples,
see e.g. Section 4.6. Since v(T™,.) is a viscosity supersolution to (4.22), it is greater than
g and is a viscosity supersolution to the same PDE as §. Hence, by definition of §, we
have v(T~,) > §. On the other hand, § is a viscosity supersolution to the PDE (4.22),
and so by a comparison principle, the subsolution v(7~,) of (4.22) is not greater than
g. We have then determined explicitly the terminal data:

o(T™,z) = g(x).

Recall that in the regular case, we may take for G a positive constant function, so that
obviously § = g. Therefore, in this case, v is continuous in 7" and v(T~,z) = v(T,z) =
g(x). In the singular case, § is in general different from g and so v is discontinuous in 7.
The effect of the singularity is to lift up, via the G' operator, the terminal function g to

g.



70 4 The viscosity solutions approach to stochastic control problems

The rest of this section is devoted to the (technical) proof of Theorem 4.3.2, which
requires several lemmas. We start with the following result.

Lemma 4.3.1 Suppose that f and g are lower-bounded or satisfy a quadratic growth
condition, and g is lower-semicontinuous. Then,

v.(T,x) > g(x), Vo eR™

Proof. Take some arbitrary sequence (tm,, %) — (T,z) with ¢,, < T and fix some
control & € A(ty,, ). By definition of the value function, we have:

T
V(tm,Tm) 2 E

F(s, Xt a)ds + (X )} .

tm

Under the quadratic growth or lower-boundeness condition on f and g, we may apply
the dominated convergence theorem or Fatou’s lemma, and so

lim inf v(ty,, ) > F [lim infg(X;l”"z'")]

m—00 m—0o0
> g(z),
by the lower-semicontinuity of g and the continuity of the flow X;z in (¢, ). O
The supersolution property (4.20) for the terminal condition is then obtained with

the following result.

Lemma 4.3.2 Under (4.7), v.(T,.) is a viscosity supersolution of
G(T, x, Dyv. (T, x)(x), D2v.(T,z)) =0, on R™
Proof. Let Z € R™ and ¢ a smooth function on R" s.t.

0 = (vu(T}.) = 9)(@) = min(ve(T,.) = ). (4.24)

By definition of v.(T}.), there exists a sequence (S, ¥ym) converging to (T,Z) with s,
< T and

Um0, (Sm, Ym) = (T, T). (4.25)

m—00
Consider the auxiliary test function:

T-—t

pm(t,z) = (@) — o — 2"+ T =)

and choose (¢, Tm) € [$m, T] x B(F,1) as a minimum of (v — @) on [s,,, T] x B(Z, 1).

Step 1. We claim that, for sufficiently large m, t,, < T and z,, converges to &, so
that (¢, Zn) is a local minimizer of (v. — ¢y, ). Indeed, recalling v, (T, %) = (Z) and
(4.25), we have for sufficiently large m

1

(’U* - @m)(snuym) < _m < 0. (4.26)
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On the other hand, for any z € R", we have
(U* - Wm)(Ta I) = U*(T7 .T) - 1/1(95) + |‘T - j|4 > U*(T,l‘) - w(x) > 07 (427)

by (4.24). The two inequalities (4.26)-(4.27) show that t,, < T for large m. We can
suppose that x,, converges, up to a subsequence, to some zo € B(Z,1). From (4.24),
since 8y, <ty and (t, T, is @ minimum of (v, — ,,), we have

0 < (va(T,.) = ) (o) — (vu(T,.) — 9)(T)
< lgILi?Of [(v* = @m) (tms Tm) = (Ve — ©m) (S Ym) — |[Tm — f‘ﬂ
< —|zo — 2|,
which proves that ¢y = Z.

Step 2. Since (t,, Tm) is a local minimizer of (v. — ¢,,), the viscosity supersolution
property of v, holds at (¢, x,,) with the test function ¢,,, and so for every m

G(tm,xm,ngom(tm,:cm),Di(pm(tm,:cm)) > 0. (4.28)

Now, since Dy (tm, Tm) = DY(2m) —4(@m —Z)|2m — |2, D20 (tm, Tm) = D?(zm) —
4|2 — 2|21, — 4@ — ) (T — Z)', Tecalling that G is continuous, and (t,,, ¥,,) converges
to (T, z), we get from (4.28)

G(T,z, Dy(z), D*(z)) > 0.

This is the required supersolution inequality. ]

We finally turn to the subsolution property for the terminal condition. As for the
viscosity subsolution property inside the domain, the proof is based on a contraposition
argument and the second part (3.19) of the dynamic programming principle. We then
introduce for a given smooth function ¢, the set in [0, 7] x R":

M(p) = {(a ) € [0,T] x R" : G(t, , Dyplt, ), D2p(t,z)) > 0

and — %—f(t, x) — H(t,m,ngo(t,m),Diga(t,x)) > 0}.

The following lemma is a consequence of the second part (3.19) of the DPP.

Lemma 4.3.3 Let ¢ be a smooth function on [0,T] x R™, and suppose there exist t1 <
to <T,z€R"andn > 0 s.t.:

[t1,t2] x B(z,1m) € M(p).
Then,

sup (v—g) = (v — ),

= max
Ay ([t1,t2] X B(,1)) [t1,t2]x B(z,m)

where O,([t1,t2] x B(Z,n)) is the forward parabolic boundary of [t1,t2] x B(Z,n), i.e.
Op([tr,ta] x B(T,m)) = [tr, 2] x 0B(Z,m) U {t2} x B(Z,7).
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Proof. By definition of M(y) and H, we have for all a € A

- %’:(t,x) — L%(t,x) — f(t,x,a) >0, V(t,x) € [t1,t2] x B(Z,n). (4.29)

We argue by contradiction and suppose on the contrary that

max  (v"—¢)— sup (v —¢) :=24.
[t1,t2] X B(Z,n) 8, ([t1,t2] x B(&,m))

We can choose (to, zo) € (t1,t2) X B(Z,1) s.t. (v—)(to, xo) > —6 + max (v —¢),
[t1,t2]x B(Z,n)
and so

(v —)(to,z0) > + sup (v —¢). (4.30)
Ap([t1,t2]xB(Z,m))

Fix now € = §/2, and apply the second part (3.19) of DPP to v(o,xo): there exists &°
€ A(to,l‘g) s.t.

0
(s, X200, 0)ds + (8, X™) | (4.31)

to

v(to,z9) — e < E

where we choose
0 =1inf {s > to: (5, X07) ¢ [t1,t2] x B(Z,n)} A T.

First, notice that by continuity of X0 we have (8, X;*™°) € 9,([t1,t2] x B(Z,1)).
Since from (4.30), we have v < ¢ + (v — ¢)(to, zo) — § on Ip([t1,t2] x B(Z,n)), we get
with (4.31)

—e<FE

0
f(57 X§01107 di)dS + @(97 Xgo’wo) - gp(t()wro):l — 4.
to
Applying 1t0’s formula to ¢(s, X0:%0) between s = ¢y and s = 6, we obtain

E

0
/ (—%—f(s,Xﬁo’zo) — L% (s, Xlom0) — f(s,XiU’IU,d§)> ds:| <e-4d.
to

Since, by definition of 6, (s, X10:®0) lies in [t1,t2] x B(Z,n) for all ¢, < s < 0, we get with
(4.29) the required contradiction: 0 < e —§ = —§/2. O

Remark 4.3.6 The above lemma provides an immediate alternative proof to the vis-
cosity subsolution property of the value function inside the domain stated in Proposition
4.3.2. Indeed, let (£,z) € [0,T) x R™ and ¢ a smooth test function s.t.

0 = (v*—)(t,z) = (strict) max (v* — o).

(" =), 7) = ( )lO’T);gR"( )

First, observe that by the continuity condition in (4.7), the set M(¢) is open. Since (¢, T)
is a strict maximizer of (v* — ¢), we then deduce by Lemma 4.3.3 that (¢,%) ¢ M ().
By definition of M(¢), this means:
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Iy

E(ta :C) - H(ﬂ z, sto(ﬂ ‘i)v Di¢(ﬂ ‘i)) )

min{ —
G(t,%,Dyp(t, @), D2p(t, 7))} <0,

which is the required subsolution inequality.

We can finally prove the viscosity subsolution property for the terminal condition.

Lemma 4.3.4 Suppose that g is upper-semicontinuous and (4.7) holds. Then, v*(T,.)
is a viscosity subsolution of

min [v*(T,z) — g(z) , G(T,z, Dv*(T,z), D2v*(T,z))] =0, on R™

Proof. Let Z € R™ and 1 a smooth function on R” s.t.

0 = (*(T,) — 9)(&) = max(v"(T,.) — ), (4.32)
We have to show that whenever
v (T, z) > g(T), (4.33)
then
G(T. 2, Di(z), D*(z)) < 0. (4.34)

So, suppose that (4.33) holds, and let us consider the auxiliary test function:
om(t,x) =) + |z — 3|* + m(T —t).
We argue by contradiction and suppose on the contrary that
G(T,z,Dy(z), D*)(z)) > 0.

Since Dy (t, z) = Dy(z) —4(x — T)|x — Z|? — D(T), D2pm(t, x) = D*¢(z) — AL, |x —
7|2 — 4(x — 7)(x — )" — D?*(Z) when x tends to 7, there exists, by continuity of G, sg
< T and n > 0 s.t. for all m

G(t,z, Dy (t, ), D2 (t,x)) > 0, VY(t,z) € [s0,T] x B(Z,n). (4.35)

Under condition (4.7), the function H(t, z, Dy (¢, T), D2y, (t,x)) is then finite on the
compact set [sg,7] x B(Z,n) and by continuity of H on int(dom(H)), there exists some
constant by (independent of m) s.t.

H(tzwvDm@m(tvx)zD:%SOm(t»x)) < hyo, V(t7x) € [507T] X B(fyﬁ)- (4'36)
Step 1. Since by definition v*(T,.) > v.(T,.), we have from Lemma 4.3.1
v (T,) 2 g. (4.37)

Hence, for all x € R™,
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(v=9m)(T,2) = (9 ¥)(2) — |z — 2" < ("(T,.) = ¥)(2) - |z — z*
—lz—z[* <0 (4.38)

IN

by (4.32). This implies supp; ) (v — ¢m)(T,.) < 0. We claim that

limsup sup (v —¢m)(T,.) <O0. (4.39)

m—oo  B(z,n)
On the contrary, there exists a subsequence of (), still denoted by (¢m) s.t

lim sup (v—¢n)(T,.)=0.

m—00 B(Ii,’l])
For each m, let (2F,)x be a maximizing sequence of (v — ¢,,)(T,.) on B(z,n), i.e.

lim lim (U - <pvn)(j—‘7 :Cfn) =0.

m— 00 k— oo

Now, from (4.38), we have (v — @) (T, 2F,) < —|zF, — Z|*, which combined with the

) m
above equality shows that

lim lim xk =ZI.

m—00 k—o0

Hence,

0= lim lim (v—,)(T,zF) = hm lim g(zf) — (z)

m—00 k—o00 —00 k—00

<g(@) —9(x) < (2-9)(@),

by the upper-semicontinuty of ¢ and (4.33). This contradicts (v*(7,.) — ¢)(Z) = 0 in
(4.32).

Step 2. Take a sequence (s,,) converging to T with so < s, < T. Let us consider a
maximizing sequence (¢, Z,) of v* — @y, on [s,,,T] x B(Z,n). Then

lim sup sup (v* = @) < limsup(v* (tm, Tm) — Y(Tm)) — 0t

M=o [sm, T]x8B(Z,n) m—0o0

Since t,,, converges to T and x,,, up to a subsequence, converges to some xo € 05(Z,n),
we have by definition of v

limsup — sup  (v" = @m) < (0(T,.) = ¥)(xo) =t < —n',  (4.40)

M—00 [5,,,,T|x0B(71)

by (4.32). Recall also from (4.32) that (v* —¢,,)(T, Z) = (v*(T,.) —9)(Z) = 0. Therefore,
with (4.39) and (4.40), we deduce that for m large enough

sup (V=1Ym) <0 = (V" —pn)(T,z) < max (v* = om)-
[, T1x OB (7 ,m) [sm, T]x 0B (z,n)

In view of Lemma 4.3.3, this proves that for m large enough

[8m,T] x B(z,n) is not a subset of M(,,). (4.41)



4.4 Comparison principles and uniqueness results 75

Step 8. From (4.36), notice that for all (t,x) € [sm,T] x B(Z,n), we have

—85’%@, 2) — H(t, 2, Dypm(t,7), D2ppm(t, ) = m — hg > 0

for m large enough. In view of (4.41) and by definition of M(y;,), we then may find
some element (¢,x) € [s,,T] x B(z,7) s.t.

G(t, 2, Dopm(t, 2), Dipm (t, 7)) < 0.
This is in contradiction with (4.35). O

Proof of Theorem 4.3.2. Lemmas 4.3.1 and 4.3.2 prove the viscosity supersolution
property (i), while Lemma 4.3.4 proves the viscosity subsolution property (ii).

4.4 Comparison principles and uniqueness results

In general terms, we say that a strong comparison principle (for discontinuous solutions)
holds for the PDE (4.1) if the following statement is true:

If v is a u.s.c. viscosity subsolution of (4.1) on O and w is a l.s.c. viscosity supersolution
of (4.1) on O such that v < w on 90, then v < w on O.

Remark 4.4.7 In the case of an elliptic PDE (4.1) on the entire space O = R", the
conditions for v, w on the boundary 0O are growth conditions at infinity on x, e.g.
polynomial growth condition in z. In the case of a parabolic PDE on O = [0,T) x R™,
the conditions for v, w on the boundary O are terminal conditions at 7', in addition to
the growth conditions at infinity in z.

Remark 4.4.8 As for classical comparison principles (for continuous solutions), the
strong comparison principle allows us to compare a subsolution and a supersolution on
the entire domain from the comparison on the boundary of the domain. In particular, it
proves the uniqueness of the viscosity solution of (4.1) from a condition on the boundary
given by v* = v, = g on 90. Indeed, if v and w are both viscosity solutions of (4.1) with
the same boundary condition, then we have by a strong comparison principle v* < w,
and w* < v, on O. By construction we already have v, < v* and w, < w*, hence this
implies the following equalities:

v, = V' =w, = w".
This proves the uniqueness of a viscosity solution v = w on O. Furthermore, we obtain
as a byproduct the continuity of v on O since v* = v,.

Comparison principles for viscosity solutions of general nonlinear PDEs received a lot
of interest in the PDE literature, and we refer to Crandall, Ishii and P.L. Lions [CIL92]
or Barles [Ba95] for results in this direction. In this section, we mainly focus on the case
of HJB equations arising from stochastic control problems, and explain the important
techniques in the proofs of comparison principles. We first detail the classical arguments
in the case of smooth solutions, and then outline the key tools used for dealing with
(discontinuous) viscosity solutions.
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4.4.1 Classical comparison principle

We consider HJB equations in the form

— %—1: + Bw — H(t,z, Dyw, D*w) =0, on [0,T) x R", (4.42)
with a Hamiltonian
1
H(t,z,p, M) = sup [b(z,a).p+ §tr(aol(z)]V[) + f(t, z,a)], (4.43)
acA

for (t,x,p, M) € [0,T] x R" x R" x S,,, A a subset of R™, and 3 € R. We assume that
the coefficients b, o satisfy a linear growth condition in z, uniformly in a € A.

Theorem 4.4.3 Let U (resp. V) € C12([0,T) x R") N C°([0,T] x R") be a subsolution
(resp. supersolution) with polynomial growth condition to (4.42). If U(T,.) < V(T,.) on
R™, thenU <V on [0,T) x R".

Proof. Step 1. Let U(t,x) = eMU(z) and V(t,z) = MV (x). Then a straightforward
calculation shows that U (resp. V') is a subsolution (resp. supersolution) to
6’!1) ad 2 n

o T (B+ Nw — H(t,z, Dyw,D3w) =0, on [0,T)x R",
where H has the same form as H with f replaced by f(t,z) = e f(t, ). Therefore,
by taking A so that 8+ A > 0, and possibly replacing (U, V) by (U, V), we can assume
w.l.o.g. that 3 > 0.
Step 2: penalization and perturbation of supersolution. From the polynomial growth con-
dition on U, V, we may choose an integer p greater than 1 such that

U(t,: Vi,
wp WD VD]
[0,T] xR" 1+ [zfP

and we consider the function ¢(t, z) = e M (1+|x|??) =: e~ (). From the linear growth
condition on b, o, a direct calculation shows that there exists some positive constant c
s.t.

_ 9%
ot

= e*)‘t{(ﬁ + Ay — :1613 [b(:c7 a).Dyp + %tr(ao'(m)Diw)} }

> e MBAN—c)p > 0,

+ B¢ — sup [b(alc7 a).Dyo + %tr(aa'(w)Di(b)]
acA

by taking A > ¢ — . This implies that for all ¢ > 0, the function V; =V +¢e¢ is, as V,
a supersolution to (4.42). Furthermore, from the growth conditions on U, V, ¢, we have
for all e > 0,

lim sup(U — V;)(t,z) = —oo. (4.44)
[x]—o0 10,7
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Step 3. We finally argue by contradiction to show that U — V. < 0 on [0,T] x R™ for all
> 0, which gives the required result by sending e to zero. On the contrary, by continuity
of U — V¢, and from (4.44), there would exist € > 0, (¢,Z) € [0,7] x R™ such that

sup (U-V.)=(U-V)(t,z) > 0. (4.45)
[0,T]xR™
Since (U — Vo)(T,.) < (U = V)(T,.) < 0 on R", we have ¢ < T. Thus, the first and
second-order optimality conditions of (4.45) imply

oU -V)
ot
Do (U - V.)(t,Z) =0 and D2(U — V.)(£,Z) < 0. (4.47)

(L,z) < 0 (=0iff>0) (4.46)

By writing that U (resp. V) is a subsolution (resp. supersolution) to (4.42), and recalling
that H is nondecreasing in its last argument, we then deduce that

PRICENA
- ot
<0,

(t,z) + H(t,z,D,U(t, %), DU (t,%)) — H(, &, D, V.(t, %), D2V.(t,%))

x

and this contradicts (4.45). O

4.4.2 Strong comparison principle

In this section, we remove the regularity conditions on U,V in Theorem 4.4.3, by assum-
ing only that U (resp. V') is upper-semicontinuous (resp. lower-semicontinuous). The first-
and second-order optimality conditions (4.46)-(4.47) cannot be used anymore, and we
need other arguments. A key tool is the dedoubling variable technique that we illustrate
first in the case of Hamilton-Jacobi equations:
ow n

~ + pw — H(t,z,D,w) =0, on [0,7)xR", (4.48)
with a Hamiltonian H(t,z,p) = sup,c[b(z,a).p + f(t, 2, a)] arising typically in deter-
ministic optimal control. We assume that b satisfies a uniform Lipschitz condition in x,
and f is uniformly continuous in (¢,z), uniformly in a. The consequence on H is the
crucial inequality

|[H(t,z,p) — H(s,y,p)| < pu(lt —s[+ (L+ [p))|z —y|), (4.49)

for all (t,s,z,y,p) € [0,T]? x (R")2 x R", in which u(z) converges to zero when z goes
to zero.

Theorem 4.4.4 Let U (resp. V) be a u.s.c. viscosity subsolution (resp. l.s.c. viscosity
supersolution) with polynomial growth condition to (4.48). If U(T,.) < V(T,.) on R™,
then U <V on[0,T) x R".
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Proof. 1. By proceeding as in Steps 1 and 2 of Theorem 4.4.3, we may assume w.l.o.g.
that 8 > 0, and the supremum of the w.s.c. function U — V on [0,T] x R™ is attained
(up to a penalization) on [0,7] x O for some open bounded set O of R™. We suppose
that U(T,.) < V(T,.) on R", and let us prove that U < V on [0,7] x R". We argue by
contradiction, which yields:

M:= sup (U-V) = max (U-V) > 0. 4.50
[O,T]x]R"( ) [O’T)Xo( ) (4.50)

We now use the dedoubling variable technique by considering for any € > 0, the
functions

Qs(tv ‘97I7y) = U(t,’[) - V(S,y) - ¢6(t,87$7?j)7
1
¢E(t7 s,x,y) = g Ut - 8‘2 + "T - y|2]

The u.s.c. function @, attains its maximum, denoted by M, on the compact set [0, T]? x
O? at (te, 5., wc,ye). Let us check that

ME - M7 and ¢E(t678571.67y5) - 07 (451)
as € goes to zero. For this, we write that M < M, = & (t., sc,zc,ye) for all e > 0, i.e.

M < M. =Ulte, ) = V(Se,Ye) — Pe(tes Se, Tey Ye) (4.52)

S U(te,ze) = V(se, Ye)- (4.53)

Now, the bounded sequence (t,se, e, yc)e converges, up to a subsequence, to some

(t,5,Z,9) € [0,T)? x O2. Moreover, since the sequence (U (¢, z.)—V (sc, ye))e is bounded,

we see from (4.52) that the sequence (¢. (e, S, Tc, Ye))e is also bounded, which implies:

t = 5, ¥ = . By sending ¢ to zero into (4.53), we get M < (U — V) (¢,Z) < M, and so

M = (U -=V)(t,z) with (£,z) € [0,T) x O by (4.50). By sending again ¢ to zero into
(4.52)-(4.53), we obtain (4.51).

2. Since (t., S¢, Te, Ye )e converges to (¢,1, %, z) with (£, Z) € [0,T) x O, we may assume that
for € small enough, (., s¢, T, ye) lies in [0, T')2 x O2. Hence, by definition of (¢, s, e, ye ),
(te, ) is a local maximum of (¢,z) — U(t,z) — ¢e(t, se, ,ye) on [0,T) x R™,
(Se,ye) is alocal minimum of (s,y) — V(s,y) + ¢e(te, s, 2e,y) on [0,T) x R™.

We can then write the viscosity subsolution property of U applied to the test function
(t,x) — ¢c(t, se,x,y:) at the point (t.,z.), which gives

0
_%(tsv Sa»xavya) + ﬂU(taxa) - H(taxavaﬁba(tzaSsvstys)) <0,

and so

_ g(ts —8:) + BU(te, x2) — H (te, ze, ;(15 —y.)) <0. (4.54)

Similarly, by writing the viscosity supersolution property of V' applied to the test function
(s,y) = —¢e(te, s, 2, y) at the point (se,y:), we have
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= 2t = 50) o BV (e — H 500000 (0~ ) 2 0. (4.55)
By substracting the two inequalities (4.54)-(4.55), and from condition (4.49), we obtain
B0 ter22) = V(52 90)] € H(tey e, = e = 1)) = H (50,0, = 22 — 02)
< p(lte = sel + [oe = yel + 2o — ueP?).

By sending ¢ to zero into this last inequality, and using (4.51), we conclude that SM <
0, a contradiction with (4.50). m]

We turn back to the case of second-order HJB equations (4.42). Let us try to adapt
the arguments as in the first-order case of HJ equations (4.48). By keeping the same
notations as in the proof of Theorem 4.4.4, the viscosity subsolution (resp. supersolution)
property of U (resp. V') yields

2 2 2
_g(te - 55) +BU(t67‘T€) - H(teaxea E(IE - y5)7 g) <0

2 2 2
7g(ts —8¢) + BV (se,ye) — H(357$57 g(‘re - y€)7*g) > 0.

However, in contrast with the first-order PDE case, by substracting the two above in-
equalities, we cannot get rid of the second-order term 2/e appearing in the Hamiltonian.
We need some additional tools in the proof.

First, we give an equivalent definition of viscosity solutions in terms of superjets and
subjets. Notice that if U is u.s.c., ¢ € CL2([0,T) x R"), and (£,7) € [0,T) x R" is a
maximum point of U — ¢, then a second-order Taylor expansion of ¢ yields

+ =D2p(t,z)(z — 7).(x — ) + o(|t — F] + |z — Z|?). (4.56)
This naturally leads to the notion of a second-order superjet of a u.s.c. function U at a
point (£, Z) € [0, T)xR™, defined as the set P2+ U(, Z) of elements (g, p, M) € RxR" xS,
satisfying
_ 1 - _
Ut,2) <UEZ) +qt—t) +p.(z— )+ Mz —2).(x —2) +o(|t =t + | = z|?).

Similarly, we define the second-order subjet P*~V (¢, %) of a l.s.c. function V at a point

(t,x) € [0,T) x R™, as the set of elements (g,p, M) € R x R" x S, satisfying
_ 1 - _
Vit,z) > V(EZ) +qt—%) +p.(x — %) + 5M(gc —2).(x —Z) +o(|t — ] + |z — z*).

The inequality (4.56) shows that for a given point (¢,z) € [0,T) xR", if ¢ € C*2(]0,T) x
R™) is such that (¢, ) is a maximum of U — ¢, then

(o M) = (22(02), Daptt, ), D2l ) € PPUG ). (457)
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Actually, the converse property holds true: for any (q,p, M) € P> U(t,z), there exists
¢ € CH2([0,T) x R™) satisfying (4.57). We refer to Lemma 4.1 in [FS093] for an example
of such a construction of (. Similarly, we have the following characterization of subjets:
given (t,x) € [0,T) x R", an element (¢,p, M) € P>~V (t,z) if and only if there exists
© € CH2([0,T) x R") satisfying

(a0, ) = (22 ; >

0.9, M) = (57 (t.2), De(t,2), Die(t,2)) € PPV (1),
such that (¢,z) € [0,7) x R™ is a minimum of V' — ¢. For technical reasons related to
Ishii’s lemma, see below, we also need to consider the limiting superjets and subjets.
More precisely, we define P> U (t,z) as the set of elements (q,p, M) € R x R® x S,, for
which there exists a sequence (tc, 2., ¢c, pe, M) in [0,T) x R? x P>+ U(t.,x.) satisfy-
ing (te,we,Ul(te, e), qe, pe, Me) — (t,2,U(t,z),q,p, M). The set P2~V (t,x) is defined
similarly.

We can now state the alternative definition of viscosity solutions for parabolic second-

order PDEs:

0
F(t,z,w, a—qf,Dl.w,D%w) =0, onl0,7T)xR", (4.58)
where F(t,z,r,q,p, M) is continuous, and satisfies the parabolicity and ellipticity con-
ditions (4.2)-(4.3).

Lemma 4.4.5 A w.s.c. (resp. l.s.c.) function w on [0,T) x R is a viscosity subsolution
(resp. supersolution) of (4.58) on [0,T) x R™ if and only if for all (t,z) € [0,T) x R™,
and all (¢,p, M) € P> w(t,z) (resp. P>~ w(t,z)),

F(t,z,w(t,z),q,p, M) < (resp. >) 0.

The key tool in the comparison proof for second-order equations in the theory of
viscosity solutions is an analysis lemma due to Ishii. We state this lemma without proof,
and refer the reader to Theorem 8.3 in the user’s guide [CIL92].

Lemma 4.4.6 (Ishii’s lemma)

Let U (resp. V) be a u.s.c. (resp. l.s.c.) function on [0, T)xR", ¢ € C1122([0,T)2 xR" x
R™), and (£,5,Z,7) € [0,T)?>xR*xR" a local mazimum of U(t,z)—V (t,y)—d(t, s, z,y).
Then, for allm > 0, there exist M, N € S, satisfying

(%2(7.5.2.9), Deo(7,5,7,5), M) € P>+U(2),
¢ _ _
(_ a_f(ta§7a?7f)7_Dy¢(t7§>j7g)7N) EPQ’_V(‘§7g)7

and
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Remark 4.4.9 We shall use Ishii’s lemma with ¢(t, s, z,y) = 5[/t —s|*+ |z —y|?]. Then,
09, _ _
(0 5.5,2.9) = ~52(7.5,2.9) = (-5)/=, D26(05,2.9) = ~Dyo(F,5,7,5) = @)/,

Os
o 1 I, —1I,
D2 ¢(t,5,2,9) = ( I I )

and (va’yqb(ﬂ 5, :E,Q))Q = E%Diyqﬁ(f, 3,,7). Furthermore, by choosing n = ¢ in (4.59),

we obtain
M 0 3( I, -1,
< - . .
(OfN)*e(fIn In) (4.60)

This implies that for any n x d matrices C, D,
3
tr(CC’M — DD'N) < =|C — D|*. (4.61)
€

cc’ co’

Indeed, by noting that the matrix X' = (DC’ DD’

) lies in Sa,, we get from the in-
equality (4.60)

tr(CC'M — DD'N) —tr( <z\04 V)

( ( I")) = —tr((C D)(C - DY).

’n

We can finally prove a comparison result for the HIJB equation (4.42) with a Hamilto-
nian given by (4.43). In this Hamiltonian H, we assume that the coefficients b, o satisfy
a uniform Lipschitz condition in z, and f is uniformly continuous in (¢, z), uniformly in
a€ A

Theorem 4.4.5 Let U (resp. V') be a u.s.c. viscosity subsolution (resp. l.s.c. viscosity
supersolution) with polynomial growth condition to (4.42), such that U(T,.) < V(T,.) on
R™. Then U <V on [0,T) x R™.

Proof. We proceed similarly as in part 1 of Theorem 4.4.4. We assume w.l.o.g. that 3 >
0 in (4.42), and we argue by contradiction by assuming that M := supjy rxg-(U — V)
> 0. We consider a bounded sequence (te, s¢, Ze, yc )e that maximizes for all € > 0, the
function @ on [0,T]? x R™ x R™ with

1
Qv)s(t’&x,y) = U(t,ﬂf) - V(S-,y) - ¢6(t7 37-27>y)7 ¢s(t7 s,ac,y) = %“t - 5‘2 + |£E - y|2}
As in (4.51), we have
M, = dsa(tasavmsvya) — M, and ¢E(t57557$5»y5) — 0, (4-62)

as € goes to zero. In view of Ishii’s lemma 4.4.6 and Remark 4.4.9, there exist M, N €
Sy, satisfying (4.61) and
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1 1 _
(St = 52). ~ (e = ve). M) € PPHU 1 2),

1 1 _
(g(ta - 55)7 g(za - ya)vN) € ’P277V(367y5)~

From the viscosity subsolution and supersolution characterization of U and V in terms
of superjets and subjets, we then have

1
_g(ts —82) + BU(te, xe) — H(tsvl'sv (ze — ys)aM) <0,

o= O

1
_g(te - 55) + ﬁv(ssvys) - H(557y57 (‘TE - ye)aN) Z 0.

By substracting the above two inequalities, applying inequality (4.61) to C' = o(z.,a),
D = 0(ye,a), and recalling the uniform Lipschitz conditions on b, o together with the
uniform continuity of f, we get

1 1
ﬂ[U(taIs) - V(Savys)] S H(tsy‘rsv E(IE - y£)7M) - H(857y£7 g(-rs - y€)7N)

2
< M(|t5 - 56‘ + ‘.?35 _ys‘ + g|l's _ys|2)a

where p(z) converges to zero as z goes to zero. By sending e to zero in this last inequality,
and using (4.62), we conclude that M < 0, a contradiction. 0

In this section, we stated comparison principles for regular HJB equations of type
(4.42). For HJB variational inequalities in the form (4.17), one can also prove comparison
results under suitable conditions on the function G. There are no general results, and
the proof should be adapted depending on the form of the function G. We shall give in
Theorem 5.3.3 an example of such comparison results for variational inequalities.

4.5 An irreversible investment model

4.5.1 Problem

We consider a firm producing some output (electricity, oil, etc.). The firm can increase
its production capacity X; by transferring capital from another production activity. The
controlled dynamics of the production capacity evolves according to

dX, = Xy (=0dt + odWy) + 1, dt.

6 > 0 is the depreciation rate, ¢ > 0 is the volatility related to random fluctuations of
the capacity, [;dt is the number of capital units purchased by the company at a cost
Aldt, A > 0 is interpreted as a factor of conversion from one production activity to
another. The control /; is nonnegative, unbounded valued in Ry, and it is suitable to set
L= fot lsds: more generally, we consider as control any cad-lag adapted process (L¢)¢>0,
nondecreasing with Lo~ = 0, and we write L € A: L; represents the cumulated amount
of capital up to time ¢. Given z > 0 and L € A, we denote by X* the solution to

dXt = Xt(*(sdt + O'th) + st, Xo— =x. (463)
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The profit function of the firm is a continuous function IT from R, into R, concave,
nondecreasing, C! on (0, 00), with I7(0) = 0, and satisfying the usual Inada conditions
in 0:

'ot) = li?(}ﬂ'(z) = oo and II'(00) := lim II'(z) = 0. (4.64)
x

r—00

We introduce the Fenchel-Legendre transform of II, which is finite on R :

I (y) := sup [II(z) — zy] < oo, Vy>O0. (4.65)
z>0
The objective of the firm is defined by

v(z) = sup E[/OO e PHIT(XE)dt — )\dL,,)], z > 0. (4.66)

Le A 0
The Hamiltonian of this singular stochastic control problem is

Hiwp M) = { —dxp + %UZQM + II(x) ;ffj:,ff(?,
The associated HJB variational inequality is then written as

min [fv — Lo —II , A—v'] =0, (4.67)
with

1
Lv = —0xv' + 502I21)H.

4.5.2 Regularity and construction of the value function
We state some useful properties on the value function.
Lemma 4.5.7 (a) v is finite on Ry, and satisfies for all p € [0, \]:

_ I+ o)
=T

(b) v is concave and continuous on (0, 00).

0< v(x)

+px, x>0. (4.68)

Proof. (a) By considering the null control L = 0, we clearly see that v > 0. Let us
consider for p € [0, A] the positive function

(B + 8))

o) = pr + 3

Then ¢’ < A, and we have for all x > 0,
B — Lo —(x) = H((B+6)p) + (84 8)uz — [ (z) > 0,

by definition of IT in (4.65). Given L € A, we apply Itd’s formula to e #p(X¥) between
0 and 7,, where 7, is the bounded stopping time: 7, = inf{t > 0: X? >n} An,n € N.
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By taking the expectation, and since the stopped stochastic integral is a martingale, we

have
Ble ™ p(X2)] = o(2) + B| /0 e (<Bp+ L) (X7)at] (4.69)
+ E[/OT e_w'so/(XZ”)de] + E[ ST e p(xp) —@(Xga)]],

where L is the continuous part of L. Since ¢’ < X and X7 — X¥ = L, — L;-, the
mean-value theorem implies

(X)) —o(X[7) < MLy = Ly-).

By using again the inequality ¢’ < A in the integrals in dL¢ in (4.69), and recalling that
—Be + Lo < —II, we obtain:

Bleroxz) < vlo) - B [ e ar
+ E[/O e”gt)\de] + E{Ogtzgm e PIA(L, thf)]

Tn

=p(@) - B| / eII(XT)dt] + B / | e PNL,
0

0
and so
E[/OT P II(XT)d = ML) | + Ele 7T p(XE)] < @),

Since ¢ > 0, we thus derive:

o) > E[/OT e*ﬂtH(Xf)dt] _ E[/OOO e’ﬂt)\st].

We can apply Fatou’s lemma, and send n to infinity to get:
o0
E[/ e Pt (H(Xf)dthst)} < p(x),
0

and finally v(z) < ¢(z) since L was arbitrary.

(b) The proof of the concavity of v is standard: it is derived (as in Section 3.6.1)
by considering convex combinations of initial states and controls, and by relying on the
linearity of the dynamics of X, and the concavity of 1. The continuity of v on R is then
a consequence of the general continuity property of a concave function on the interior of
its domain. a

Since v is concave on (0,00), it admits a right-derivative v/, () and a left-derivative

v_(z) at any point z > 0, with v/, (z) < v/ ().

Lemma 4.5.8

v (z) <A, x>0 (4.70)
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Proof. For any # > 0,0 < | < z, L € A, let us consider the control L defined by Lo-
=0,and Ly = L; + 1, for t > 0. Denote by X the controlled diffusion with L and initial
condition Xo- = x —I. Then, X7~' = X7 for all t > 0, and we have

oz —1) > E[/ e (K¢t — ML) |
0
_ E[/ e (I(XF)dt ~ ML) | ~ N,
0
Since L is arbitrary, this yields
v(x—1) > -AN+v(z), z>0.

‘We obtain the required result by dividing by [, and sending [ to zero. O

Lemma 4.5.9 There exists xp € [0,00] such that
NT :={2>0:v_(2) <A} = (z,00), (4.71)
Furthermore, v is differentiable on (0,xp), and
V(z) =X, on B=(0,z). (4.72)

Proof. We set , = inf{z > 0 : v/, () < A}. Then, A < v/ (z) < v_(x), for all z <
xp. By combining with (4.70), this proves (4.72). Finally, the concavity of v shows the
relation (4.71). O

We know from the general results of Section 4.3 (see Theorem 4.3.1) that the value
function v is a viscosity solution to the HJB variational inequality (4.67). By exploiting
the concavity of v for this unidimensional problem, we can show that the value function
is actually a smooth C? solution.

Theorem 4.5.6 The value function v is a classical solution C? on (0,00) to
min{fv— Lv—IH(z), —v'(z)+ A} =0, z>0.

Proof. Step 1. We first prove that v is C! on (0,00). Since v is concave, its left and
right derivatives v’ (z) and v/, (z) exist for all > 0 with v/, (z) < v’ (). We argue by
contradiction by assuming that v/ (zg) < v_(x¢) for some xo > 0. Let us then fix y €
(v!y (o), v"_(x0)), and consider the smooth test function

pe() = v(z0) + plx — x0) — - (v — m0)?,

2
with ¢ > 0. Then z is a local maximum of (v — ¢.) with ¢ (z9) = v(zo). Since ¢.(zo)
= [ < A by (4.70), and ¢ (x9) = —1/e, the subsolution property of v implies that

1
Bu(zo) + dxop + 2—802r% — II(z0) <0. (4.73)

By choosing ¢ sufficiently small, we get the required contradiction, which shows that
/ —
vl (zo) = v’ (o).
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Step 2. From Lemma 4.5.9, v is C% on (0, z), and satisfies v'(z) = A, x € (0,z3). By
Step 1, we have: N7 = (xp,00) = {z > 0: v/(x) < A}. Let us check that v is a viscosity
solution to

Bv—Lv—I =0, on (xp,00). (4.74)

Let 2o € (25,00) and ¢ a function C? on (x4, 00) such that z is a local maximum of
v—¢, with (v—¢)(x9) = 0. Since ¢'(zg) = v'(x0) < A, the viscosity subsolution property
of v to (4.67) yields

Bo(xo) — Lo(x0) — M (x0) < 0.

This shows that v is a viscosity subsolution to (4.74) on (x, 00). The proof of the viscosity
supersolution property to (4.74) is similar. Let us consider for arbitrary z; < x4 in
(zp, 00), the Dirichlet problem

BV — LV —II(x) =0, on (x1,z2) (4.75)

V(zy) =v(z1), V(za)=v(x2). (4.76)

Classical results provide the existence and uniqueness of a smooth C? solution V to
(4.75)-(4.76). In particular, this smooth function V' is a viscosity solution to (4.74) on
(21, 2). From comparison results for viscosity solutions (see the previous section) for
linear PDEs in bounded domain, we deduce that v = V on (z1,x2). Since x; and zs are

arbitrary in (x, 00), this proves that v is C2 on (z3,0), and satisfies the PDE (4.74) in
a classical sense.

Step 3. It remains to prove the C? condition on x; in the case where 0 < a2 < 0.
Let = € (0,x). Since v is C2 on (0, 13), the viscosity supersolution property of v applied
to the point x and the test function ¢ = v implies that v satisfies in a classical sense

Bu(z) — Ly(z) — I (z) >0, 0<z< .
Since the derivative of v is constant, equal to A on (0,x;), we have
Bu(z) +dzX —II(z) >0, 0<z<xp,
and so
Bu(zp) + dxp — II(xp) > 0. (4.77)

On the other hand, from the C! condition of v at x;, we obtain by sending z to z; in
(4.74)

Bu(zp) + dxpA — I (zp) = %azr§1)”(:cb+). (4.78)

From the concavity of v, the right-hand term of (4.78) is nonpositive, which, together
with (4.77), implies that v”(z;") = 0. This proves that v is C? at z, with v”/(2) = 0. O

We can now give an explicit form for the value function. Let us consider the ordinary
differential equation (ODE) arising in the HJB equation:
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Bv—Lv— 1 =0. (4.79)
We recall that the general solution to (4.79) (with IT = 0) is given by
V(z) = Az™ + Bz™,

where
_ 01 5+12+2ﬁ<0
m_02 2 o2 2 2
s 1 s 1\? 23
=—+= — 4= = s 1.
n=—t3+ (02+2>+U2>

Moreover, the ODE (4.79) admits a particular solution given by

W) = B[ [ e o)

2 oo ~ T
= 7[1"/ s I(s)ds + x'”/ 577”71]7(5)(15}7 x>0,
m) T 0

o2(n —

where X* is the solution to (4.63) with L = 0. We easily check (exercise left to the
reader) that under the Inada condition (4.64):

VJ(0%) = oo and Vj(co) = 0.
Lemma 4.5.10 The boundary xp lies in (0,00).

Proof. We first check that x; > 0. On the contrary, the region B is empty, and we would
get from Lemma 4.5.9 and Theorem 4.5.6

fv—Lyv—II =0, z>0.
Thus, v should take the form
v(z) = Az™ + Ba" + Vo(x), x> 0.

Since m < 0 and |v(0")| < oo, this implies A = 0. Moreover, since n > 1, we have v'(0%)
= V§(0) = oo, which is in contradiction with the fact that v'(z) < X for all z > 0.

We immediately show that x;, < co. Otherwise, v satisfies v' = X on (0, 00), which is
in contradiction with the growth condition (4.68). O
Theorem 4.5.7 The value function has the explicit form

o(z) = { Az +0(0T) z <

N 4.80
Az™ + Vy(z) zp < z, (4.80)

where the three parameters v(07), A and zy are determined by the continuity, C' and
C? conditions of v at xy:

Az + Volap) = Azy +v(01), (4.81)

mAz T+ Vi () = A, (4.82)

m(m — 1) Az~ + V() = 0. (4.83)
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Proof. We already know from Lemma 4.5.9 that on (0, x3), which is nonempty by Lemma
4.5.10, v has the structure described in (4.80). Moreover, on (x,00), we have v’ < A by
Lemma 4.5.9. From Theorem 4.5.6, we then deduce that v satisfies fv — Ly — IT = 0,
and so is in the form:

v(z) = Az™ + Ba" + Vo(z), z > @p.

Since m < 0, n > 1, Vo’(a:) converges to 0 when x goes to infinity, and 0 < v'(x) < A, we
must have B = 0. Thus, v has the form described in (4.80). Finally, the three conditions
(4.81), (4.82) and (4.83), which follow from the C? condition of v at xp, determine the
three constants A4, z;, and v(0T). O

4.5.3 Optimal strategy

We recall the Skorohod lemma proved for example in P.L. Lions and Snitzman [LS84].

Lemma 4.5.11 Given any initial state © > 0 and any boundary xp > 0, there exists a
unique adapted process X*, and a nondecreasing process L*, right-continuous, satisfying
the Skorohod problem S(z,xp):

dX; = X[ (—o0dt +0dWy) +dL;, t >0, X;- =u, (4.84)

X/ € [zp,00) a.s., t>0, (4.85)

| ixeadri=o (4.86)
0

Moreover, if x > xyp, then L* is continuous. When x < xp, L§ = xp — , and X§ = xy.

The solution X™* to the above equations is a reflected diffusion on the boundary xy,
and the process L* is the local time of X* at x;. The condition (4.86) means that L*
increases only when X* reaches the boundary x,. The [-potential of L* is finite, i.e.
E[[,° e PdL;], see Chapter X in Revuz and Yor [ReY91], which implies that

E[ / - e’ﬁtXt*dt] < . (4.87)
0

Theorem 4.5.8 Given x > 0, let (X*,L*) be the solution to the Skorohod problem
S(x,xp). We then have

o(z) = E[/Ome*ﬁf (I(X})dt — LY.

Proof. (1) We first consider the case where > x;. Then the processes X* and L* are
continuous. From (4.85) and Theorem 4.5.6, we have

Bu(X7) — Lu(X])—I(X;)=0, as. t>0.

By applying Ito’s formula to e™#*v(X;) between 0 and T, we then obtain

E[e "To(X3)] = v(z) - E[/OTe*f”H(X;*)dt] + E[/OT e (X7)dL;]. (4.89)
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(The stochastic integral appearing in It6’s formula is vanishing in expectation by (4.87)).
Thus, from (4.86), we have

T T
E[ / e—ﬁtv'(xg)dL;] = E[ / e_ﬁtv/(X;‘)IX;:xdeﬂ
0 0

- E[/OT e’ﬁt)\dLﬂ7

since v'(xp) = A. By substituting into (4.88), we get
T T
() = Bl To(X3)] + E[ / e’ﬂtH(Xt*)dt] - E[ / e*m)\dL;*]. (4.89)
Jo 0

From (4.87), we have limp_, o, E[e T X%] = 0, and so by the linear growth condition on
v

Tlim Ele=Tu(X3)] = 0.
By sending T to infinity into (4.89), we get the required equality.

(2) When z < xy, and since L = x — xp, we have

E[/OOO e P (IT(XF) — AdL;)] - E[/Om e P IT(XE) — ML) | = Mz — )

=o(zp) — Mz — xp) v(x),

by recalling that v' = A on (0, x). a

In conclusion, Theorems 4.5.7 and 4.5.8 provide an explicit solution to this irreversible
investment problem. They validate the economic intuition that a firm should invest in
the augmentation of capital to maintain its production capacity above some determined
level.

4.6 Superreplication cost in uncertain volatility model

We consider the controlled diffusion
dXs = as X dW,, t<s<T,

valued in (0, 00) (for an initial condition & > 0), and where the control process o € A
is valued in A = [a,a], with 0 < a < @ < co. To avoid trivial cases, we assume that @ >
0 and a # oo. In finance, a represents the uncertain volatility process of the stock price
X. Given a continuous function g with linear growth condition, representing the payoff
of an European option, we want to calculate its superreplication cost, which is given by
vlt,@) = sup Blg(X4)], (ta) € [0,T] x (0,00). (4.90)
acA
Since the positive process {X5* ¢ < s < T} is a supermartingale for all o € A, it is
easy to see that v inherits from ¢ the linear growth condition, and is in particular locally
bounded.
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The Hamiltonian of this stochastic control problem is
H(z,M) = Sl[lp] [1a2m2M}, (z,M) € (0,00) x R.
a€la,a
We shall then distinguish two cases according to the finiteness of the upper bound vola-
tility a.
4.6.1 Bounded volatility

We suppose that

a < o0.

In this regular case, the Hamiltonian H is finite on the whole domain (0,00) x R, and is
explicitly given by

1
H(z,M) = §d2(M)a:2M7
with
X fa iftM>0
M) = {g if M < 0.

According to the general results of the previous sections, we have the following char-
acterization on the superreplication cost.

Theorem 4.6.9 Suppose a < oco. Then v is continuous on [0,T] x (0,00), and is the
unique viscosity solution with linear growth condition to the so-called Black-Scholes-
Barenblatt equation

821) 821)
/\2 2 o
a (—81,2) ooz =0, (t,z) €0,T) x (0,00), (4.91)
satisfying the terminal condition

o(T,z) = g(z), =z € (0,00). (4.92)

Proof. We know from Theorem 4.3.1 (and Remark 4.3.4) that v is a viscosity solution
to (4.91). Moreover, Theorem 4.3.2 and Remark 4.3.5 show that v is continuous on T
with v(T~,.) = v(T,.) = g. Finally, we obtain the uniqueness and continuity of v from
the strong comparison principle in Theorem 4.4.5. O

Remark 4.6.10 When a > 0, there is existence and uniqueness of a smooth solution to
the Black-Scholes-Barenblatt (4.91) together with the terminal condition (4.92), and so
v is this smooth solution. Indeed, in this case, after the change of variable x — Inz, we
have a uniform ellipticity condition on the second-order term of the PDE, and we may
apply classical results of Friedman [Fr75].
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Remark 4.6.11 When g is convex, the function
w(t,z) = E[g(X55)], (t,z) € [0,T] x (0, 00),
where {Xﬁz,t < s < T} is the geometric Brownian motion, the solution to
dX, = aX,dW,, t<s<T, X: = =,

is also convex in x. Note that w is the Black-Scholes price of the option payoff g with
volatility a. Moreover, w is continuous on [0, 7] x (0, 00) and is a classical solution to the
Black-Scholes equation

ow 1_, 28211) _
5 30T G = 0, (t,z) €[0,T) x (0,00),

82
and satisfies the terminal condition w(7T,z) = g(z). Since a (a—f) = @, this implies
x

that w is also a solution to (4.91). By uniqueness, we conclude that w = v. Similarly,
when g is concave, the function v is equal to the Black-Scholes price of the option payoff
g with volatility a.

4.6.2 Unbounded volatility
In this section, we suppose that
a = o0.
In this singular case, the Hamiltonian is given by

22°M if —M >0

1
- _J2¢
H(z, M) { © if —M <.

According to Theorem 4.3.1, the function v is then a viscosity solution to

2 2
min [~ 2= 22200 00 ey e [0,7) x (0,00). (493

Moreover, from Theoerem 4.3.2, the terminal condition is determined by the equation
(in the viscosity sense)

min [o(T~,.) — g, —D2y(T", )] =0 on (0,00). (4.94)

In view of this terminal condition (see also Remark 4.3.5), we introduce the upper concave
envelope of g, denoted by ¢, which is the smallest concave function above g. We can then
explicitly characterize the superreplication cost v.

Theorem 4.6.10 Suppose @ = co. Then v = w on [0,T) x (0,00) where w is the Black-
Scholes price for the payoff function §(x):

w(t,) = B [5 (X57)], vit,2) € 0,7 x (0,00), (4.95)
in a Black-Scholes model with lower volatility a, i.e. {Xﬁ*,t < s < T} is the solution to

dX, = aX,dWs, t<s<T, X; = .
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Proof. 1. We know from Theorem 4.3.2 that v.(7),.) is a viscosity supersolution to
(4.94), i.e. v.(T,.) > g, and v,(T,.) is a viscosity supersolution to —D2v,(T,.) > 0. In
the classical case, this last property means that v, (T, .) is concave. This result is still true
with the notion of viscosity solution. To see this, let zp < z1 be two arbitrary points in
(0, 00). Since v, (T, .) is lower-bounded on [z¢, 1], we may assume, by adding eventually
a constant to v.(T,.) (which does not change its viscosity supersolution property), that
v, (T,.) > 0 on [zg,z1]. We thus clearly see that v,(T,.) is a viscosity supersolution to

e2u — D*u = 0 on (zg, ;) for all £ > 0. Let us consider the equation

eu—D?*u=0 on (xg,1),
with the boundary conditions
u(zg) = vi(T,x0), u(zr) = vi(T,x1).
The solution to this linear Dirichlet problem is smooth on [z, x1], and given by

0. (T, o) [e6@1 ™) — 1] + v, (T, 21) [e5@—20) — 1]
es(@1—z0) _ 1 '

ue(x) =
From the comparison principle for this Dirichlet problem, we deduce that v.(T,z) >
ue(z) for all z € [zg, z1]. By sending ¢ to zero, this yields

V(T x) — v (T, ) < (T, 21) — 0. (T, 20)
xr — X - xr1 — g

, Vx € (x0,21),

which proves the concavity of v, (T, .). By definition of g, and since v,(T,.) > g, we obtain
v (T,.) > g, on (0,00). (4.96)

2. We know from Theorem 4.3.2 that v*(7,.) is a viscosity subsolution to (4.94). One
could invoke a comparison principle for (4.94) to deduce that v*(T,.) < g, which is a vis-
cosity solution to this equation. We provide here an alternative direct argument. Denote
by Aj the subset of bounded controls in .A. We then have v(t, ) > sup,¢ 4, Elg(X5)].
Conversely, given an arbitrary & € A, we set for n € N, o 1= alj4<n € Ap, and we
denote by Xt (resp. X7, t < s < T, the diffusion process controlled by @& (resp. a™).

X?I = T exp (/ A dW,, — / |Gy | du)
t
X" = xexp (/ ag dWy, — —/ \amgdu) .
t 2 J;

Then X7 converges a.s. to Xth when n goes to infinity, and by Fatou’s lemma, we get

i.e.

sup Elg(Xy")] > liminf Elg(X})] > Elg(Xz")).

Since & € A is arbitrary, we obtain the converse inequality, and so

v(t,@) = sup Blg(Xz")). (4.97)
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By noting that for any o € Ay, the process X% ¢ < s < T, is a martingale, Jensen’s
inequality yields

v(t,x) < sup E[Q(X}’r)]

< sup §(B[X7"]) = d(x). (4.98)

This shows in particular that v*(T,.) < g, and together with (4.96) that
v (Ty2) = v*(T,z) = g(x), z>0. (4.99)

3. The Black-Scholes price w in (4.95) is a continuous function on [0,7] x (0, c0), and is
a viscosity solution with linear growth condition to the Black-Scholes PDE

~ ot 2% gz =0 (t:2) €[0,T) x(0,00), (4.100)

together with the terminal condition
w(T,z) = g(z), =z € (0,00). (4.101)

From (4.93), we know that v is a viscosity supersolution to (4.100), and by (4.96): v.(T,.)
> w(T,.). From the comparison principle for the linear PDE (4.100), we deduce that

ve >w on [0,T] x (0, 00). (4.102)

4. Since g is concave and it is well-known that Black-Scholes price inherits concavity
from its payoff, we deduce that
0w
el (t,z) >0 on [0,T) x (0,00).
This characterization of concavity is obviously true when w is smooth, and is still valid
in the viscosity sense (exercise left to the reader). Together with the previous equality
(4.100), this proves that w is a viscosity solution to

dw 1, ,w  Pw

E - EQ X 81’2 ) 7@} = 07 (t,l‘) S [07T) X (0700)

min [ —
We could invoke a comparison principle for the above variational inequality to conclude
that v = w on [0,T) x (0,00). Here, we provide a direct alternative argument. When a
=0, we have w = § > v by (4.98), and so the required equality with (4.102). When a
> 0, the function w lies in C12([0,T) x (0,¢)). By applying It6’s formula to w(s, X®)
given an arbitrary o € A (after localization for removing in expectation the stochastic
integral term), we obtain

0w

~ T r aw T T x
B0 = w(t.o) + B [ S0 X0) 4 (0P (X 5 (5 XE) d].
t

Since w is concave, and oy > a, we deduce that
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Eg(X7")] < E[g(X3")]
9w
2

W(SHX?I) ds| = w(t,x),

T
0
< witn)+ B[ [ G000 + a1
. Ot
since w is solution to (4.100). From the arbitrariness of a € A, we conclude that v < w,
and finally with (4.102) that v = w on [0,T) x (0, c0). O

Remark 4.6.12 The previous theorem shows that when a = 0, then v(¢,.) = ¢ for all
t € [0,T). This also holds true for any ¢ > 0 when we further assume that g is convex.
Indeed, we already know from (4.98) that v < §. Moreover, if g is convex, then by (4.97)
and Jensen’s inequality, we have v(t, z) > g(x) for all (¢,z) € [0,T] x (0, 00). By concavity
of v(t,.) for t € [0,T), we conclude that v(t,z) > g(z), and so v(t,z) = §(z) for all (¢, )
€[0,7) x (0,00).
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in uncertain volatility model is inspired from Cvitanic, Pham and Touzi [CPT99a]. An
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[CPT99b] or Bentahar and Bouchard [BeBo07].
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Optimal switching and free boundary problems

5.1 Introduction

The theory of optimal stopping and its generalization as optimal switching is an impor-
tant and classical field of stochastic control, which knows a renewed increasing interest
due to its numerous and various applications in economy and finance, in particular for
real options. Actually, it provides a suitable modeling framework for the evaluation of
optimal investment decisions in capital for firms. Hence, it permits to capture the value
of managerial flexibility to adapt decisions in response to unexpected markets develop-
ments, which is a key element in the modern theory of real options.

In this chapter, we present the tools of optimal switching, revisited under the approach
of viscosity solutions, and we illustrate its applications through several examples related
to real options. We essentially focus on infinite horizon problems. Section 5.2 is devoted
to the optimal stopping problem, which appears classically in finance in the computation
of American option prices. We derive the corresponding free boundary problem in the
viscosity sense, and discuss the smooth-fit principle, i.e. the continuous differentiability
of the value function. We give examples of application to the problem of selling an asset
at an optimal date, and to the valuation of natural resources. In Section 5.3, we develop
the optimal switching problem, where the controller may intervene successively on the
system, whose coefficients may take different values, called regimes. This is an extension
of the optimal stopping problem, and we show how the dynamic programming principle
leads to a system of variational inequalities for the value functions that we characterize
in the viscosity sense. We also state a smooth fit property in this context, and give an
explicit solution in the two-regime case.

5.2 Optimal stopping
We consider a diffusion process on R™ driven by the SDE
dX; = b(Xy)dt + o(Xy)dWy, (5.1)

where W is a d-dimensional standard Brownian motion on a probability space (£2, F, P)
equipped with a filtration F = (F;)¢>0 satisfying the usual conditions. The coefficients
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b and o satisfy the usual Lipschitz conditions ensuring the existence and uniqueness of
a solution given an initial condition: we denote by {X},t > 0} the solution to (5.1)
starting from x at time ¢ = 0, and {X%*, s > ¢t} the solution to (5.1) starting from z at
t. Given two continuous functions f, g : R” — R, satisfying a linear growth condition,
and a positive discount factor 5 > 0, we consider the infinite horizon optimal stopping
problem

v(x) = sup E[/ e PLF(XE)dt + e PTg(XT)|, = eR™ (5.2)
T€T 0

Here 7 denotes the set of stopping times valued in [0, 00], and we use the convention
that e=#7 = 0 when 7 = oo. For simplicity (see also Remark 5.2.1), we assume that f
and g are Lipschitz. The finite horizon optimal stopping problem is formulated as

.
v(t,2) = sup E[ /0 e P F(XET)ds + e T g(XET) |, (t,a) €0, T] x R™,
T t, T

where 7; 7 denotes the set of stopping times valued in [0, 7).

5.2.1 Dynamic programming and viscosity property

The aim of this section is to relate the value function v in (5.2) to a PDE in variational
form

min[ﬁv—ﬁv—f, v—g] =0, (5.3)
in the viscosity sense. Here L is the second-order operator associated to the diffusion X:
1
Lv =b(z).Dyv+ étr(UU/(I)Dz’U).

Formally, this variational inequality (5.3) means that the PDE: fv—Lv— f = 0 is satisfied
in the domain C = {z € R™ : v(z) > g(x)} with the boundary v = g on the boundary of
C. Since this boundary is unknown, we also call this problem a free boundary problem.

We first prove the continuity of the value function.
Lemma 5.2.1 There exist positive constants 3y, C such that for all 8 > (g, x,y € R"
[v(z) —v(y)| < Cle —yl.

Proof. We recall from the estimation (1.19), that there exists some positive constant
(depending on the Lipschitz constants of b and o) s.t. E[supge,<; | X*—XY|] < 0tz —y].
For 8 > f3y, we can prove similarly that E[sup,,e 7 |X# — X?|] < |z — y|. Therefore,
from the Lipschitz conditions on f and g, we deduce that

o)~ v(| < sup B[ [ e 706) — FXD Nt + e al0x) - 9(x2)]

< CE[/O e PNXF - XPdt] + CE[%) e Xy - XY

< Clz -yl
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In the sequel, we assume that [ is large enough, e.g. § > [y, which ensures that v is
finite, satisfying a linear growth condition, and is continuous. As in the previous chapters,
we shall appeal to the dynamic programming principle, which takes the following form.

DYNAMIC PROGRAMMING.
Fix x € R™. For all stopping time § € 7, we have

TAO
v(z) = sup E[/ e PE(XE)dE + e PTg(XE) Ly + e Pu(XE) o<, ). (5.4)
T€T 0

This principle means formally that at any time €, we may either decide to stop the
process and receive the gain, or decide to continue by expecting to get a better reward: we
then choose the best of these two possible decisions. A rigorous statement of this principle
can be found e.g. in [Elk81] or [Kry80]. We now investigate the analytic implications of
the dynamic programming principle.

Theorem 5.2.1 The value function v in (5.2) is the unique viscosity solution to (5.3)
on R™ satisfying a linear growth function.

Proof. Viscosity property. We first check the viscosity supersolution property. By defi-
nition of v, it is clear that v > g (take 7 = 0 in (5.2)). Moreover, for all § € 7, we have
from (5.4) (take 7 = 0)

v(x) > E[/Ot9 e PtF(XT)dt + e‘ﬁgv(Xg)].

Therefore, for any test function ¢ € C*(R") s.t. 0 = (v — ¢)(z) = min(v — ), and by
applying Itd’s formula to e P*p(X¥) between t = 0 and 6 A h, with k > 0, and 6 the first
exit time of X outside some ball around z, we get

o[ | e (G- Lo p)xEval] 20

By sending h to zero, and from the mean-value theorem, we obtain the other required
supersolution inequality:

(Bp — Lo — f)(x) > 0.

For the viscosity subsolution property, we take Z € R™ and a test function ¢ € C?(R™)
s.t. 0 = (v — ¢)(Z) = max(v — @), and we argue by contradiction by assuming that

(B = Lo = f)(7) > 0 and (v—g)(z) > 0.
By continuity of v, Ly and f, we can find § > 0, and a ball B(Z, J), s.t.
(B — Lo = )X]) = 6 and (v—g)(X]) >4, 0<t <9, (5.5)

where 0 is the first exit time of X® outside B(z,d). For any 7 € 7, we now apply Itd’s
formula to e #*(XF) between 0 and 0 A 7:
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ONT
o@) = @ =E[ [ e (B - LoXP)dt +e PO (X3, )
09/\7’
> B[ [ e P G + ¢ 0N a
0 ONT
+ o8] /O et + e L), (5.6)

where we used the fact that ¢ > v and (5.5). We now claim that there exists some
positive constant ¢y > 0 s.t.

ONT
E[/ e Ptdt + 6_ﬁ717<0] >, VT ET. (5.7)
0
For this, we construct a smooth function w s.t.

max {ﬂw(m) —Lw(z) -1, w(z) — 1} <0, Vz € B(z,9) (5.8)
w(z) =0, Vo € 0B(z,9) (5.9)
w(Z) > (5.10)

For instance, we can take the function w(x) = ¢ <1 ‘x ”‘ >, with

0 < ¢y < min { ([3 + 2 sup |bi(z)] + 1 sup tr(ao’(:c)))_l 1}.
- 0 ceB(z,5) 02 2eB(z.9) ’

Then, by applying It6’s formula to e*mw(Xf) between 0 and 0 A 7, we have
ONT - -
0 <c = wZ = E[/ e P (Bw — Lw)(XT)dt + e_ﬂ(gAT)w(XgAT)]
0

ONT
< E[/ e_ﬁtdt+e_ﬁ717<g],
0

from (5.8), (5.9) and (5.10). By plugging this last relation into (5.6), and taking the
supremum over 7 € 7, we get a contradiction with (5.4).

Uniqueness property. This is a consequence of the following general comparison result:
let U (resp. V) be a u.s.c. viscosity subsolution (resp. l.s.c. viscosity supersolution) of
(5.3), satisfying a linear growth condition. Then U < V on R™.

We explain how to adapt the arguments in Section 4.4, and sketch the proof. We argue
by contradiction by assuming that M := sup(U — V') > 0. Up to a quadratic penalization
term, we may assume that U —V attains its maximum on R™. Let us consider the bounded
sequence (T, Ym)m that attains the maximum of the functions

D(2,y) = Ulx) = V(y) = dm(@,y), dm(z,y) = mlz—y[>, meN.
By the same arguments as in the proof of Theorem 4.4.4, we have
M, = max @y, (2,y) = P (T Ym) — M,  and ¢ (Tm,ym) — 0. (5.11)

Moreover, from Ishii’s lemma, there exist M and N € S, s.t.



5.2 Optimal stopping 99

2m(zm — ym),]W) € 752’+U($m): (Zm(xm —ym),N) € 752’7V(ym):
and
tr(oo’ (2m)M — 00’ (ym)N) < 3mlo(zy,) — o (ym)|?. (5.12)

From the viscosity subsolution (resp. supersolution) property of U (resp. V) at @, (resp.
Ym ), we then have

min [ﬁU(%n) —b(xm)2m(Tm — Ym) — %tr(aa’(xm)]w) — f(@m),
Uzm) — g(zm)| <0, (5.13)

i[5V () = ) 20 — ) = 51500 () V) = (i),
Vym) — g(ym)] >0. (5.14)

If U(zy) — g(@m) > 0 for m large enough, then the first term of the Lh.s. of (5.13) is
nonpositive, and by substracting it with the nonnegative first term of the Lh.s. of (5.14),
we get

B(U(IM) - V(ym)) < Qm(b(Im) - b(ym))'(xm = Ym)
+ 35(00" @) M — 00 () N) + F(n) — ().

From the Lipschitz condition on b, o, continuity of f, (5.11), and (5.12), we get the
contradiction by sending m to infinity: SM < 0. Otherwise, up to a subsequence, U (2, )—
g(xm) <0, for all m, and since V (ym) — g(ym) > 0 by (5.14), we get U(zm) — V(ym) <
9(m) — g(ym). By sending m to infinity, and from the continuity of g, we also get the
required contradiction: M < 0. O

Remark 5.2.1 Theorem 5.2.1 and continuity of the value function also hold true when
we remove the Lipschitz condition on f, g, by assuming only that these reward functions
are continuous and satisfy a linear growth condition. Actually, in this case, we only have
a priori the linear growth condition on v, but we can prove by similar arguments as
in Theorem 5.2.1 that v is a (discontinuous) viscosity solution to (5.3). Then, from the
(strong) comparison principle for (5.3), which holds under continuity and linear growth
properties of f, g, we conclude in addition to the uniqueness, that v is continuous.

5.2.2 Smooth-fit principle

In view of Theorem 5.2.1, we introduce the open set
C={zeR":v(z)>g(x)}

and its complement set

S={zeR":v(x)=g(x)}.
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The set S is called the stopping (or exercise) region, since it corresponds to the state
values, where it is optimal to stop the process, and then receive the profit g. The com-
plement set C is called the continuation region, since it corresponds to the state values
where it is optimal to let the diffusion continue. A probabilistic interpretation of these
results will be given in the next section. The analytic interpretation of the continuation
region is justified by the following result.

Lemma 5.2.2 The value function v in (5.2) is a viscosity solution to
fv—Lov—f=0 on C. (5.15)

Moreover, if the function o is uniformly elliptic, i.e. there exists € > 0 s.t. ¥'co’(z)x >
elz|? for all x € R™, then v is C% on C.

Proof. First, we notice that the supersolution property of v to (5.15) is immediate from
the viscosity property of v to (5.3). On the other hand, let z € C, and ¢ a C? test function
s.t. Z is a maximum of v — ¢ with v(Z) = ¢(Z). Now, by definition of C, we have v(Z) >
g(Z), so that from the viscosity subsolution property of v to (5.3), we have

Bu(®) — Lo(z) — f(2) <0,

which implies the viscosity subsolution, and then the viscosity solution property of v to
(5.15).

Given an arbitrary bounded open domain O in C, let us consider the linear Dirichlet
boundary problem:

pw—Lw—f=0 on O, w=wv on 0. (5.16)

Under the uniform ellipticity condition on o, classical results (see e.g. [Fr75]) provide
the existence and uniqueness of a smooth C? solution w on O to (5.16). In particular,
this smooth solution w is a viscosity solution to (5.15) on O. From standard uniqueness
results on viscosity solutions (here for linear PDE on a bounded domain), we deduce
that v = w on O. From the arbitrariness of O C C, this proves that v is smooth on C,
and so satisfies (5.15) in a classical sense. O

The boundary 9C (also called free boundary or exercise boundary) of the set C is
included in the stopping region D, and we have

v=g on OC.

The smooth-fit principle for optimal stopping problems states that the value function
v is smooth C' through the free boundary, once the diffusion is uniformly elliptic, and
g is C1 on the free boundary. This general classical result is proved in [Sh78], [Ja93],
or [PeSh06]. We give here a simple proof based on viscosity solution arguments in the
one-dimensional case for the diffusion.

Proposition 5.2.1 Assume that X is one-dimensional, o is uniformly elliptic, and g is

C' on S. Then, v is C* on OC.
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Proof. 1. We first check that v admits a left and right derivative v’ (Z) and v/, (Z) at any
point & € JC. Let & € OC, and suppose that Z lies in the right boundary of 9C, i.e. there
exists € > 0 s.t. (Z—e,Z) C C. (The other possible case where Z lies in the left boundary
of C is dealt with similarly.) Recalling from Lemma 5.2.2, that v satisfies fv — Lv — f =
0 on C, we deduce that v = w on (Z — ¢, %), where w is the unique smooth C? solution
on [T — §,7] to fw — Lw — f = 0 with the boundary data: w(Z —§) = v(T —¢), w(T) =
v(Z). This shows that v admits a left derivative at z with v’ (Z) = w’(Z). For the right
derivative, we distinguish two cases: (i) If there exists 6 > 0 s.t. (Z,Z+d) C S, then v =
g is C' on (Z,Z+96), and so admits a right derivative at Z: v/, (2) = ¢/(). (ii) Otherwise,
one can find a sequence (z,,) in C, x, > x, converging to Z. Since C is open, there would
exist 0’ > 0 s.t. (z,2+¢") C C. In this case, by same arguments as for the left derivative,
we deduce that v admits a right derivative at .

2. Let z € OC. Since v(Z) = ¢(Z), and v > g on R, we have

v@) —o(@) _ gx) — g()

- < ——, V<7,
x—Z T—Z
o@) (@) gle) —o@) ., _
- = -z ’

and so v’ (z) < ¢'(Z) < v/ (T). We argue by contradiction and suppose that v is not differ-
entiable at Z. Then, in view of the above inequality, one can find some p € (v__(Z), v/ (Z)).
Consider, for € > 0, the smooth C? function:

ve(r) =v(Z) +plz —7) + %(z —z)2

Then, we see that v dominates locally in a neighborhood of Z the function ¢, i.e. Z is
a local minimum of v — .. From the supersolution viscosity property of v to (5.3), this
yields

Bo(z) — Loe(T) — f() =0,

which is written as

Bu(@) — b(@)p — f(&) - 2—1802(;7;) > 0.

Sending ¢ to zero provides the required contradiction since o?(z) > 0. We have then
proved that for Z € 9C, v'(Z) = ¢'(Z). ]
5.2.3 Optimal strategy

We first discuss the probabilistic interpretation of the optimal stopping problem (5.2).
Let us define the process

¢
Zy = e Pt(X,) +/ e P8 f(X,)ds,
0

and the first exit time of the continuation region

T =inf {t > 0:0(X,) = g(X,)}.
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From the dynamic programming principle (which implies v — Lv — f > 0), we have

Zy > E|Zy|Fy], for any stopping time 6 valued in [t, c0),

which means that Z is a supermartingale. Moreover, since (Bv — Lv — f)(s, X5) = 0 for
0 < s < 6*, the process Z is a martingale on [0, 7*], and so

o(X0) = B[ [ P f(Xde+ e (X)),
0
which implies that 7* is an optimal stopping strategy. We refer to [Elk81] for a general
analysis of optimal stopping problems by probabilistic methods.

‘We shall now provide some results on the optimal stopping strategy. Let us introduce
the function

V(z) = E[/Ooo e PF(X])dt],

which corresponds to the value function of the total expected profit when we never stop
the process X. We give sufficient conditions ensuring that it is optimal to never stop the
process, i.e. v = V.

Lemma 5.2.3 We have the following implications:
S=0=V>g9g = 0v="V.
Proof. Assume that & = ). Then v is a solution to the linear PDE
Bv—Lv—f=0 on R".

Since, by the Feynman-Kac formula, V is also solution to the same linear PDE, and
satisfies a linear growth condition, we deduce by uniqueness that v = V. However, we
know that v > g, and so 174 > g. Assume now that \% > g. Then, V is a solution to the
same PDE variational inequality as v, i.e.

min[ﬁf/fﬁf/ff, ‘A/fg} =0, on R".
By uniqueness, we conclude that v = V. ]
Remark 5.2.2 A trivial sufficient condition ensuring that V > g is: inf f > Bsupg.
We end this section by providing some partial information on the stopping region.
Lemma 5.2.4 Assume that g is C? on some open set O of R™ on which S C O. Then
SCD = {z€0:pg(zx) — Lg(z) — f(z) >0}.

Proof. Let « € S. Since v(z) = g(x) and v > g, this implies z is a local miminum of v—¢
with the smooth test function ¢ = g on O. From the viscosity supersolution property of
v to (5.3), this yields

By(x) — Lg(x) — f(x) = 0,
which proves the result. m]

The set D may be usually explicitly computed, and we shall show in the one-
dimensional case how this can be used to determine the stopping regions.
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5.2.4 Methods of solution in the one-dimensional case

We now focus on the one-dimensional diffusion process X valued in (0, 00), and we assume
that the real-valued coefficients b and o of X can be extended to Lipschitz continuous
functions on R4, and for all ¢ > 0,

X — X) =0, as. asa goes to zero. (5.17)

The typical example is the geometric Brownian motion. The function f is continuous on
R, satisfying a linear growth condition, and ¢ is Lipschitz continuous functions on R .
The state domain on which v satisfies the PDE variational inequality is then (0, c0), and
we shall need to specify a boundary condition for v(z) when x approaches 0 in order to
get a uniqueness result.

Lemma 5.2.5 We have v(0") := lim, o v(z) = max (%,g(O)).
Proof. By definition of v, we have

v(z) > max(V(z) , g(x)). (5.18)
By continuity and the linear growth condition on f, we deduce by (5.17) and the dom-
inated convergence theorem that V(0+) = B[, e P f(XP)dt] = —). Together with

(5.18), we get liminf, o v(z) > max ( 10 9(0)). To prove the converse inequality, let us

define f = f - f(0), § = g — f(0)/8, f+ = max(f,0), and §; = max(g,0). Then, we
have

v(z) = f0) + bupE[/OT efﬁtf(Xf)dtJre*ﬁTg(Xf)]

B TeT

< % +B[ [ e + Blsupe™" 5, (X))

Similarly as for V, we see that that E[ [y e_ﬂtf+(Xf)dt] goes to % = 0 as = goes to
zero. From the Lipschitz conditions on b, o on R, and recalling that X? = 0, we easily
deduce by standard arguments that

E[supe P'X}] = E[supe‘ﬁt|X“ X?|] <z, VzeR,. (5.19)
>0

Moreover, by (5.19), and the Lipschitz property of g, the function E[sup,sq e~ g, (X])]
goes to E[sup,sqe 5, (0)] = §4(0) as = goes to zero. This proves that limsup, |, v(x)
< % + g+(0) = max ( 10 9(0)), which ends the proof. O

In the sequel, we shall assume that
V(o) < g(mo) for some zg > 0, (5.20)
so that the stopping region
S ={xe€(0,00):v(x)=g(x)},

is nonempty. We shall assume that S is included in some open set O of (0,00) on which
g is C2, and we know from Lemma 5.2.4 that

ScD={zec0:pg(x)—Lyg(z) - f(z) >0}
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Lemma 5.2.6 Assume (5.20) holds.

(1) If D = [a,00) for some a > 0, then S is of the form [z*,00) for some x* € (0,00).
(2) If g(0) > % and D = (0,a] for some a > 0, then S is of the form (0,x*] for some
z* € (0,00).

Proof. (1) We set 2* = infS, and since S is nonempty and included in D, we know
that z* € [a,00). In order to prove that S = [z*,00), let us consider the function w
= g on [z*,00). Since [z*,00) C D, and by definition of D, we obtain that w satisfies
Bw—Lw— f >0, and so min[fw — Lw — f,w —g] = 0 on (Z, c0). Moreover, since w(z*)
= g(z*) = v(z*), and w, v satisfy a linear growth condition, we deduce by uniqueness
that w = v on [x*, 00). This proves that S = [z*, c0).

2) We set z* = sup S, and since S is nonempty and included in D, we know that z* €
(0, al]. Let us consider the function w = g on (0, z*]. Since (0,z*] C D, we obtain that w
satisfies fw — Lw — f > 0, and so min[fw — Lw — f,w — g] = 0 on (0,z*). Moreover,
since w(0") = g(0) = v(0") by Lemma 5.2.5 and the condition on g(0), and w(z*) =
g(x*) = v(z*), we deduce by uniqueness that w = v on (0,2*), and so S = (0,z*]. O

5.2.5 Examples of applications
We consider a geometric Brownian motion (GBM) for X:
dXy = pXydt + v X dWy,
where p and v > 0 are constants, and we shall solve various examples of optimal stopping
problems arising from financial motivations.
Perpetual American Put options

We consider an American Put option of payoff on the underlying asset price X, which
can be exercised at any time, and whose price is given by:

v(z) = sup Ele PT(K — X?),].
TeT
Here 5 = p is the constant interest rate, and K > 0 is the strike. With the notations of
the previous section, we have f = 0, V = 0, g(z) = (K — z)+. By convexity of g, and
the linearity of the GBM X” in function of the initial condition x, we easily see that v
is convex. It is also clear that v(z) > 0 for all z > 0. We deduce that the exercise region
is of the form S = (0,z*] for some z* € (0, K]. Moreover, on the continuation region
(z*,00), v satisfies the ODE
1
pv(z) — pav’(z) — 572.@21)”(@ =0, z>z".

The general solution to the above ODE is of the form

v(xz) = Az™ + Ba",

for some constants A and B, where m, n are the roots of the second-degree equation
1v2m? + (p — 37%)m — p = 0, and are given by
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Since v is bounded, we should have B = 0 so that

v(x) = Az™, x> "

By writing that v satisfies the smooth-fit condition at z*, i.e. A(z*)™ = (K — 2*), and

Am(z*)™~1 = —1, we determine the parameters A and z*:
K 1
ot = K— = 5 A = —— ("),
m—1 1+ ;Y_p m

We conclude that

K —x, r<z* = Ky; ,
v(z) = +%
7L*(L)m7 T >l'*,

m \x*

and it is optimal to exercise the option whenever the asset price is below z*.

When is it optimal to sell?

We consider an owner of an asset or firm with value process X. The owner may sell this
asset at any time, but has to pay a fixed fee K > 0. He is looking for the optimal time
to sell his asset, and his objective is then to solve the optimal stopping problem:

v(x) = sup E[eiﬂT(Xf — Kﬂ7
Te€T

where 3 > 0 is a discount factor. With the notations of the previous section, we have 14
= f =0, g(x) = 2 — K, which is C? on (0, 00), and the set D is equal to

D ={z € (0,00): (8- p)x = K}

We are then led to distinguish the following cases:

(i) B < p. It is then easy to see that v(x) = oo for all x > 0. Indeed, in this case, from
the explicit expression of the geometric Brownian motion, we have for any 7' > 0,

2
v(z) > BEle "T(X§ - K)] = xe(‘)*ﬁ)TE[eVWT*P‘TT} — Ke AT
= z2eP AT _ K FT,

and by sending 7" to infinity, we get the announced result.
(ii) B = p. In this case, we have v(x) = z. Indeed, for any stopping time 7, for any n €
N, we have by the optional sampling theorem for martingales
Ele Ptrm(X2,  — K)] =z — KE[e #")] (5.21)
S "'L‘7

By sending n to infinity, and from Fatou’s lemma, we then get for any 7 € 7
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E[e™ (X! - K)] < =,

and so v(z) < z. Conversely, by taking 7 = n, we have from (5.21): v(z) > = — Ke™#",
and so by sending n to infinity: v(z) > .

(iii) B > p. In this case, D = [a,0) for a = BK/(8 — p) > 0. Moreover, we obviously
have V =0 < g(z) = # — K for 2 > K. We deduce from Lemma 5.2.6 that S is of the
form S = [z*, 00) for some z* € (0, 00). Moreover, on the continuation region (0,z*), v
satisfies the ODE

*

1
Bu — pxv'(z) — 572x2v"(a:) =0, z<a",
whose general solution is of the form
v(xz) = Az™ + Ba",

for some constants A and B, and m, n are the roots of the second-degree equation
1v2m? + (p — 34*)m — B = 0, and are given by

1 »p 1 p.,, 28
Y Y A e AP 5.22
m=3 2 (2 W2)+72 (5.22)
1 »p 1 p,, 28
--_ L S Py oy 5.23
n=3 72Jr (2 72)+’y2> (5.23)

Since v(07) = max(—K, 0) = 0, we should have A = 0. Finally, by writing the smooth-fit
condition at x*, we determine the coefficients B and z* by

We conclude that

¥ (x\" *
—\= 5 r<x 5
and it is optimal to sell the asset once it is above z*.

Valuation of natural resources

We consider a firm producing some natural resource (oil, gas, etc.) with price process X.
The running profit of this production is given by a nondecreasing function f depending
on the price, and the firm may decide at any time to stop the production at a fixed
constant cost —K. The real options value of the firm is then given by the optimal
stopping problem:

v(z) = sup E[/ e P(X])dt + e PTK].
TeT 0

We assume that f satisfies a linear growth condition, and we notice that for § > p, there
exists some C' > 0 s.t. E[[; e P f(XF)|dt] < C(1+ ) for all # € Ry, so that v also
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satisfies a linear growth condition. With the notations of the previous section, the set D
is equal to

D= {z€(0,00): f(z) < BK}.

Since f is nondecreasing, we are led to consider the following three cases:

(i) f(o0) := lim, ~oo f(z) < BK. In this case, D = (0, 00), which means that g = K is
solution to the variational PDE min[8g—Lg— f, g—g] = 0. Since v(0") = max(f(0)/3, K)
= K = g, it follows by uniqueness that v = K, and the optimal strategy is to stop
immediately.

(ii) f(o0) > BK and f(0) = inf f(z) > S8K. In this case V() = E[f;° e P f(XF)dt] >
K = g, and so by Lemma 5.2.3, v = V, and it is optimal to never stop the production.
(iii) f(o0) > K and f(0) < BK. In this case, D = (0, a) for some a > 0. Moreover, there
exists some = > 0s.t. V(z) < g(z) = K. Otherwise, we would have V(z) > K for all x >
0, and by sending z to zero, this would imply V(0%) = f(0)/8 > K, a contradiction. By
Lemma 5.2.6, the stopping region is in the form & = (0, z*] for some z* > 0. Moreover,
on the continuation region (z*,00), v satisfies the ODE

1
Bu — pxv'(z) — ivzx%"(x) —f(x)=0, z>ua",

whose general solution is of the form
v(z) = Az™ + Bz" + V (),

for some constants A and B, and m, n are given in (5.22)-(5.23). Since v satisfies a
linear growth condition, we should have B = 0. Finally, the coefficients A and z* are
determined by the smooth-fit condition at x*:

K =A@)™+V(z*), 0= mA@@)™ ' +V'(z").
We conclude that

o(z) = K, rz<z*
T 2™+ V(z), x> at,

and it is optimal to stop the production once the price is below x*.

5.3 Optimal switching

In this section, we consider a diffusion X and a profit function, whose coefficients may
take different values, called regimes, depending on the value taken by an underlying con-
trol. The goal of the controller is to manage the different regimes in order to maximize an
expected total profit. Such problems appear in the real options literature. For example,
in the firm’s investment problem under uncertainty, a company (oil tanker, eletricity sta-
tion, etc.) manages several production activities operating in different modes or regimes
representing a number of different economic outlooks (e.g. state of economic growth, open
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or closed production activity). The process X is the price of input or output goods of
the firm and its dynamics may differ according to the regimes. The firm’s project yields
a running profit payoff that depends on the commodity price and on the regime choice.
The transition from one regime to another is realized sequentially at time decisions and
incurs costs. The problem is to find the strategy that maximizes the expected value of
profits resulting from the project.

5.3.1 Problem formulation

We formulate optimal switching problem on infinite horizon. We fix some filtered prob-
ability space (2, F,F = (F;)i>0, P) satisfying the usual conditions. We first define a
set of possible regimes I,,, = {1,...,m}. A switching control is a double sequence o =
(Tn, tn)n>1, where (7,,) is an increasing sequence of stopping times, 7, € 7, 7, — 00,
representing the decision on “when to switch”, and ¢,, are F, -measurable valued in I,
representing the new value of the regime at time 7, until time 7,41 or the decision on
“where to switch”. We denote by A the set of switching controls. Given an initial regime
value i € I, and a control & = (7y,, tn)n>1 € A, we define

[ti = ZLnl[TanH)(t)v t>0, Ié* =1,
n>0

which is the piecewise constant process indicating the regime value at any time ¢. Here,
we set 79 = 0 and 19 = 4. We notice that I’ is a cad-lag process, possibly with a jump
at time 0 if 71 = 0 and so I§ = 1;. Given an initial state-regime (z,7) € R x I,,,, and a
switching control o € A, the controlled process X is the solution to

dXy = b(Xy, IDdt + o( Xy, IDdW,, t>0, X, = =,

where W is a standard Brownian motion on (2, F,F = (F;)t>0, P), and b;(.) := b(.,1),
0i(.) == o(., 1), i €L, satisfy the Lipschitz condition.

The operational regimes are characterized by their running reward functions f :
R? x I, — R, and we set fi(.) = f(.,4), @ € I,,, which are continuous and satisfy a
linear growth condition. For simplicity, we shall assume that f; is Lipschitz (see Remark
5.3.3). Switching from regime ¢ to j incurs an instantaneous cost, denoted by g;;, with
the convention g;; = 0. The following triangular condition is reasonable:

gir < Gij + Gix, JF ik, (5.24)

which means that it is less expensive to switch directly in one step from regime i to k
than in two steps via an intermediate regime j. Notice that a switching cost g;; may be
negative, and condition (5.24) for ¢ = k prevents an arbitrage by simply switching back
and forth, i.e.

9ij + Gji > 0, 4 7é.7 € L. (525)

Here, for simplicity, we assume that the switching costs g;; are constants.
The expected total profit of running the system when the initial state is (z,4) and
using the impulse control o = (Tp, tn)n>1 € A s
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[o'e]

o0
/ ePPXE At = e PTg,
0

n=1

J(x,i,a) = F

Here 8 > 0 is a positive discount factor, and we use the convention that e #™ (@) =
0 when 7,(w) = co. The objective is to maximize this expected total profit over A.
Accordingly, we define the value functions

o(z,i) = sup Ji(z,a), xeR% iely,. (5.26)

acA

We write J;(z,a) = J(x,i,a) and v;(.) = v(.,i). We shall see later that for S large
enough, the expectation defining J;(x, ) is well-defined and the value function wv; is
finite.

5.3.2 Dynamic programming and system of variational inequalities

We first state the finiteness and Lipschitz continuity of the value functions.

Lemma 5.3.7 There exists some positive constant p such that for 3 > p, the value
functions vi, i € L, are finite on R, In this case, the value functions v;, i € L, are
Lipschitz continuous:

|U1(‘T)_Ul(y)‘ SC‘ZE—yl, Vz,yGRd,
for some positive constant C.

Proof. First, we prove by induction that forall N > 1, 7y < ... < 7n, 10 =1, tp, € L,
n=1...,N

=Y e g, < max(—gi;), a.s. (5.27)

Indeed, the above assertion is obviously true for N = 1. Suppose now it holds true
at step N. Then, at step NV + 1, we distinguish two cases: If g > 0, then we

NN
N+1 _ N . .
have — n:+1 e Pmng L S Brag and we conclude by the induction

n—1:tn

hypothesis at step N. If g, .~ <0, then by (5.24), and since Tn < Tny1, we have
_ _ _ N+1 __gr,

—e 57”9LN oy €T S e PG sandso =30 T e g <

— YN ey e yins With &y = 1 forn =1,...,N — 1, in = ty41. We then conclude

by the 1nduct10n hypothesis at step N.
By definition, using the latter inequality and the growth condition on f, we have for
alli €I, 2 € R and o € A

Hw.o) < B [ e M Tl + max(=g,)]

< E[/O PO+ |XE e+ max(—gs,)] (5.28)

Now, a standard estimate on the process (X}’ ’i)tzo, based on It6’s formula and Gronwall’s
lemma, yields
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E[1X7] < e (1 + Ja]),

for some positive constant p (independent of ¢ and z). Plugging the above inequality into
(5.28), and from the arbitrariness of o € A, we get

o0
(@) < G+ O+ fal) [ 09t + max(-gy).
8 0 J€Lm
We therefore have the finiteness of the value functions if 3 > p, in which case the value
functions satisfy the linear growth condition.
Moreover, by a standard estimate for the SDE applying [t6’s formula to \XZ” —Xg” |2
and using Gronwall’s lemma, we then obtain from the Lipschitz condition on b, o, the
following inequality uniformly in o € A:

E‘Xf”ifo’i < eftlz —yl, Vz,y € R ¢ > 0.

From the Lipschitz condition on f, we deduce

) — ) < sup B | [ e fx ) - g1
acA 0
<CsupE {/ e Pt ‘Xt“ — Xt dt}
acA 0

< C/ e Plelt|z —yldt < Clz —1yl,
0

for B > p. This ends the proof. m]

In the sequel, we shall assume that 3 is large enough, which ensures that v; is Lipschitz
continuous, and in order to derive a PDE characterization of v;, we shall appeal to the
dynamic programming principle, which takes the following form
DYNAMIC PROGRAMMING PRINCIPLE: For any (z,i) € R? x I,,,, we have

0
v(z,i) = sup E[/ e PtF(XD I dt — Z eiﬂ”‘gwfl,tn
(Tnstn)p €A 0 )

+ e (X 1) (5.29)

where 6 is any stopping time, possibly depending on « € A in (5.29).

The aim of this section is to relate via the dynamic programming principle the value
functions v;, ¢ € 1, to the system of variational inequalities

min [/BUL - ELUZ - f’i y Vi — mi,X(UJ - gLJ) = 07 T e Rd> (XS H'nu (530)
Ve
where £; is the generator of the diffusion X in regime i:
1
Lip=0b;.Dyop+ itr(aiog(x)Dgga)

Theorem 5.3.2 For each i € L, the value function v; is a viscosity solution to (5.30).
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Proof. (1) We first prove the viscosity supersolution property. Fix i € I,,,, and let Z €
R?, p € C2(R?) s.t. T is a minimum of v; — ¢ with v;(Z) = ¢(Z). By taking the immediate
switching control 71 = 0, 11 = j # i, 7, = 00, n > 2, and 6 = 0 in the relation (5.29),
we obtain

v;(Z) 2 v;(Z) — gij. Vi AL (5.31)

On the other hand, by taking the no-switching control 7,, = oo, n > 1,1i.e. I} =i, ¢ > 0,
X% stays in regime i with diffusion coefficients b; and oy, and 6 = 7. A h, with h > 0
and 7. = inf{t > 0: X;"" ¢ B.(Z)}, ¢ > 0, we get from (5.29)

e = =
o) = wla) = B[ [ e MR it ()]

0
> B[ [ e+ e (x|

By applying Ité’s formula to e Ptp(X} Z) between 0 and # = 7. A h and plugging into
the last inequality, we obtain

%E[/OTEM e P (Bo — Liv — f) (Xf’i)] > 0.

From the dominated convergence theorem and the mean-value theorem, this yields by
sending h to zero

(B — Lip— fi)(®) > 0.

By combining with (5.31), we obtain the required viscosity supersolution inequality.

(2) We next prove the viscosity subsolution property. Fix i € I,,, and consider any &
€ RY o € C*(R?Y) s.t. T is a maximum of v; — ¢ with v;(Z) = (). We argue by
contradiction by assuming on the contrary that the subsolution inequality does not hold
so that by continuity of v;, v;, j # 4, ¢ and its derivatives, there exists some § > 0 s.t.

(Bp — Lip— fi)(x) =8, Vz € Bs(x)=(x—0d,z+9) (5.32)
vi(x) — I;lgzx(vj —gij)(z) > 6, Vx e Bs(). (5.33)

For any a = (7, tn)n>1 € A, consider the exit time 75 = inf{t > 0: X' ¢ Bs(z)}. By
applying It&’s formula to et p(X7") between 0 and @ = 71 A 75, we have by noting that
before §, X® stays in regime i and in the ball Bs(%)
0 - . P
vi(@) = (@) = B| / (B — Lig) (XDt + (X7
0

0
> B[ [ e (B - L)XVt +Pu(XG]. (539
0

Now, since 6 = 75 A 71, we have
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,g T
e’ Xy 7 Th) — Ze O G i

™ <60
= 67BT1 ('U(Xffi? Ll) - gibl) 17’1§"’5 + eiﬁrévi(ngi)175<n
e fn ( (X;”) - 5) Ir<rs + e_[stvi(ngi)175<T1
= e Py (X5 B~ ge=hn 1 <rs,
where the inequality follows from (5.33). By plugging into (5.34) and using (5.32), we
get
0 -
w(@) 2 B [ e MR+ oG ) = Y g
0

Tn <6

0
+6 E[/ Mt + e Py (5.35)
0

Now, by the same arguments as in (5.7), there exists some positive constant ¢y > 0 s.t.
0
E[/ e Pldt + e P lﬁgm] > ¢y, Vae A
0

By plugging this last inequality (uniform in «) into (5.35), we then obtain
9 — . — . .
v;(Z) > supE[/ e PFXTdt + e PPu(Xg T - Y gLn*l,,,"] + bco,
acA 0 <0

which is in contradiction with the dynamic programming principle (5.29). O

We complete the characterization of the value functions with the following comparison
principle for the system of variational inequalities (5.30).

Theorem 5.3.3 Let U; (resp. V;), i € L, a family of u.s.c. viscosity subsolutions (resp.
l.s.c. wiscosity supersolutions) to (5.30), and satisfying a linear growth condition. Then,
U; <V; on R for alli € 1,.

Proof. Step 1. We first construct strict supersolutions to the system (5.30) with suitable
perturbations of V;, i € I,,,. For i € I,,,, we set o; = m;ngjq;, and ¥;(z) = C(1+|2|?) + s,
J#i

x € R?, where C is a positive constant to be determined later. From the linear growth
conditions on b;, o; and f;, there exist some positive constants p and C s.t. for all x €
R%, i € Ly,

Bi(x) = Lai(w) — fix) = OB = p)(1 + |2f*) + i — C1 (1 + |z[*).
Thus, by choosing C' > 0 s.t. C(8 — p) + Smina; — Cy > 1, we see that
Bi(z) — Lps(x) — fi(x) > 1, Vz eRY, i€y, (5.36)
We now define for all A € (0, 1), the u.s.c. functions on R? by

VA=QQ-NVi+ My, i€l,.
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We then see that for all A € (0,1), i € I,,,
VA - %ng?((‘/f = 9i3) = (1= NVt Aa; — max|(1 = X)(V; = gig) + Aaj = Agig]
> (1= N)[V; = max(Vj — gij)] + Ma; + min(gij — a;))
J#i JFi

> Amin (o + m;n(gij — ) = A (5.37)
JF

i€l
We now check that v > 0, i.e. v; := a; +m;r_l(gij —a;) > 0, Vi € L,. Indeed, fix i € L,
JFi
and let k € I,,, such that m;n(gij — ;) = gik — o4 and set ¢ such that a; = m;ngji =
J7 VE

gii- We then have
Vi = Gii + Gik — I};iggjk > gik — I};gggjk > 0,

by (5.24) and thus v > 0. From (5.37) and (5.36), we then deduce that for all ¢ € L,,, A
€ (0,1), VA is a supersolution to

min D=LV — i, V0 —max(V:5 —gi5) p =2 A0,  on , 5.
. B‘/l/\ L ‘/1)\ f ‘/Z)\ a2 ‘/J/\ ’ %) ]Rd 38
J#

where d = v A1 > 0.

Step 2. In order to prove the comparison principle, it suffices to show that for all A €

(0,1)

sup(U; — V') <0
papxsup(ly = V) < 0.

since the required result is obtained by letting A to 0. We argue by contradiction and
suppose that there exists some A € (0,1) and ¢ € I, s.t.

M = maxsup(U; — V") = sup(Us = V) > 0. (5.39)
J€L,

From the linear growth condition on U;, V;, and the quadratic growth condition on ),
we observe that U;(z) — V() goes to —oco when x goes to infinity. Hence, the u.s.c.
function U; — V;* attains its maximum M. Let us consider the family of u.s.c. functions

1
@s(l',y) = Ul(x)_‘/z/\(y)_¢€(xay)7 ¢5($7y) = %|$—y‘27 5>0a

and the bounded family (z., y.) that attains the maximum of @.. By standard arguments,
we have

M, = max®. = ¢E(x€ay€) — M, and d’a(xaya) — 0, (5'40)

as € goes to zero. From Ishii’s lemma, we get the existence of M., N, € Sy s.t.

(¥ 0 € P, (BN € PR,
and

tr(a'a"(xg)]ws - Uo'l(ya)Ne) < §|U(:L'6) - U(y€)‘2'
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By writing the viscosity subsolution property (5.30) of U; and the viscosity strict super-
solution property (5.38) of V;*, we have the following inequalities:

min [BUz(a;e) - é(ajs - ys)~bi(xs) - %tr(gio—z{(rs)]\/ls) (xs 5

)
Ui(ze) — I?QX(U — gij) (e ] (5.41)

min [JVA(92) = 202 = 52)blye) = Fur(oiot () N) — filye)

VM ye) — rn;iX(V *g”)(yg)] >N (5.42)

If U;(z.) —max;j;(U; — gi5)(ze) < 01in (5.41), then, since VAMye) — mdxﬁgl(V — i) (Ye)
> A\ by (5.42), we obtain

UZ(IE) - ‘/iA(yE) <=6+ Hl;%X(U gz])( ) de(V - 91])(y6)

JFi
<A+ miX(Uj(xs) - Vj)\(ye))-
VED)
By sending € to zero, and from (5.40), we get the contradiction M < —Ad+ M. Otherwise,
if Ui(z.) — max;£;(U; — gi5)(xe) > 0 in (5.41), then the first term of the Lh.s. of (5.41)
is nonpositive, and by substracting with the nonnegative first term of the Lh.s. of (5.42),
we conclude as in the proof of Theorem 5.2.1. |

Remark 5.3.3 As in the case of the optimal stopping problem, the continuity and the
unique characterization of the value functions v; to the system of variational inequalities
(5.30) also hold true when we remove the Lipschitz condition on f;, by assuming only that
they are continuous and satisfy a linear growth condition. Indeed, the viscosity property is
proved similarly by means of discontinuous viscosity solutions, and the strong comparison
principle in Theorem 5.3.3 (which only requires continuity and linear growth condition
on f;) implies, in addition to the uniqueness, the continuity of the value fuctions.

5.3.3 Switching regions

For any regime ¢ € 1,,,, we introduce the closed set

Si= {meRd: i(2) = max(v; — gij)(a )} (5.43)

S; is called the switching region since it corresponds to the region where it is optimal for
the controller to change the regime. The complement set C; of S; in R? is the so-called
continuation region:

¢ = {o e Rt 0o > max(e; — )0 |

where it is optimal to stay in regime 4. Similarly as in Lemma 5.2.2 for optimal stopping
problem, we show that the value function v; is a viscosity solution to
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ﬂUi - Civi — fz =0 on Cl

Moreover, if the function ¢; is uniformly elliptic, then v; is C? on C;.
Let us introduce the functions

Vi(x) = E UO e Pf(XPYdt|, xeRY, iel,, (5.44)

where X® is the solution to the diffusion in regime i starting from  at time 0, i.e. the
solution to

dX; = bi(Xt)dt+O'i(Xt)th, Xo = x.

Vi corresponds to the expected profit J;(x, a) where « is the strategy of never switching.
In particular, we obviously have v; > V;.

Lemma 5.3.8 Leti € I,,. If S; = 0, then v; = Vi, and so

sup max(V; — Vi — g;;) <O0. (5.45)
zERd JFi

Proof. If S; = (), i.e. C; = R%, then v; is a viscosity solution to
/61)1' - ,Ci’L)i - fz =0 on Rd.

Since V; is a viscosity solution to the same equation, and satisfies as well as v; a linear
growth condition, we deduce by uniqueness that v; = V;. Moreover, recalling that v; >
vj — g5, and v; >V}, for all j # 4, we obtain (5.45). a

Remark 5.3.4 We shall use this lemma by contradiction: if relation (5.45) is violated,
i.e. there exist xo € R%, j # i, s.t. (V; = Vi — g45)(z0) > 0, then S; is nonempty.

From the definition (5.43) of the switching regions, we have the elementary decom-
position property
S = UjiSij, 1 € Ly, (5.46)
where
Sij = {z € R 1 vi(2) = (vj — gi5)(2)}

is the switching region from regime i to regime j. Moreover, from the triangular condition
(5.24), when one switches from regime ¢ to regime j, one does not switch immediately to
another regime, i.e. one stays for a while in the continuation region of regime j. In other
words,

Sl“CCj j#i€ly.

The following useful lemma gives some partial information about the structure of the
switching regions.
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Lemma 5.3.9 Leti # j in L, and assume that o; is uniformly elliptic. Then, we have
Sij C Qi ==A{z €C;: (L; — Li)vj(x) + (f; — fi)(®) — Bgi; = 0}.

Proof. Let z € §;;. By setting ¢; = v; — gy5, it follows that  is a minimum of v; — ¢;
with v;(x) = @;(z). Moreover, since « lies in the open set C; where v; is smooth under
the condition that o; is uniformly elliptic , we have that ¢; is C? in a neighborhood of
x. By the supersolution viscosity property of v; to the PDE (5.30), this yields

Bej(x) — Lipj(x) — fi(z) > 0. (5.47)
Now recall that for « € C;, we have
Boj(x) = Ljvj(x) — fi(z) = 0,
so by substituting into (5.47), we obtain
(Lj = Li)vj(x) + (f; = fi)(x) = Bgij = 0,

which is the required result. ]

5.3.4 The one-dimensional case

In this section, we consider the case where the state process X is real-valued. Similarly
as for optimal stopping problem, we prove the smooth-fit property, i.e. the continuous
differentiability of the value functions.

Proposition 5.3.2 Assume that X is one-dimensional and o; is uniformly elliptic, for
all i € 1,,,. Then, the value functions v;, i € L,,, are continuously differentiable on R.
Moreover, at x € S;j, we have vi(z) = v}(x), i # j € L.

Proof. We already know that v; is smooth C? on the open set C; for all i € I,,,. We have
to prove the C! property of v; at any point of the closed set S;. We denote for all j €
L, j # i, hj = v; — g;; and we notice that h; is smooth C! (actually even C?) on C;.

1. We first check that v; admits a left and right derivative v _(20) and v] | (o) at any
point xg in §; = U;4;S;;. We distinguish the two following cases:
e (a) zo lies in the interior Int(S;) of S;. Then, we have two subcases:

* zg € Int(S;;) for some j # 4, i.e. there exists some 6 > 0 s.t. [zg— 0, z9+6] C S;;. By
definition of S;;, we then have v; = h; on [zg — 6,z +d] C C;, and so v; is differentiable
at 2o with vi(zo) = N (zo).

* There exists j # k # ¢ in I, and § > 0 s.t. [zg — J, z9] C S;; and [xg, To + 0] C Si.
We then have v; = hj on [zg — J,x0] C C; and v; = hy on [zg,zo + 6] C Ck. Thus, v;
admits a left and right derivative at x¢ with v] _(zo) = h}(z0) and v} , (w0) = hy(w0).
e (b) xp lies in the boundary 9S; = S; \ Int(S;) of S;. We assume that x( lies in the
left-boundary of S;, i.e. there exists 6 > 0 s.t. [xg — d,209) C C; (the other case where xg
lies in the right-boundary is dealt with similarly). Recalling that on C;, v; is solution to
Bv; — Liv; — fi = 0, we deduce that on [zg — d, z¢), v; is equal to w;, the unique smooth
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C? solution to the ODE fBw; — L;w; — fi = 0 with the boundary conditions w;(xg — §)
= vi(wo — 9), wi(zo) = vi(xo). Therefore, v; admits a left derivative at zo with v] _ (o)
= w}(zp). In order to prove that v; admits a right derivative, we distinguish the two
subcases:

* There exists j # 4 in I, and 0’ > 0 s.t. (g, zo + 0'] C S;;. Then, on [z, zo + ¢'],
v; is equal to f;. Hence v; admits a right derivative at xo with v} | (v0) = R} (z).

* Otherwise, for all j # i, we can find a sequence (7)) s.t. 2J, > o, 2J, ¢ S;; and 2,
— zp. By a diagonalization procedure, we then construct a sequence (x,) s.t. ™ > z,
xy ¢ S for all j # i, ie. x, € C;, and x,, — . Since C; is open, there exists then ¢”
> 0 s.t. [z, o + 0”] C C;. We deduce that on [xg,xo + §”], v; is equal to w; the unique
smooth C? solution to the o.d.e. Bw; — L;; — f; = 0 with the boundary conditions
wi(zo) = vi(wo), Wi(zo +6") = vi(wo+8"). In particular, v; admits a right derivative at
xo with v} 4 (v0) = Wj(w0)-
2. Consider now some point in §; eventually on its boundary. We recall from (5.46) that
there exists some j # i s.t. zg € Sijt vi(z0) = hj(xo), and h; is smooth Clon g in C;.
Since v; > hj, we deduce that

vi(z) — vi(xo) < hj(x) — hj(zo)

< , Yr<uxg
X — X xr — X
vi(@) —vi(@o)  hy(2) = hjlzo) -
T — xg = T — xg ’ o

and so:
v; _(w0) < hfj(wo) < vj (o).

We argue by contradiction and suppose that v; is not differentiable at xg. Then, in view
of the above inequality, one can find some p € (v} _(2o),v; 4 (0)). Consider, for ¢ > 0,
the smooth C? function

Pe(@) = (o) + pla = w0) + 5 (0 — w0 ).

Then, we see that v; dominates locally in a neighborhood of z( the function ., i.e zq is
a local minimum of v; — ¢.. From the supersolution viscosity property of v; to the PDE
(5.30), this yields

Bpe(z0) — Lige(z0) — fi(20) > 0,

which is written as

Bvi(zo) — bi(zo)p — fi(zo) — %Of(ﬂﬁo) > 0.

Sending & to zero provides the required contradiction since o(zp) > 0. We have then
proved that for o € Sij, vi(wo) = I (o) = v}(zo). O

We now focus on the case where X is valued in (0,00), and we assume that the
real-valued coefficients b; and oy, i € I,,, of X can be extended to Lipschitz continuous
functions on R4, and = 0 is an absorbing state in the sense that for all ¢t > 0, a € A,
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Xt0 " = 0. The functions fi are continuous on R, and satisfy a linear growth condition.
The state domain on which v; satisfy the PDE variational inequalities is then (0, 00), and
we shall need to specify a boundary condition for v;(x) when x approaches 0 in order to
get a uniqueness result.

Lemma 5.3.10 For alli € 1,,,, we have
0 — £0) )
v;(07) ?E%f( 3 9ij |-
Proof. By considering the particular strategy o = (7, t5,) of immediately switching from
the initial state (x, ) to state (z,j), j € Iq, at cost g;; and then doing nothing, i.e. 7 =
0,t1 =J, Th =00, L, = j for all n > 2, we have

o0
vi(z) > Ji(z,0) = E[/ e (Xt — gij| = Vilx) — gij,
0

where X®J denotes the controlled process in regime j starting from x at time 0. Since
X,” goes to X,?’j = 0 as x goes to zero, for all ¢ > 0, we deduce by continuity of f;, and
dominated convergence theorem that V;(0t) = f;(0)/8. From the arbitrariness of j €
L, this implies lim inf, o v;(x) > max;(f;(0)/6 — gi;)-

Conversely, let us define f; = f; — fi(0), i € I,,, and observe that for any > 0, a €
A, we have

Ji(z,a) = E[Z /T e P P(XT 1) dt — i e_m"glynil’m]
n=1

= E[Z/ XD ) + f, (0)) dt —ieﬁmg%_m]

n=1"YTn-1

:E[ni;

/Tn ePR(XEY Ly )dt + —f“éo)

n—1

> Lp—1 0 " Jin 0
B T A UL Rul)

n=1 6
O g | e ma- S ) 5.5)
where
Gij = Gij + M7 (5.49)

also satisfy the triangular condition gi < gij +gjk, J # i, k. As in (5.27) in Lemma 5.3.7,
we have for any a € A,

o0
—BTh = ~
=Y ey, L, < max(=gy)-
o J€ln

Define f;(y) = sup,olfi(z) — 2y], i € L, and f*(y) = max; f/(y), y > 0, and notice
from the linear growth conditions on f; that f7(y) is finite for y > C large enough, with
fi (o) = £:(0) = 0, and so f*(cc0) = 0. From (5.48), we have for all y > C, a € A,
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fi(0)

B
Now, from the Lipschitz condition on b;, o; on R, and by standard arguments based
on Itd’s formula and Gronwall’s lemma, we have for i € I,,,, « € A, z > 0

Ji('ra (1) <

+E[/O e_ﬂt(yXf’i +]z*(y))dt} -‘rjné?:(_gij). (5.50)

E[X{"] = E[X7 - X < e — 0] = ez,
where p is a positive constant depending on the Lipschitz coefficients of b;, 0;, i € L.

We deduce from (5.50) that for 8 > p,

MO ey P
vi(z) < 5 +ﬁfp+ 3 +§p€-i>"<(fg”)7 vz >0,y > C.

By sending x to zero, and then y to infinity, we conclude that

. fi(0) _ £(0)
! SI%) vi(#) < &} + je?j,(( 9is) Tl ( B ng)’
which ends the proof. o

Remark 5.3.5 From the relations (5.48), we may assume without loss of generality that
f:(0) = 0, for all ¢ € I, by modifying switching costs as in (5.49), to take into account
the possibly different initial values of the profit functions.

5.3.5 Explicit solution in the two-regime case

In this section, we consider the case where the number of regimes is m = 2 for a one-
dimensional state process in (0, 00) as in the previous section. Without loss of generality
(see Remark 5.3.5), we shall assume that f;(0) =0, ¢ = 1,2. We then know that the value
functions v;, ¢ = 1,2, are the unique continuous viscosity solutions with linear growth
condition on (0, 00), and boundary conditions v;(07) = (—g;;)+ := max(—gi;,0), j # i,
to the system

min {fv, — Liv, — f1,v;, — (v, — g,,)} =0 (5.51)
min {fv, — Lov, — f2,v, — (v, — g,,)} = 0. (5.52)
Moreover, the switching regions are
Si = Sij={2>0:v(x) =v(x) — g5}, ,J=12,0#].
We set

z; = infS; € [0,00], Z; = supS; € [0,00],

1

with the usual convention that inf ) = co.
We shall provide explicit solutions in the two following situations:

o Different diffusion regimes with identical profit functions
e Different profit functions with identical diffusion regimes

We also consider the cases for which both switching costs are positive, and for which one
of the two is negative, the other then being positive according to (5.25). This last case is
interesting in applications where a firm chooses between an open or closed activity, and
may regain a fraction of its opening costs when it decides to close.
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Different diffusion regimes with identical profit functions
We suppose that the running profit functions are identical in the form
filx) = fa(x)=2aP, x>0, forsome 0<p<1.
The diffusion regimes correspond to two different geometric Brownian motions, i.e.
bi(x) = piz, oi(x) = vx, for some constants p;, v; >0, i =1,2.

We assume that 3 > max(0, p1, p2), which ensures that the value functions v; are fi-
nite and satisfy a linear growth condition. In this case, a straightforward calculation
shows that the value functions V; in (5.44) corresponding to the problem without regime
switching are given by

1

Vi(z) = K;2?  with K; =
B = pip+ 577p(1 —p)

>0, i=1,2.

Recall that V; is a particular solution to the second-order ODE
Pw— Lyw— f; =0, (5.53)
whose general solution (without second member f;) is of the form
w(z) = Az™i Bx™i |

for some constants A, B, and where

We show that the structure of the switching regions depends actually only on the
sign of Ko — K1, and of the sign of the switching costs g1 and go1. More precisely, we
have the following explicit result.

Theorem 5.3.4 Leti, j = 1,2, # j.
(1) If K; = Kj, then

vi(x) = Vi(2) + (—gij)+, € (0,00),

S = @ Zf 9ij > 07

It is always optimal to switch from regime i to j if the corresponding switching cost is
nonpositive, and never optimal to switch otherwise.
(2) If K; > K;, then we have the following situations depending on the switching costs:

(a) gi; < 0: We have S; = (0,00), S; = 0, and

vi = Vi —gij, vj = Vi
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(b) Gij > 0:

If gji > 0, then S; = [z}, 00) with 2} € (0,00), S; = 0, and

mt 4D .

i) = Az +Vl(l‘)71’<§1, (5.54)
Uj(z)_gij7 T2L7

vi(2) = Vj(x), @€ (0,00), (5.55)

where the constants A and x} are determined by the continuity and smooth-fit
conditions of v; at x¥, and explicitly given by

EZ )

mi Gij ),,
ar= (95 ) 5.56
- (mf—ij—Ki (5:56)
N

A= (K~ K) 2@y (5.57)
m;

When we are in regime i, it is optimal to switch to regime j whenever the state

process X exceeds the threshold x;, while when we are in regime j, it is optimal

to never switch.

If gji <0, then S; = [z}, 00) with z} € (0,00), S; = (0,%}], and

vi(z) = {Axm;r +Vie) @ <, (5.58)
U](CE)—gZ]7 $2£f7

vi(z) = { vil@) = gjin  w<E, (5.59)
Bz™i +Vj(x), x > T,

where the constants A, B and T < z; are determined by the continuity and

smooth-fit conditions of v; and vj at x7 and T3, and explicitly given by

- m;

f* _ _mj (gji +gzjy N ) :|%

.= _ +_ ”

TOMEK - KG)(p—my ) (L —y™P)
" = _—7
£, y

p—m; —m;
B = (K’b - I(J)(n7’1+ 7]’)@1 + mjgljgi
m;r - m; ’

- _mt
A=Ba" " — (K- K" — g™

e )

with y solution in

to the equation

mi(p—m)(1=y™ ) (9,9™ +9,.)
+my (mf —p)(1—y™ ) (g,y™ +g,) =0.
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When we are in regime i, it is optimal to switch to regime j whenever the state
process X exceeds the threshold x}, while when we are in regime j, it is optimal
to switch to regime i for values of the state process X under the threshold T3 .

Economic interpretation

In the particular case where y; = 72, the condition K — K; > 0 means that regime 2
provides a higher expected return ps than p; of regime 1 for the same volatility coefficient
vi. Moreover, if the switching cost g¢,, from regime 2 to regime 1 is nonnegative, it
is intuitively clear that it is in our best interest to always stay in regime 2, which is
formalized by the property that S, = (). However, if one receives some gain compensation
to switch from regime 2 to regime 1, i.e., the corresponding cost g,, is negative, then
it is in our best interest to change regime for small values of the current state. This is
formalized by the property that S = (0,Z3]. On the other hand, in regime 1, our best
interest is to switch to regime 2, for all current values of the state if the corresponding
switching cost g,, is nonpositive, or from a certain threshold z} if the switching cost g,,
is positive. A similar interpretation holds when p; = po, and Ko — K7 > 0, i.e., 72 <
~1. Theorem 5.3.4 extends these results for general coefficients p; and +;, and shows that
the critical parameter value determining the form of the optimal strategy is given by the
sign of Ky — K3 and the switching costs. The different optimal strategy structures are
depicted in Figure I.

Proof of Theorem 5.3.4.

(1) If K; = K, then vV, = VJ We consider the smooth functions w; = V; + (—gij)4 for
i,7 = 1,2 and j # i. Since V; are solution to (5.53), we see that w; satisfy

Bwi — Lw; — fi = B(—gij)+ (5.60)
wi — (w; = 9i3) = gij + (=i)+ — (=g5i)+- (5.61)
Notice that the Lh.s. of (5.60) and (5.61) are both nonnegative by (5.25). Moreover, if

gi; > 0, then the Lh.s. of (5.60) is zero, and if g;; < 0, then g;; > 0 and the Lh.s. of
(5.61) is zero. Therefore, w;, i = 1,2 is solution to the system

min {fw; — Liw; — fi,w; — (w; — gi;)} = 0.

Since V;(01) = 0, we have w;(0%) = (—gij)+ = v:(0") by Lemma 5.3.10. Moreover, w;
satisfy like V; a linear growth condition. Therefore, by uniqueness to the system (5.51)-
(5.52), we deduce that v; = w;. As observed above, if g;; < 0, then the Lh.s. of (5.61) is
zero, and so S; = (0,00). Finally, if g;; > 0, then the Lh.s. of (5.61) is positive, and so
S; = 0.

(2) We now suppose w.l.o.g. that K» > Kj.

(a) Consider first the case where g,, < 0, and so g,, > 0. We set w; = Va— g,, and wy
= V5. Then, by construction, we have w; = wy — g,, on (0,00), and by definition of V;
and Vg

K> — Ky P

pw (z) — Lywi(z) — fr(z) = K - B9, >0, Vz>0.

On the other hand, we also have Sws — Lowy — fo = 0 on (0,00), and we > w1 — ¢,,
since g,, + g,, > 0. Hence, w; and wy are smooth (hence viscosity) solutions to the
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switch v, =V, -g,
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Fig. I
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system (5.51)-(5.52), with linear growth conditions and boundary conditions w;(0T)
= Vi(0%) — g, = (—g0,)+ = v1(0%), wa(0F) = V5(07) = 0 = (—g,,)4 = v2(0%). By
uniqueness, we deduce that v; = wy, va = we, and thus S = (0,00), Sz = 0.

(b) Consider now the case where g,, > 0. From (5.25), we have v1(07) =0 > (—g21)4+ —g12
= v3(0") — g12. Therefore, by continuity of the value functions on (0, 00), we get a3 >
0. We claim that z¥ < co. Otherwise, S; = (), and by Lemma 5.3.8, v, should be equal
to V,. Since v, > v, — g,, >V, — g,,, this would imply (V, — V,)(z) = (K» — K;)aP <
gy, for all z > 0, an obvious contradiction. By definition of ¥, we have (0,z7) C C;. We
shall actually prove the equality (0,z}) = Cy, i.e. §1 = [z}, 00). On the other hand, the
form of S; will depend on the sign of g,,.

o Case: g,, > 0.

We shall prove that Cy = (0,00), i.e. So = (). To this end, let us consider the function

() = Azmi + Vi(z),0<x<m
' V2('T)_g127 ‘TZ'TU

where the positive constants A and z, satisfy

A 4V, () = V() — g1, 5.62)
Amiar 4V (2,) = V(@) (5.63)
and are explicitly determined by
(Ko~ Kt = -, (5:6)
A= (Ko — Kl)%xr;—mf. (5.65)

1

Notice that by construction, w, is C% on (0,z,) U (z,,0), and C! on z,.
* Let us now show that w, is a viscosity solution to

min {ﬁwl - Liw, — f1,w, — (V, — g12)} =0, on (0,00). (5.66)
We first check that
w, () >V, (2)—g, VO<z<z, (5.67)
ie.
G(z) = Az'"TJer(x)sz(z)JrguZQ Vo<z<uz,.

Since A > 0,0<p<1<mf, Ky — K; > 0, a direct derivation shows that the second
derivative of G is positive, i.e. G is strictly convex. By (5.63), we have G'(x,) = 0 and
so G’ is negative, i.e. G is strictly decreasing on (0, z,). Now, by (5.62), we have G(z,)
= 0 and thus G is positive on (0, z,), which proves (5.67).

By definition of w, on (0, z,), we have in the classical sense

Pw, — Lyw, — f1 =0, on (0,z,). (5.68)
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‘We now check that

ﬁw1 - Llwl - fl >0, on (iEl,OO), (569)
holds true in the classical sense, and so a fortiori in the viscosity sense. By definition of
w, on (z,,00), and Ky, we have for all z > z,

K- K,

ﬁwl ('1:) - ‘Clwl (I) - fl(x) = K,

759127 VLE>.131,

so that (5.69) is satisfied iff mK;llef — Bg,, > 0 or equivalently by (5.64):

+
m] B
> 8K, = (5.70)
mi —p B —pip+ 37ip(1 —p)

Now, since p < 1 < m], and by definition of mj, we have
1 1
Lt o= 1) < gobmt it —1) = B pumt,

which proves (5.70) and thus (5.69).

From relations (5.67), (5.68) and (5.69), we see that the viscosity solution property
of wy to (5.66) is satisfied at any point z € (0,21) U (21,00). It remains to check the
viscosity property of wy to (5.66) at x1, and this will follow from the smooth-fit condition
of wy at z1. Indeed, since wy (1) = Vg(m) — g12, the viscosity subsolution property is
trivial. For the viscosity supersolution property, take some smooth C? function ¢ s.t. x;
is a local minimum of w; — ¢. Since w, is C2 on (0,z,) U (z,,00), and C* on z,, we have
wi(z1) = ¢'(x1) and ¢”(z1) < w{(z7]). By sending = " z; into (5.68), we obtain

Buwi(@1) = Lo(z1) = fr(ar) = 0,

which is the required supersolution inequality. The the required assertion (5.66) is then
proved.
* On the other hand, we check that

V,(z) > w,(z) — g,,, Yo >0, (5.71)
which amounts to showing
H(z) = Azm1++‘71(z)—172($)—g21<0, Vo<z<uz,.

Since A > 0,0 < p<1<m], Ky — K; > 0, a direct derivation shows that the second
derivative of H is positive, i.e. H is strictly convex. By (5.63), we have H'(x,) = 0 and
so H' is negative, i.e. H is strictly decreasing on (0, z,). Now, we have H(0) = —g,, <0
and thus H is negative on (0,z, ), which proves (5.71). Recalling that V, is a solution to
BV, — L3V, — f, = 0 on (0, 00), we deduce obviously from (5.71) that V, is a classical,
hence a viscosity solution to

min {ﬁf/z - £2‘72 = f2 ‘72 - (wl - gzl)} =0, on (07 OO) (572)
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* Since w, (01) = 0 = (—g,,)+, Vo(07) = 0 = (—g,,)+, and w,, V, satisfy a linear
growth condition, we deduce from (5.66), (5.72), and uniqueness to the PDE system
(5.51)-(5.52), that

This proves z* = z,, S, = [z,,00) and S, = 0.
o Case: g,, < 0.
We shall prove that Sy = (0, z3]. To this end, let us consider the functions

wz(l) — G2y T > £,

mi 4 7
wlmz{Aw V@), 0 <,

wl(m)_g217 xéi‘z

wa(e) = {BxT”? +V,(2), z > z,,

where the positive constants A, B, x, > ,, solutions to

Ar™ 1V, () = w,(z,) — g, = Bz™ +V,(z,) — g, (5.73)
Amfgzﬂ’l +V/(z,) =wl(z,) = Bmyz™ ' +V/(z,) (5.74)
e _ I, T
Al‘z : +‘/1(x2)_g21 :wl(mz)_gn = B‘rg 2 +‘/;(z2) (575)
AmtEm L4 V(@) = ol (z,) = Bmya™ '+ V/(z,), (5.76)
exist and are explicitly determined after some calculations by
_m—( + 'mir) 1
T, = [ 2 9o _glzy - P (577)
(K1 — Ks)(p—my )(1 —y™ 7P)
Ta
K, — K + pP—my 4 + —ma
p - U~ Ka)(my f)zl Mgt (5.79)
my — My
A= Bgl’l;*m1+ — (K1 — Kg)g’fm1+ — glzg;mr, (5.80)
%
with y solution in (0, ( - (g]A) 1 ) to the equation
J12
— mi— My
mif(p—my)(1—y™ 7) (94" +9.)
_ S +
+my (mf = p)(1—y™ 7P)(9,,4™ +9,) =0 (5.81)
Using (5.25), we have y < ( — %)TT < 1. As such, 0 < Z3 < z;. Furthermore, by

using (5.78) and the equation (5§i) satisfied by vy, we may easily check that A and B
are positive constants.

Notice that by construction, w, (resp. w,) is C* on (0,z,) U (z,,00) (resp. (0,7,) U
(Z,,00)) and C* at z (resp. Z,).

* Let us now show that w;, ¢ = 1,2, are viscosity solutions to the system:
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min {fw; — L;w; — fi,w; — (wj —g;5)} =0, on (0,00), 4,5 =1,2, j #1.(5.82)

Since the proof is similar for both w;, ¢ = 1,2, we only prove the result for w;. We first
check that

wy > wa—g,, V0<z<z. (5.83)

From the definition of wy and ws and using the fact that g,,+g¢,, > 0, it is straightforward
to see that

wy > wy— g, VO0<z<T,. (5.84)
Now, we need to prove that
G(z) = Az™ +V,(2) — Ba™ —V,(z)+g¢,, >0, VT, <z<z,. (58)

We have G(Z,) = g,, +¢,, > 0 and G(z,) = 0. Suppose that there exists some x, €
(#,,2,) such that G(x,) = 0. We then deduce that there exists z, € (Z,,,) such that
G'(x,) = 0. As such, the equation G’(z) = 0 admits at least three solutions in [Z,,z ]:
{@,xwgl } However, a straightforward study of the function G shows that G’ can take
the value zero at most at two points in (0,00). This leads to a contradiction, proving
therefore (5.85).

By definition of w;, we have in the classical sense

pw; — Lywy — f=0, on(0,z,). (5.86)
We now check that
Bwy — Lywy — f>0, on(z,,00) (5.87)

holds true in the classical sense, and so a fortiori in the viscosity sense. By definition of
w, on (x,,00), and Ky, we have for all z > z ,

Ky — K -
———=a? + my LBz — fg,,, (5.89)

H(z) = fu(w) = Lrwn(z) = f(2) = — 7=

where L = §(75 —7)(my —1) + p2 — p1.

We distinguish two cases:

- First, if L > 0, the function H would be non-decreasing on (0, 00) with hm H(z) =
—0t

—oo and lim H(z) = oco. As such, it suffices to show that H(z;) > 0. From (5 73)-(5.74),
Tr—00
we have
1~ My
Ky

— (m{ —p)m; L| — Bg12 +mim3 gioL.

H(z,) = (K2 — K1)
Using relations (5.70), (5.73), (5.74), (5.78) and the definition of m] and m; , we then
obtain

mi (mi —my)

N T R I )

-B=0.
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- Second, if L < 0, it suffices to show that

Ky — K,

i 2P — Bg12 >0, Va>z,

which is rather straightforward from (5.70) and (5.78).

Relations (5.83), (5.86), and (5.87) show the viscosity property of w; to (5.82) for i = 1,

at any point x € (0,2z;) U (z;,00). By the smooth-fit property of w; at z;, we also get

the viscosity property of wy at this point, and so the required assertion (5.82) is proved.
* Since w, (07) =0 = (—g,, )+, w,(07) = —g,, = (—g,, )+, and w,, V, satisfy a linear

growth condition, we deduce from (5.82) and uniqueness to the PDE system (5.51)-(5.52),

that

v, = w, v, = w,, on (0,00).

This proves 2¥ =z, S, = [r,,00) and 5§ = Zo, S, = (0, Z2]. O

Different profit functions with identical diffusion regimes

We suppose that the diffusion regimes are identical corresponding to a geometric Brow-
nian motion

bi(x) = px, oi(xr) = ~va, for some constants p, ¥ >0, i =1,2,

and we denote by £ = £1 = L5 the associated generator. We also set m* = m} = mJ,

m~ =m; = m,, and X@ = X=1 = X*2 Notice that in this case, the set Qy;, 1, j =
1,2, 7 # j, introduced in Lemma 5.3.9, satisfies

Qij ={z €C;: (f; = fi)(x) — Bgi; = 0}
C Q” = {.CL‘ >0: (f7 — ﬂ)(l’) — ﬂgij > 0} . (589)

Once we are given the profit functions f;, f;, the set Qij can be explicitly computed.
Moreover, we prove in the next key lemma that the structure of Q;;, when it is connected,
determines the same structure for the switching region S;.

Lemma 5.3.11 Leti,j = 1,2, i # j and assume that

sup(V; — Vi) (@) > gij. (5.90)

x>0

(1) If there exists 0 < z;; < 00 such that

Qij = [zi;,00), (5.91)
then 0 < zj < oo and

S; = [z], ).
(2) If gi;; < 0 and there exists 0 < Z;; < 0o such that

Qij = (0,24, (5.92)
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then 0 <z < 0o and
Si = (0,7
(3) If there exist 0 < z;; < T < 0o such that
Qij = [z, Tig), (5.93)
then 0 < z7 < Z; < oo and

Si =z

7, 77].

(4) If gij < 0 and Qi; = (0,00), then S; = (0,00) and S; = 0.

Proof. First, we observe from Lemma 5.3.8 that under (5.90), the set S; is nonempty.
(1) Consider the case of condition (5.91). Since S; # 0 C Q;; by Lemma 5.3.9, this implies
zf =infS; € [gij, 00). By definition of z7, we already know that (0,z}) C C;. We prove
actually the equality, i.e. S; = [z}, 00) or v;(x) = v;(x) — g;; for all z > z7. Consider the
function w;(z) = vj(z) — gi; on [z}, 00), and let us check that w; is a viscosity solution
to

min {fw; — Lw; — fi , wi — (v; —gi;)} =0 on (z],00). (5.94)

For this, take some point £ > z; and some smooth test function ¢ s.t. Z is a local
minimum of w; — ¢. Then, Z is a local minimum of v; — (¢ + ¢;;), and by the viscosity
solution property of v; to its Bellman PDE, we have

Bu; (&) — Lo(&) — £;(7) > 0.

Now, since zj > z,;, we have T > z,; and so by (5.91), 7 € QZ] Hence,

ij?
(fj = fi)(@) — Bgi; = 0.
By adding the two previous inequalities, we obtain
pwi(z) — Lo(T) — fi(Z) = 0,
which proves the supersolution property of w; to
Pw; — Lw; — f; >0, on (xf,0),

and therefore the viscosity solution property of w; to (5.94). Since w;(z}) = vi(z}) (=
vj(z}) — gi5), and w; satisfies a linear growth condition, we deduce from uniqueness to
the PDE (5.94) that w; is equal to v;. In particular, we have v;(z) = v;(z) — g;; for « >
z¥, which shows that S; = [z, 00).

(2) The case of condition (5.92) is dealt with the same arguments as above: we first
observe that 0 < Z =sup S; < Z;;. Then, we show that the function w;(x) = v;(x) — gi;
is a viscosity solution to

min {fw; — Lw; — fi, w; — (v; —gs5)} =0 on (0,Z).
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Then, under the condition that g;; < 0, we see that gj; > 0 by (5.25), and so v;(07)
= —gij = (=g5i)+ — 9ij = v;(07) — gij = w;(0F). We also have vy(z}) = w;(z}). By
uniqueness, we conclude that v; = w; on (0,z}], and so S; = (0, z}].

(3) By Lemma 5.3.9 and (5.89), the condition (5.93) implies 0 < z;; < zf < &} < 7y,
< 0o. We claim that 2] < Z}. Otherwise, S, = {Z}} and v; would satlsfy Bv; — Lv; — f;
=0 on (0,z]) U (&F,00). By continuity and the smooth-fit condition of v; at z}, this
implies that v; satisfies actually

Bui — Lv; — fi =0, x € (0,00),

and so by uniqueness, v; is equal to V. Recalling that v; < v; — g5 < VJ — Gij, this is in
contradiction with (5.90). By the same arguments as in Cases 1 or 2, we prove that S;
= [z}, z7]. Tt suffices to consider the function w;(z) = v;(x) — gi;, and to check that it is
a viscosity solution to

min {fw; — Lw; — fi , wi — (v; —gi;)} =0 on (z],T]).

Since w;(z}) = vi(xf), wi(x}) = v;i(Z}), we conclude by uniqueness that v; = w; on
[zF,Zf], and so S; = [z}, Z]].

(4) Suppose that g;; < 0 and Q;; = (0,00). We shall prove that S; = (0,00) and S; = 0.
To this end, we consider the smooth functions w; = V —gij and w; = V Then, recalling
the ODE satisfied by V], and inequality (5.25), we get

Bw; — Lwj — f; = 0, wj — (wi —gj55) = gij +955 > 0.
Therefore w; is a smooth (and so a viscosity) solution to
min [fw; — Lw; — fj,wj — (w; — g;i)] =0 on (0,00).
On the other hand, by definition of Q,;j, which is supposed equal to (0, 00), we have

Bwi(x) — Lwi(z) — fi(z) = BV;(x) — LVj(2) — fi(2) + f;(x) — fi(z) — By
= fj(z) = fi(z) — Bgs; > 0, Va>0.

Moreover, by construction we have w; = w; — g;;. Therefore w; is a smooth (and so a
viscosity) solution to

min [Bwi — Lw; — fi,w; — (w; — gz-j)] =0 on (0,00).
Notice also that g;; > 0 by (5.25) and since g;; < 0. Hence, w;(0%) = —g;; = (—gi5)+

v;(0%), w;(07) = 0 = (—gj;)+ = v;(07). By uniqueness, we conclude that v; = w;, v; =
wj, which proves that S; = (0,0), S; = 0. O

We shall now provide explicit solutions to the switching problem under general as-
sumptions on the running profit functions, which include several interesting cases for
applications:
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(HF) There exists & € Ry s.t the function F := f, — f,
is decreasing on (0, Z), increasing on [, 00),

and F(o0) := lim F(z) >0, g, > 0.

Under (HF), there exists some Z € Ry (Z > 2 if & > 0 and Z = 0 if & = 0) from which
F is positive: F(xz) > 0 for z > Z. Economically speaking, condition (HF) means that
the profit in regime 2 is “better” than profit in regime 1 from a certain level Z, and the
improvement then becomes better and better. Moreover, since profit in regime 2 is better
than the one in regime 1, it is natural to assume that the corresponding switching cost
g,, from regime 1 to 2 should be positive. However, we shall consider both cases where
g,, is positive and nonpositive. Notice that F(£) < 0if £ > 0, F(2) = 0if & = 0, and
we do not assume necessarily F(oco) = oc.

Example 5.3.1 A typical example of different running profit functions satisfying (HF')
is given by

fl(Z) = kilfp”, = 1727 with 0 < p1 < p2 < 1, ki € R+, ko > 0. (595)

1
In this case, & = (%ﬁ;) 72771 and limg o0 F(7) = o0.

Another example of profit functions of interest in applications is the case where
the profit function in regime 1 is f; = 0, and the other f; is increasing. In this case,
assumption (HF') is satisfied with & = 0.

The next proposition states the form of the switching regions in regimes 1 and 2,
depending on the parameter values.

Proposition 5.3.3 Assume that (HF) holds.
(1) Structure in regime 1:

o (i) If Bg,, > F(0c0), then z¥ = oo, i.e.
S =10.

o (i) If Bg,, < F(o0), then zF € (0,00) and

S, = [z}, 00).
(2) Structure in regime 2:
e Positive switching cost:
S, =0

(i) If 0 < Bg,, < —F(Z), then 0 < z} < I} < ¥, and

S, = [at, 7).
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e Nonpositive switching cost:
(iii) If g,, < 0 and —F(c0) < fBg,, < —F(&), then 0 = xF < &} <z}, and

() If Bg,, < —F(0), then
Sy = (0, 00).
Proof. (1) From Lemma 5.3.9, we have
Q,, ={z>0:F(z) > jg,}. (5.96)

Since g,, > 0, and f;(0) = 0, we have F(0) = 0 < 8g,,. Under (HF'), we then distinguish
the following two cases:
(i) If Bg,, > F(oc), then Q,, = 0, and so by Lemma 5.3.9 and (5.89), S; = 0.

(it) If Bg,, < F(c0), then there exists &,, € (0,00) such that

Q. = [z,,,00). (5.97)

Moreover, since

(- V)@ = B[ [

e’ﬁtF(Xf)dt]7 Ve >0,
JO

we obtain by the dominated convergence theorem

oo,

Hence, conditions (5.90)-(5.91) with ¢ = 1, j = 2, are satisfied, and we obtain the first
assertion by Lemma 5.3.11 1).

xlingo(f/g - )(z) = E[/OOc eiBtF(oo)dt} =

(2) From Lemma 5.3.9, we have

Qo ={z>0:~F(z) > fg,.}. (5.98)
Under (HF), we distinguish the following cases:
* (i1) If Bg,, > —F(&), then Q,, = 0, and so S, = 0.
* (i2) If Bg,, = —F (&), then either & = 0 and s0 S, = Q,, = 0, or & > 0, and s0 Q,, =
{2}, S, C {&}. In this last case, v, satisfies Bv, — Lv, — f, = 0 on (0, %) U (&, 00). By
continuity and smooth-fit condition of v, at &, this implies that v, satisfies actually

ﬁvzi‘cvzifQ:Ov IG(0,00),

and so by uniqueness, vy = Vs. Since vg > v1—ga1 > 17 —go1, this would imply (Vg—Vl)(ac)
> go1 for all > 0, and so by sending z to infinity, we get a contradiction: F'(co) > fga1
= —F(%).

* If Bg,, < —F(&), we need to distinguish three subcases depending on g,,:
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e If g, > 0, then there exist 0 <z, <% < ,, < oo such that

Q21 = [gglvi'm]' (5'99)

We then conclude with Lemma 5.3.11 2) for i = 2, j = 1.
o Ifg, <0 with 8g,, > —F(c0), then there exists Z,, < 0o s.t.

Q21 = (07 i‘Zl}'

Moreover, we clearly have suppo(f/l —Va)(x) > (Vi — Va)(0) = 0 > g,,. Hence,
conditions (5.90) and (5.92) with ¢ = 2, j = 1 are satisfied, and we deduce from
Lemma 5.3.11 (1) that Sy = (0, Z3] with 0 < 5 < co.

o If Bg, < —F(c0), then Q,, = (0,00), and we deduce from Lemma 5.3.11 3) for i =
2, j =1, that S = (0, 00).

Finally, in the two above subcases when Sy = [z, Z}] or (0,Z}], we notice that } < z*
since Sy C €1 = (0,00) \ S1, which is equal, from 1), either to (0,00) when z} = oo or
to (0,z7). O

Economic interpretation.

The previous proposition shows that, under (HF'), the switching region in regime 1 has
two forms depending on the size of its corresponding positive switching cost: If g,, is
larger than the “maximum net” profit F'(oo) that one can expect by changing regime
(case (1) (i), which may occur only if F'(c0) < 00), then one has no interest in switching
regime, and one always stay in regime 1, i.e. C; = (0, 00). However, if this switching cost
is smaller than F(co) (case (1) (ii), which always holds true when F(co) = oo ), then
there is some positive threshold from which it is optimal to change regime.

The structure of the switching region in regime 2 exhibits several different forms
depending on the sign and size of its corresponding switching cost g,, with respect to
the values —F(00) < 0 and —F (&) > 0. If g,, is nonnegative and larger than —F (&) (case
(2) (i), then one has no interest in switching regime, and one always stays in regime
2, ie. Co = (0,00). If g,, is positive, but not too large (case (2) (ii)), then there exists
some bounded closed interval, which is not a neighborhood of zero, where it is optimal
to change regime. Finally, when the switching cost g,, is negative, it is optimal to switch
to regime 1 at least for small values of the state. Actually, if the negative cost g,, is
larger than —F'(co) (case 2) (iii), which always holds true for negative cost when F'(c0)
= 00), then the switching region is a bounded neighborhood of 0. Moreover, if the cost
is negative and large enough (case (2) (iv), which may occur only if F(c0) < 00), then
it is optimal to change regime for every value of the state.

By combining the different cases for regimes 1 and 2, and observing that case 2) (iv)
is not compatible with case 1) (ii) by (5.25), we then have a priori seven different forms
for both switching regions. These forms reduce actually to three when F'(co0) = co. The
various structures of the switching regions are depicted in Figure II.

Finally, we complete the results of Proposition 5.3.3 by providing the explicit solutions
for the value functions and the corresponding boundaries of the switching regions in the
seven different cases depending on the model parameter values.

Theorem 5.3.5 Assume that (HF) holds.
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Fig.
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(1) IfﬁQl? < F(OO) and ﬁgm > 7F(i‘)7 then

Uz(x)_glzv T>z

m+ Y
vl(a:){Ax +V(z),z <z

v,(2) = V, (),

where the constants A and 7 are determined by the continuity and smooth-fit conditions
of v, at z:

Al)™ +Vi(zh) = V(zh) — g,
Am* (@)™ 4V () = V()

2

In regime 1, it is optimal to switch to regime 2 whenever the state process X exceeds the
threshold z7, while when we are in regime 2, it is optimal never to switch.

(2) If Bg,, < F(o0) and 0 < fBg,, < —F(&), then

mT 7 (e K
v, (z) = {Al“’ +Vi(@), 2 <z (5.100)

Uz(x)_glzv UEZ&T

Agzm 4 ‘72(;1:), <z
Uy (,Ij) = v, (‘/]i) - g217 I: <z < i’: (5101)
Box™ +V,(x), x>z},

where the constants Ay and x7 are determined by the continuity and smooth-fit conditions
of v, at z¥, and the constants Az, Bs, z, T}

smooth-fit conditions of v, at z and T} :

are determined by the continuity and

A(z)™ +V, (&) = Ba(z")™ +V,(2)) — g, (5.102)
Ay (@)™ TV (@) = Bam™ ()™ T+ V] (2) (5.103)
Ao()™ + V(%) = Au@)™ + V(@) — g, (5.104)
Agm® ()™ T+ V) (2) = Avmt (@)™ T+ V() (5.105)
ALE)™ V(T = g = Ba(@)™ +V,(70) (5.106)
Aymt (@)™ T 4 V(@) = Bam (25)™ T+ VI (@). (5.107)

In regime 1, it is optimal to switch to regime 2 whenever the state process X exceeds the
threshold x7, while when we are in regime 2, it is optimal to switch to regime 1 whenever
the state process lies between z; and ).

(8) If Bg,, < F(o0) and g,, < 0 with —F(o0) < Bg,, < —F(&), then

UQ(CL‘)—gu, T ZZT

m* 0 *
vl(ac)—{Ax +Vi(z), z <z}

i) | BE@ -0 0<z<a
: Ba™ +V,(z), x>z,
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where the constants A and x| are determined by the continuity and smooth-fit conditions
of v, at 7, and the constants B and T are determined by the continuity and smooth-fit
conditions of v, at T} :

Am*(z)™ T V/(3) = Bm~(z5)™ T+ VI (30).

(4) If Bg,, > F(c0) and Bg,, > —F(&), then v, = Vi, v, = Va. It is optimal never to
switch in both regimes 1 and 2.

(5) If Bg,, > F(o0) and 0 < fBg,, < —F(&), then
v, (z) =

Uz(I) ng’ &: ngjf:

V,(z
{ am” +V (), =<z

V,(x), x>z,
where the constants A, B, x}, T, are determined by the continuity and smooth-fit condi-
tions of v, at x; and T} :
A@)™ + V() = V() - 9.,
Am+(m )m - V (z)) = ‘71'(37*)
Vi(z3) - ( z)m + V()

‘71'(9?“ ) m” (@)™ T V().
In regime 1, it is optimal never to switch, while when we are in regime 2, it is optimal
to switch to regime 1 whenever the state process lies between z; and T}.

(6) If Bg,, > F(o0) and g,, < 0 with —F(o0) < f¢,, < —F(&), then

v, () =V, (2)
_ ’01(1')_‘921’ 0<I§§3:
va(@) = {me +V,(z), x>z},

—%

where the constants B and T¥ are determined by the continuity and smooth-fit conditions

of v, at T :
Vi(@}) = g, = B(@)™ +V,(z})
V/(z) = Bm~(z)™ '+ V) (@]).

In regime 1, it is optimal never to switch, while when we are in regime 2, it is optimal
to switch to regime 1 whenever the state process lies below T .

(7) If Bg,, > F(c0) and Bg,, < —F(c0), thenv, =V, andv, = v, —g,,. In regime 1, it
is optimal never to switch, while when we are in regime 2, it is always optimal to switch
to regime 1.
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Proof. We prove the result only for case 2 since the other cases are dealt similarly and
are even simpler. Case 2 corresponds to the combination of cases 1 (ii) and 2 (ii) in
Proposition 5.3.3. We then have S, = [z¥, 00), which means that v, = v, —g,, on [z}, c0)
and v, is a solution to Sv, —Lv, — f, = 0 on (0,z"). Since 0 < v, (0%) < o0, v, should have
the form expressed in (5.100). Moreover, S, = [z, Z}], which means that v, = v, — g,,
on [z¥,x}], and vy satisfies on C, = (0,2}) U (Z}, 00): fva — Ly — f, = 0. Recalling again
that 0 < v,(0") < oo and v, satisfies a linear growth condition, we deduce that v, has the
form expressed in (5.101). Finally, the constants A;, 2, which characterize completely
v,, and the constants Ay, Bo, z}, Z;, which characterize completely v,, are determined
by the six relations (5.102), (5.103), (5.104), (5.105), (5.106) and (5.107) resulting from
the continuity and smooth-fit conditions of v, at z! and v, at 2} and Z}, and recalling
that z; < z7. O

5.4 Bibliographical remarks

The connection between optimal stopping problems and free boundary problems is clas-
sical (see e.g. the book by Bensoussan and Lions [BL82]), and is applied to American
options in Jaillet, Lamberton, Lapeyre [JLL90]. For an updated presentation, we refer to
the recent book by Peskir and Shiryaev [PeSh06]. The viscosity solutions approach for
optimal stopping was developed by Pham [Pha98] and @ksendal and Reikvam [OR98].
The explicit solution for the perpetual American options is already presented in McKean
[Mac65]. The example of the optimal selling of an asset is developed in the textbook by
Oksendal [Oks00], and the application to the valuation of natural resources is due to
Knudsen, Meister and Zervos [KMZ98]. We revisit their results by the viscosity solutions
method. Other explicit examples of optimal stopping problems in finance can be found
in Guo and Shepp [GSO01].

Optimal switching problems and their connections with a system of variational in-
equalities were studied by Bensoussan and Lions [BL82], and [TY93]. The smooth-fit
property is proved in Pham [Pha(7]. Applications to real options and firm’s invest-
ment under uncertainty were considered in Brekke and Oksendal [BO94], Duckworth
and Zervos [DZ01], and the solutions are obtained by a verification theorem approach.
The viscosity solutions approach for determining an explicit solution in the two-regime
case is due to Ly Vath and Pham [LP07], and generalizes the previous results. Some
extensions to the multi-regime case are studied in Pham, Ly Vath and Zhou [PLZ07].
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Backward stochastic differential equations and
optimal control

6.1 Introduction

The theory of backward stochastic differential equations (BSDEs) was pioneered by Par-
doux and Peng [PaPe90]. It became now very popular, and is an important field of re-
search due to its connections with stochastic control, mathematical finance, and partial
differential equations. BSDEs provide a probabilistic representation of nonlinear PDEs,
which extends the famous Feynman-Kac formula for linear PDEs. As a consequence,
BSDEs can be used for designing numerical algorithms to nonlinear PDEs.

This chapter is an introduction to the theory of BSDEs and its applications to math-
ematical finance and stochastic optimization. In Section 6.2, we state general results
about existence and uniqueness of BSDEs, and useful comparison principles. Section 6.3
develops the connection between BSDEs and viscosity solutions to nonlinear PDEs. We
show in Section 6.4 how BSDEs may be used for solving stochastic optimal control. Sec-
tion 6.5 introduces the notion of reflected BSDEs, and shows how it is related to optimal
stopping problems. Finally, Section 6.6 gives some illustrative examples of applications
of BSDEs in finance.

6.2 General properties

6.2.1 Existence and uniqueness results

Let W = (Wy)o<t<r be a standard d-dimensional Brownian motion on a filtered proba-
bility space (£2, F,F, P) where F = (F¢)o<t<r is the natural filtration of W, and T is a
fixed finite horizon.

We denote by S%(0,7) the set of real-valued progressively measurable processes Y
such that

E[ sup [Yi]*] < oo,
0<t<T

and by H?(0,7)? the set of Ré-valued progressively measurable processes Z such that

E[/OT \Zt\th} < .

H. Pham, Continuous-time Stochastic Control and Optimization with Financial 139
Applications, Stochastic Modelling and Applied Probability 61,
DOI 10.1007/978-3-540-89500-8_6, (© Springer-Verlag Berlin Heidelberg 2009


http://dx.doi.org/10.1007/978-3-540-89500-8_6

140 6 Backward stochastic differential equations and optimal control

We are given a pair (¢, f), called the terminal condition and generator (or driver),
satisfying:
o (A) ¢ € L2(2, Fr, P;R)
e(B) f:2x[0,T] xRxR? — Rs.t.:
- f(.,t,y, z), written for simplicity f(¢,y, z), is progressively measurable for all y, z
- f(¢,0,0) € H2(0,T)
- f satisfies a uniform Lipschitz condition in (y, z), i.e. there exists a constant Cf
such that

|f(t,y1,21) — f(t,y2,22)] < Cr(Jyr — y2| + |21 — 22]) s Yy1,y2, V21,22, dt ®dP a.e.
We consider the (unidimensional) backward stochastic differential equations (BSDE):
—dY, = f(t,Ys, Zy)dt — Zy.dWy, Yp =E. (6.1)
Definition 6.2.1 A solution to the BSDE (6.1) is a pair (Y, Z) € S?(0,T) x H?(0,T)¢
satisfying

T T
Ytzf—l-/ f(s,Y;,ZS)ds—/ Zs.dWs, 0<t<T.
t t

We prove an existence and uniqueness result for the above BSDE.

Theorem 6.2.1 Given a pair (§, f) satisfying (A) and (B), there exists a unique solution
(Y, Z) to the BSDE (6.1).

Proof. We give a proof based on a fixed point method. Let us consider the function @
on S2(0,T)™ x H?(0,T)?, mapping (U, V) € S?(0,T) x H?(0,T)¢ to (Y, Z) = &(U,V)
defined by

T T
Y= ¢ +/ F(5,Us, Vi)ds — / Z,.dW,. (6.2)
t t
More precisely, the pair (Y, Z) is constructed as follows: we consider the martingale M;
= E[§—|—f0T f(s,Us, Vs)ds|F], which is square integrable under the assumptions on (&, f).

‘We may apply the [t6 martingale representation theorem, which gives the existence and
uniqueness of Z € H?(0,7T)? such that

t
M; = My +/ Zs.dWs. (6.3)
0
We then define the process Y by
T ¢
=g+ [ fe v va]m] = - [ v o<esT
t 0

By using the representation (6.3) of M in the previous relation, and noting that Yr =
&, we see that Y satisfies (6.2). Observe by Doob’s inequality that
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2] < 4E[/OT|ZS|2ds] < .

Under the conditions on (£, f), we deduce that Y lies in S?(0,T). Hence, & is a well-
defined function from S2(0, T') x H2(0, T')¢ into itself. We then see that (Y, Z) is a solution
to the BSDE (6.1) if and only if it is a fixed point of &.

Let (U, V), (U, V') € S2(0,T) x H2(0, T)% and (Y, Z) = ®(U, V), (Y', Z') = &(U", V).
We set (U, V) = (U-U"V -V, (Y,Z) = (Y —~Y",Z— Z') and f, = f(t,Us,V;) —
f(t, U, V/). Take some 3 > 0 to be chosen later, and apply Itd’s formula to e%*|Y,|?
between s =0 and s = 1"

T
E[ sup ‘/ Z,.dW,
t

0<t<T

T
T2 = 7/ &5 (BIVal? — 2Yi.T.) ds
0

T T
—/ eﬁs|23|2d5—2/ P! Z,.dW,. (6.4)
0 0

Observe that

7 T T
E[(/ Pz )] < C ] sup m|2+/ ] < oo,
0 0

0<t<T

which shows that the local martingale fg eP5Y!Z,.dWy is actually a uniformly integrable
martingale from the Burkholder-Davis-Gundy inequality. By taking the expectation in
(6.4), we get

E\YOP+E[/T 655<5\Y9|2+|ZS|2>d5] = ZE[/TeﬁSYS.deS]
0

0

T
<20sB[ [ IR0 + Vil

T T
- 1 . _
< 4C?E[/O eﬂé\Ys\st] + iE[/o P (|0 + |V5\2)ds]

Now, we choose =1+ 40?, and obtain

E[/OTef’S(|?S|2+ 12,J2) ds] < %E[/OT (0L + Vi ?)ds).

This shows that @ is a strict contraction on the Banach space S?(0,T) x H?(0,T)?
endowed with the norm

121, = (E[/OT (Vi +12.P)as]) .

We conclude that ¢ admits a unique fixed point, which is the solution to the BSDE (6.1).
O

6.2.2 Linear BSDE

We consider the particular case where the generator f is linear in y and z. The linear
BSDE is written in the form
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—dY; = (AYe + Z; By + Cy) dt — Zy.dWy, Yr =&, (6.5)

where A, B are bounded progressively measurable processes valued in R and R¢, and C
is a process in H2(0, 7). We can solve this BSDE explicitly.

Proposition 6.2.1 The unique solution (Y, Z) to the linear BSDE (6.5) is given by
T
LY, = B[re + / L,Cuds| 7], (6.6)
Jt
where I' is the adjoint (or dual) process, solution to the linear SDE
dFt :Fi (Afdt+Btth), F():l
Proof. By It6’s formula to I3Y;, we get
d(I;Y;) = —ICydt + [ (Zy + Y By).dWe,

and so
t t
IY; +/ I';Cyds =Y —l—/ I'y(Zs+ YsBs).dW,. (6.7)
0 0

Since A and B are bounded, we see that E[sup, |I}|?] < oo, and by denoting by b., the
upper-bound of B, we have

T 1 T T
11
EK/ F3|ZS+YSBS|2ds)2] < §E[Sup|ﬂ\2+2/ \Zt\zdt+2b§°/ |Yt\2dt}
0 t 0 0

A

From the Burkholder-Davis-Gundy inequality, this shows that the local martingale in
(6.7) is a uniformly integrable martingale. By taking the expectation, we obtain

t T
Ly, +/ I,Cuds = E[FTYT +/ Fscsds‘ft}
0 0

- B [FTg " /OT FSCSds‘}}] , (6.8)

which gives the expression (6.6) for Y. Finally, Z is given via the It6 martingale repre-
sentation (6.7) of the martingale in (6.8). O

6.2.3 Comparison principles

We state a very useful comparison principle for BSDEs.

Theorem 6.2.2 Let (€1, f1) and (€2, f2) be two pairs of terminal conditions and gen-
erators satisfying conditions (A) and (B), and let (Y1, Z'), (Y2, Z?) be the solutions to
their corresponding BSDFEs. Suppose that:

o (L < €2 qus.
o fUt YL, Z)) < f2(t, Y, ZY) dt ® dP a.e.
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i fz(tv Y;,lv Ztl) € H2(07T)
Then Y,! < Y2 for all0<t<T, as.

Furthermore, if Y2 < Yy, then V! = Y2, 0 <t < T. In particular, if P(¢' < £2) >
0 or fl(t,.,.) < f2(t,.,.) on a set of strictlly positive measure dt ® dP, then Yy < Y§.

Proof. To simplify the notation, we assume d = 1. We define Y = Y2-Y', Z = 22— 71,
Then (Y, Z) satisfies the linear BSDE

—dY, = (AY Y, + A} Zy + fy) dt — Z,dW,, Yy =& — € (6.9)
where
Ay _ fQ(t,Y?,ZE) _fQ(taY?:Z?) 1
t }/tZ _}/tl Yt2_yt1¢0
A? = fz(tvytlvztz) _fQ(thtlvztl) 1
t = 72— 7} Z3—Z}#0

lef = f2(t7}/tlaZt1) - fl(t7n17Z2t1)‘

Since the generator f? is uniformly Lipschitz in y and z, the processes AY and A are
bounded. Moreover, f; is a process in H?(0, T). From 6.2.1, Y is then given by

T
n¥ = E[re(€ - )+ [ nfas|7]
t
where the adjoint process I is strictly positive. We conclude from this expectation for-
mula for Y, and the positivity of €2 — ¢! and f. O

Remark 6.2.1 Notice that in the proof of Theorem 6.2.2, it is not necessary to sup-
pose regularity conditions on the generator fi. The uniform Lipschitz condition is only
required for f.

Corollary 6.2.1 If the pair (&, f) satisfies & > 0 a.s. and f(¢,0,0) > 0 dt ® dP a.e.,
then Y, > 0,0 <t <T a.s. Moreover, if P[§¢ > 0] > 0 or f(¢,0,0) > 0 dt ® dP a.e.,
then Yy > 0.

Proof. This is an immediate consequence of the comparison theorem 6.2.2 with (¢!, f1)
= (0,0), whose solution is obviously (Y1, Z!) = (0,0). ]

6.3 BSDE, PDE and nonlinear Feynman-Kac formulae

We recall the well-known result (see Section 1.3.3) that the solution to the linear parabolic
PDE

_ —Lv— f(t,z) =0, (¢t,z)€0,T) xR",

ot
o(T,z) = g(x), =eR",

has the probabilistic Feynman-Kac representation
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o(t, ) / f(s, X5%)ds + g(X57)], (6.10)

where {X®,t < s < T} is the solution to the SDE
dX, = b(X,)ds + o(X,)dW,, t<s<T, X, =uz,

and L is the second-order operator
1
Lv =b(z).Dyv + itr(a(x)o’(l')D?mv).

In the previous chapter, we derived a generalization of this linear Feynman-Kac for-
mula for nonlinear PDEs in the form

i sup [ v+ f(t,a:,a)] =0, (t,z)€[0,T)xR", (6.11)
acA
o(T,z) = g(z), xzeR", (6.12)

where, for any a € A, subset of R™,
1
L% = b(z,a).Dyv + itr(a(l’, a)o’(z,a)D2,v).

The solution (in the viscosity sense) to (6.11)-(6.12) may be represented by means of a
stochastic control problem as

(t I - SupE f S X;"E7a5)d8+g(X%x) El
acA Jt
where A is the set of progressively measurable processes a valued in A, and for a € A,
{X5®,t < s <T} is the controlled diffusion

dXs = b(Xs, a5)ds + 0(Xs,a5)dWs, t<s<T, X;=uzx.

In this chapter, we study another extension of Feynman-Kac formula for semilinear
PDE in the form

- % — Ly — f(t,z,v,0'Dv) =0, (t,z)€[0,T)xR", (6.13)
v(T,z) = g(z), zeR™ (6.14)
We shall represent the solution to this PDE by means of the BSDE
—dY, = f(s, Xo, Yy, Zo)ds — Zo.dW,, t<s<T, Yr=g(Xr),  (6.15)
and the forward SDE valued in R™:
dXs = b(Xs)ds + o(Xs)dWs. (6.16)

The functions b and o satisfy a Lipschitz condition on R"™; f is a continuous function
on [0,7] x R™ x R x RY satisfying a linear growth condition in (z,y, z), and a Lipschitz
condition in (y, z), uniformly in (¢, z). The continuous function g satisfies a linear growth
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condition. Hence, by a standard estimate on the second moment of X, we see that the
terminal condition and the generator of the BSDE (6.15) satisfy the conditions (A) and
(B) stated in Section 6.2. By the Markov property of the diffusion X, and uniqueness of
a solution (Y, Z, K) to the BSDE (6.15), we notice that Y; = v(¢, X}), 0 <t < T, where

o(t,z) == Y" (6.17)

is a deterministic function of (¢,x) in [0,7] x R", {X1® ¢ < s < T} is the solution to
(6.16) starting from z at ¢, and {(Y", Z0®),t < s < T} is the solution to the BSDE
(6.15) with X5, = X% t < s < T. We call this framework a Markovian case for the
BSDE.

The next verification result for the PDE (6.13) is analogous to the verification theorem
for Hamilton-Jacobi-Bellman equations (6.11), and shows that a classical solution to the
semilinear PDE provides a solution to the BSDE.

Proposition 6.3.2 Let v € CY2([0,T) x R™) N C°([0,T] x R™) be a classical solution
to (6.13)-(6.14), satisfying a linear growth condition and such that for some positive
constants C, q, |Dyv(t, )| < C(1+|z|?) for all z € R™. Then, the pair (Y, Z) defined by

Y; = U(t>Xt)7 Zi = U/(Xt)D:cU(taXt)7 0 <t< T7
is the solution to the BSDE (6.15).

Proof. This is an immediate consequence of Itd’s formula applied to v(t, X;), and noting
from the growth conditions on v, D,v that (Y, Z) lie in S?(0,T) x H2(0,T). ]

We now study the converse property by proving that the solution to the BSDE (6.15)
provides a solution to the PDE (6.13)-(6.14).

Theorem 6.3.3 The function v(t,z) = Y;"* in (6.17) is a continuous function on

[0,T] x R™, and is a viscosity solution to (6.13)-(6.14).

Proof. 1) For (t1,21), (t2,@2) € [0,T] x R, with 1 < t9, we write X! = X% =
1,2, with the convention that X2 = x5 if t; < s < to, and (YZ, Z%) = (Yo% ZLw) i =
1,2, which is then well-defined for ¢; < s < T. By applying It&’s formula to |V} — Y2|?
between s = ¢ € [t1,T] and s = T, we get

¥}~ Y22 = [g(XE) — g(X3) — / "2t~ 2P
. t
2 / (Y2 = Y2).(f(s, XL, YL, Z1) — f(s5, X2, V2, 22))ds
tT
9 / (Y1 - Y2)(Z) - Z2)aw,.
t

As in the proof of Theorem 6.2.1, the local martingale [(Y,! — Y.2)'(Z} — Z2)dW,,

t < s < T, is actually uniformly integrable, and so by taking the expectation in the
above relation, we derive
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T
B - v 4 B[ [ 121 - 22Pas
t
2]

T
+2 B[ [0 V2L XY Z) - S5, X2 Y2 22
t

S

= B[lg(X+) - 9(X3)

< B[lg(X}) - 9(x3)?]
T
+2 E[/ D/sl - }/82‘ ‘f(sts17szl7 Zel) - f(S7X.?7Y917 Z;)‘ds]
t
T
+20sB[ [ W2 = Y2 (Y - Y2 4121 - 221) ds]
t
< B[lg(X}) - 9(x3)*]
T
B[ [ 156 X0V 2D - 5, X2V 2D
t
T 1 T
+(1 +4C;)E[/ Y2 — Y2|2ds + 5E/ 1z} - Z3|2ds],
t t
where Cy is the uniform Lipschitz constant of f with respect to i and z. This yields
T
B! = Y2P] < BlgCeh) - oXhIP] + B[ [ 156 X022 - £, X2 Y2 2D
t

T
(L 4C§)E[/ V.- Y2 2ds)
t
and so, by Gronwall’s lemma

B[y 22| < ¢ {Bla(xh) - o(x3)]
r 1 1 1 2 1 V12
+E[/t 1f(s, X1, Y2, Z1) — f(s, X2,Y2, Z1)) ds]}.

This last inequality, combined with continuity of f and g in z, continuity of X»? in
(t,), shows the mean-square continuity of {Y?® z € R*,0 <t < s < T}, and so the
continuity of (t,z) — v(t,z) = ¥;**. The terminal condition (6.14) is trivially satisfied.

2) We next show that v(t, z) = ¥} is a viscosity solution to (6.13). We check the viscosity
subsolution property, the viscosity supersolution property is then proved similarly. Let
¢ be a smooth test function and (¢,2) € [0,7) x R™ such that (¢,z) is a local maximum
of v — ¢ with u(t,z) = ¢(t,z). We argue by contradiction by assuming that
¢
ot
By continuity of f, ¢ and its derivatives, there exists h, € > 0 such that for all t < s <
t+h,|z—yl <e,

(t,z) — Lo(t,x) — f(t,z,v(t,x), (D) (t,x)a(z)) > 0.

v(s,y) < ¢(s,y) (6.18)

99 (5, 4) — Lo(s,9) — F(5.,0(5,0), (Do) (5.0)0(w)) > 0. (6.19)

ot
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Let 7 = inf{s >t : |X’" — x| > e} A (t + h), and consider the pair
(V) Z0) = (YaRr 1o (s)207), t<s<t+h
By construction, (Y}, Z!) solves the BSDE

—dY) = 10.(s)f (s, X0" u(s, X0), Z})ds — ZLdW,, t<s<t+h,

Yk, = u(r, X47),
On the other hand, the pair
(V2,22) = (pls, X7, 1.1 () Daspls, XY (X)), £ <5 <t 4,

satisfies, by It6’s formula, the BSDE

o
o) (8)( 2 4 L) (s, X¥) — Z2dW,, t<s<t+h,

—dY?
s ot

Yt1+h = p(1, X77).

147

From the inequalities (6.18)-(6.19), and the strict comparison principle in Theorem 6.2.2,

we deduce Yy < YZ, i.e. u(t,z) < ¢(t,z), a contradiction.

6.4 Control and BSDE

O

In this section, we show how BSDEs may be used for dealing with stochastic control

problems.

6.4.1 Optimization of a family of BSDEs

Theorem 6.4.4 Let (&, f) and (§%, f*), a € A subset of progressively measurable pro-
cesses, be a family of the pair terminal condition-generator, and (Y,Z), (Y, Z%) the

solutions to their associated BSDFEs. Suppose that there exists & € A such that
f,Y, Z) = essinf f(t,Y;, Z) = [*(t, Y1, Zy), dt©@dP ae.
«
& =essinf ¥ = €9,
«
Then,

Y, =essinf Y = Y%, 0<t<T, as.

Proof. From the comparison theorem 6.2.2, since § < £* and f(t, Y, Z:) < f*(t, Y%, Z4),

we have Y; < Y,* for all o, and so

Y; < essinf Y.
«

Moreover, if there exists & such that & = €% and f(t,Y;, Z;) = f&(t,Y3, Z3), then (Y, Z)
and (Y&, Z%) are both solutions to the same BSDE with terminal condition-generator:

(€%, ). By uniqueness, we deduce that these solutions coincide, and so
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essinf Y < Y& = Y; <essinfY?,
« «
which ends the proof. m]

By means of the above result, we show how the solution to a BSDE with concave
generator may be represented as the value function of a control problem.

Let f(t,y,z) be a generator, concave in (y,z) and (Y, Z) the solution to the BSDE
associated to the pair (¢, f). We consider the Fenchel-Legendre transform of f

F(t,b,c)= sup [f(t,y,2) —yb—z.c], (b,c)ER xR (6.20)
(y,2) ERXRY

Since f is concave, we have the duality relation

flt,y,z) = inf  [F(t,b,c) +yb+ z.c], (y,2) € R x R%L (6.21)
(b,c) ER xR

We denote by A the set of bounded progressively measurable processes (3,7), valued in
R x R such that

E[/OT\F(t,ﬁt,%)Pdt] < 0.

The boundedness condition on A means that for any (3,7) € A, there exists a constant
(dependent of (8,7)) such that |G + |v| < C, dt ® dP a.e. Let us consider the family
of linear generators

fﬂﬁ(t Y, Z) = F(t7 ﬂm’Yt) + yﬂt + 2, (ﬁ, 7) € -’4

Given (8,7) € A, we denote by (Y27, Z57) the solution to the linear BSDE associated
to the pair (¢, f57).

Theorem 6.4.5 Y is equal to the value function of the control problem

Y; =ess inf Y7, 0<t<T, as. (6.22)
ByeA

T
VP = B[ [l St (s, 5 ds 4 el Pedig
t

ft:| )
where Q7 is the probability measure with density process
st = Ltﬁyt-tha LQ = 1.

Proof. (1) Observe from relation (6.21) that f(t,Y:, Z:) < fP7(t,Y:, Z;) for all (3,7)
€ A. Moreover, since F is convex with a linear growth condition, for each (t,w,y, 2),
the infimum in the relation (6.21) is attained at (l;(t,y, z),¢(t,y, z)) belonging to the
subdifferential of — f, and so is bounded by the Lipschitz constant of f. By a measurable
selection theorem (see e.g. Appendix in Chapter IIT of Dellacherie and Meyer [DM75]),
since Y, Z are progressively measurable, we may find a pair of bounded progressively

measurable processes (5,4) such that
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F(6,Y Z0) = [P (0, Y5, Z0) = F(t B ) + Yibi+ ZoAn, 0<t<T, a.s.

We then obtain the relation (6.22) by Theorem 6.4.4.

(2) Moreover, by Proposition 6.2.1, the solution Y27 to the linear BSDE associated to
the pair (&, f97) is explicitly written as

T
1 = B[ [ NP Buds + Tnt] 7]

where I is the adjoint (dual) process given by the SDE:
dFt ZFt (Btdt+7tth)7 F():l

We conclude by observing that I3 = elo Budu, and using the Bayes formula. O

6.4.2 Stochastic maximum principle

In the previous chapter, we studied how to solve a stochastic control problem by the dy-
namic programming method. We present here an alternative approach, called Pontryagin
maximum principle, and based on optimality conditions for controls.

We consider the framework of a stochastic control problem on a finite horizon as
defined in Chapter 3: let X be a controlled diffusion on R™ governed by

dXs = b(Xs, as)ds + o(Xs, as)dWy, (6.23)

where W is a d-dimensional standard Brownian motion, and o € A, the control process,
is a progressively measurable valued in A. The gain functional to maximize is

T
J(@) =E[/O F(t, Xy, an)dt + g(Xr)],

where f : [0,7] x R™ x A — R is continuous in (¢,z) for all a in 4, ¢ : R” — R is a
concave C'! function, and f, g satisfy a quadratic growth condition in .
We define the generalized Hamiltonian H : [0, 7] x R™ x A x R" x R"*¢ — R by

Ht,z,0,,2) = b(z,a).y + tr(0” (v, 0)2) + f(t,,a), (6.24)

and we assume that H is differentiable in « with derivative denoted by D,H. We consider
for each a € A, the BSDE, called the adjoint equation:

—dYy = Dy/H(t, Xy, o, Y, Zy)dt — Z,dWy, Yr = Dyg(Xr). (6.25)

Theorem 6.4.6 Let & € A and X the associated controlled diffusion. Suppose that there
exists a solution (Y, Z) to the associated BSDFE (6.25) such that

H(t, Xy, 6, Yy, Z4) = ma}H(t,Xt,a,Yt, Z), 0<t<T, a.s. (6.26)
ae
and
(z,a) — H(t,x,a,fft, Zt) is a concave function, (6.27)

for all't € [0,T]. Then & is an optimal control, i.e.

J(@&) = 21613 J(a).
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Proof. For any a € A, we write

T
7(@) = J(0) = B[ [ (6. %00) = Flt. Xt + g(Xr) — g(Xr)]. (629
0
By concavity of g and Itd’s formula, we have
E [Q(XT) - Q(XT)] > E {(XT - XT)-Dwg(XT)] =F [(XT - XT)-?T}
T . T . T . .
= E[ / (X — Xyp).dYy + / Y. (dX: — dXy) + / tr[(o(Xy, dy) — U(Xhat))/zt]dt}
Jo Jo Jo
T . o T .
= E[/ (Xt — Xt).(—DyH(t, Xy, &, Y, Zy))dt +/ Y (b( Xy, &) — b( Xy, on))dt
0 0
T A A~
+ / tr[(o( Xy, ) — a(Xt,at))’Zt}dt]. (6.29)
0
Moreover, by definition of H, we have
T A A~ A
E[/ f(t,Xt,dt) (t Xt,at)dt / H t Xt,Oét,}/t,Zt) H(t,Xt,Oét,Y;g,Zt)dt
0
T A~ A~
- / (0(Xs, ) — b(Xy, )Yy
0
T A A~
- / tr [(U(Xhat) - g(Xuat))'zt} dt]. (6.30)
0
By adding (6.29) and (6.30) into (6.28), we obtain
T A A A A A~
J(a) - J(Q) Z E[/ H(t7 Xt7 &h YPta Zt) - H(ta Xt7 Qi }/%7 Zt)dt
0
T A A A A
- / (X, — X,).DoH(t, Xy, 60, Vo, Zt)dt].
0

Under the conditions (6.26) and (6.27), the term between the bracket in the above relation
is nonpositive, which ends the proof. m]

We shall illustrate in Section 6.6.2 how to use Theorem 6.4.6 for solving a control

problem in finance arising in mean-variance hedging.

We conclude this section by providing the connection between maximum principle and
dynamic programming. The value function of the stochastic control problem considered
above is defined by

v(t,x) = bupE f s Xﬁ’”,as)ds+g(X;’x)], (6.31)
acA t
where {X?7,¢t < s < T} is the solution to (6.23) starting from z at ¢. Recall that the

associated Hamilton-Jacobi-Bellman equation is

_v sup [G(t, x,a, Dyv, D2v)] =0, (6.32)
ot acA
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where for (t,z,a,p, M) € [0,T] x R" x A xR"™ x S,
1
G(t,z,a,p, M) = b(z,a).p+ Etr(acr'(m,a)M) + f(t,z,a). (6.33)

Theorem 6.4.7 Suppose that v € C13([0,T) x R*) N C°([0, T] x R™), and there erists
an optimal control & € A to (6.31) with associated controlled diffusion X. Then

G(t, Xy, e, Dyv(t, X¢), D20(t, Xy)) = Ianeaj‘(g(t,)%hm Dyu(t, X¢), D2v(t, X;)),(6.34)
and the pair
(Yi, Z1) = (Dav(t, X1) , D2v(t, Xy) o(Xe, 4)), (6.35)
is solution to the adjoint BSDE (6.25).

Proof. Since & is an optimal control, we have
A~ T A~ A
ot %) = B[ [ s, Xev)ds + 9(n)| ]
¢

t
= f/ f(s,Xg,a5)ds + M, 0<t<T, as. (6.36)
0

where M is the martingale M; = E[fOTf(s,XS, Gs)ds + g(XT)‘ft]. By applying Itd’s
formula to v(¢, X;), and identifying the terms in d¢ in relation (6.36), we get

_ %(t7 Xt) - §(t, )A(m(Szt,Dgﬂ)(t,fQLDiy(t7 Xt)) - 0. (6.37)

Since v is smooth, it satisfies the HIJB equation (6.32), which yields (6.34).
From (6.32) and (6.37), we have

0= %(tv Xt) + g(tv Xt,@t,Dz’l)(t7Xt),DiU(t7Xt))

ov .
> =0 (42) + G(t,z, &, Dyo(t, @), Div(t2), Vo € R™.
Since v is C12, the optimality condition for the above relation implies

=0.

0 <8v(t,x) + g(t,x,dt,Dzv(t,x),Div(ax))) h
=X

oz \ ot

By recalling the expressions (6.33) and (6.24) of G and H, the previous equality is written
as
0%
otox

~ ~ ~ 1 ~ ~
(t, X;) + D2v(t, X1)b(Xt, éu) + §tr(oa'(Xt, a)D3u(t, X;))
+ D H(t, Xy, &y, Dyv(t, X,), D2u(t, X)) o(X,,é4)) = 0. (6.38)

By applying It6’s formula to D, v(t, X’t), and using (6.38), we then get
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Ky
otox
— D2u(t, X,) o(Xy, 6y )dW,
= D H(t, Xy, &, Dpv(t, Xy), D2v(t, Xy) o(Xy, éy)) dt
— D2u(t, X}) o(Xy, ay)dW,.

~ N N N 1 ~ ~
—dD,v(t, X,) = t, X)) + D2u(t, X, )b(Xy, &) + Etr(aa/(Xt, Gy )D3u(t, X,))| dt

Moreover, since v(T,.) = g(.), we have
Dzv(Tv XT) = DIQ(XT)a

and this proves the result (6.35). ]

6.5 Reflected BSDEs and optimal stopping problems

We consider a class of BSDEs where the solution Y is constrained to stay above a given
process, called obstacle. An increasing process is introduced for pushing the solution up-
wards, above the obstacle. This leads to the notion of reflected BSDE, which is formalized
as follows.

Let W = (Wy)o<t<r be a standard d-dimensional Brownian motion on a filtered
probability space (2, F,F, P) where F = (F;)o<i<7r is the natural filtration of W, and
T is a fixed finite horizon. We are given a pair (&, f) satisfying conditions (A) and (B),
and in addition a continuous process (Lt)o<t<7, satisfying & > Ly and

(©) Le$?(0,T), ie. Elsupg<i<r |Li|?] < oc.

A solution to the reflected BSDE with terminal condition-generator (¢, f) and obsta-
cle L is a triple (Y, Z, K) of progressively measurable processes valued in R x R? x R
such that Y € S2(0,7T), Z € H2(0,T)%, K is a continuous increasing process, Ko = 0,
and satisfying

T T
Yt:£+/ f(s,Yst)derKTfth/ ZodW,, 0<t<T  (6.39)
t t

Y, > L, 0<t<T, (6.40)

/T(Yt — L,)dK; = 0. (6.41)

Remark 6.5.2 The condition (6.41) means that the push of the increasing process K is
minimal in the sense that it is active only when the constraint is saturated, i.e. when Y;
= L;. There is another formulation of this minimality condition for defining a solution
to a reflected BSDE: we say that (Y, Z, K) is a minimal solution to the reflected BSDE,
if it satisfies (6.39)-(6.40), and for any other solution (Y, Z, K) satisfying (6.39)-(6.40),
we have Y; < f/t, 0 <t < T a.s. We shall discuss the equivalence of this formulation in
Remark 6.5.3.
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In the special case where the generator f does not depend on y, z, the notion of a
reflected BSDE is directly related to optimal stopping problems, as stated in the following
proposition.

Proposition 6.5.3 Suppose that f does not depend on vy, z, and f € H?(0,T). Then,
there exists a unique solution (Y, Z,K) to the reflected BSDE (6.39), (6.40) and (6.41),
and 'Y has the explicit optimal stopping time representation

-
Y; = ess sup E{/ f(s)ds+ Lyl + flT:T)ft], 0<t<T. (6.42)
T€Ty, T t

Proof. Let us consider the process Y defined by (6.42), and observe that Y; + fot f(s)ds
is the Snell envelope of the process

t
Hz:/ f(s)ds + Lilyer + &L=y, 0<t<T.
0

From the conditions (A), (B), and (C) on f, £ and L, and since {£ > Ly, we notice
that the process H is continuous on [0,7), with a positive jump at T, and satisfies
Elsupg<;<7 [H¢|?] < oo, in particular of class (DL). Hence, by Proposition 1.1.8, the
process Y; + fJ f(s)ds is a continuous supermartingale dominating H, i.e. Y; > Ly,
0 <t <T,and for any t € [0,T], the stopping time

nn=inf{s>t: Y, =L} AT,
is optimal, in the sense that
t Tt
Y, +/ f(s)ds = E[/ F()ds + Ly, Ly, <r + €1 1| 7). (6.43)
0 0

On the other hand, by applying the Doob-Meyer decomposition to the continuous su-
permartingale S; = Y; + fg f(s)ds of class (DL), we get the existence of a continuous
martingale M and an adapted continuous nondecreasing process K, Ko = 0 such that

t
Yt+/ f(s)ds =M, — K;, 0<t<T. (6.44)
0

By observing that Y;, = L, 1,,«r +&1;,=7, and from the optional sampling theorem for
the martingale M: M; = E[M,,|F:], we deduce

t Tt
Y + / f(s)ds = E[/ F($)ds + Lo Lroer + Elror + Ko, = K| 7).
0 0

By comparing with (6.43), it follows that E[K,, — K|F;] = 0, and so K;, = K, or
equivalently by definition of 7

T
0

Moreover, since H lies in S?(0,T), we easily see that Y also lies in S?(0,T). Then, in
the decomposition (6.44), the martingale M is square-integrable, and K7 is also square-
integrable. By the It representation theorem, there exists Z € H?(0,T) such that
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.
M, = M, +/ ZodW,, 0<t<T.
0
Plugging into (6.44), and recalling that Y7 = &, we deduce that (Y, Z, K) solves (6.39),
(6.40) and (6.41).

It remains to check uniqueness. Let (Y, Z,K) and (Y, Z,K) be two solutions of
(6.39), (6.40) and (6.41), and define AY =Y —V, AZ = Z — Z, AK = K — K.
Then, (AY, AZ, AK) satisfies

T
AY, = f/ AZgdWs+ AKp — AK, 0<t<T.
¢
Moreover, by (6.40)-(6.41), we have for all ¢t € [0,T]

T T
/ AquAKe = / (Ys - Ls + Ls - Ys)(sz - dke)
t t

T T
- / (Y, — Lo)dR, — / (Vo — L)dK, < 0. (6.45)
¢ ¢
By Ito’s formula to |AY;|?, we then obtain
T T T
|Ay;\2+/ |AZ,|?ds :2/ AYSdAKS—Q/ AY,AZ,.dW,
¢ ¢ t
T
<2 / AY.AZ,. dW.. (6.46)
¢

From the integrability conditions AY € S%(0,T), AZ € H?(0,T)¢, and the Burkholder-
Davis-Gundy inequality, we observe that the local martingale fot AY,AZ.dW is uni-
formly integrable, thus a martingale. By taking the expectation in (6.46), we conclude
that

T
E[\AY;|2+/ \AZS\zds] <0, 0<t<T,
t

which proves that Y =V, Z = Z, and K = K. O

In the sequel, we consider the general case where f may depend on y, z. We shall
prove the existence of a solution to the reflected BSDE, and in the Markovian case, we
relate this solution to a variational inequality extending the free boundary problem for
optimal stopping problems.

6.5.1 Existence and approximation via penalization

In this section, we prove the existence and uniqueness of a solution to the reflected BSDE
(6.39), (6.40) and (6.41), based on approximation via penalization. For each n € N, we
consider the BSDE

T T T
Yt":ng/ f(s.,YS",Z;‘)dern/ (Y,ffLs)*dsf/ ZrAW,.  (6.47)
t t t
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Notice that the generator f,(¢,y,z) = f(t,y, z)+n(y— L)~ satisfies condition (B). From
Theorem 6.2.1, there exists for each n, a unique solution (Y, Z™) to the BSDE (6.47).
We define

t
Kt":n/ (Y, —Ls)"ds, 0<t<T,
0

which is a continuous nondecreasing process, and is square integrable. Formally, the
solution Y™ is penalized (by the factor n) once it falls below the obstacle L. The rest of
this section is devoted to the convergence of the sequence (Y™, Z", K™),, to the solution
to the reflected BSDE.

We first state a priori uniform estimates on the sequence (Y™, 2™, K™),,.

Lemma 6.5.1 There exists a constant C' such that
T
E[ sup [V;'2 + / |Z|2dt + \K¥|2] <C, YnelN
0<t<T Jo

Proof. By applying It6’s formula to |Y;*|2, we get

T T T
Bvrp+ [ 1zepas] = Bl 4 28] [ s v zvias] voe] [ vraks).
t t t
Now, by definition of K™, we have: [, Y?dK? < [ LK < supg<yer |Li| (K — KJ').

From the Lipschitz property of f in condition (B), and using the inequality 2ab < %a2 +
ab? for any constant o > 0, we then obtain

T
B[P+ [ 1zPds
t
T
< BIEPI+ 2B [ (#(5.0,0)+ Co¥ | + |22 ¥ds] + 28] sup |Lel(KF - K)
t 0<t<T
r 1 r 1
< 0(1 +E{/ |YS”\2ds]) + —E[/ |Z§\2ds] +=E[ sup |L|*] +aBE|K} — KPP,
¢ 2 Lk @ Co<t<T
and so
1 /T T
B[iyep + 5/ zzpas] < o1 +E[/ Y7 Pds] ) + aBlEG - K7 (6.48)
t t
Moreover, from the relation
T T
Kr—-K]!=Y"—-¢ f/ f(s, Y, Z)ds +/ Z7.dWs,
t t
and conditions (A) and (B) on £ and f, there exists a constant C; such that

E|K} - K[> < 01(1 + BV +E[/T Y72 + \Zf|2ds]>.
t

By choosing @ = 1/4C1, and plugging into (6.48), we get
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3 o 17 2 ’ 2

_ n _ n < n )

4E[\Y; | +4/t 127 ds] _C<1+E[/t V| dsD
By Gronwall’s lemma, this implies

T
sup E|Y)"[? + E[/ |72 Pds| + BIK3? < C. (6.49)
0<t<T t

Finally, by writing from (6.47) that

)
we obtain the required result from the Burkholder-Davis-Gundy inequality, conditions
(A) and (B) on (&, f), and estimate (6.49). O

T T
sup_[;"[2 < C(J¢* + / (s, Y2, Z2) s + K3 + sup | / Z,.dW,
<t<T 0 0

0<t<T

0

We next focus on the convergence of the sequence (Y™),.

Lemma 6.5.2 The sequence (Y™), converges increasingly to a process Y € S%(0,T),
and the convergence also holds in H?(0,T), i.e.

n—oo

T
lim E[/O v 7Yt\2dt} —0. (6.50)

Furthermore, Yy > Ly, 0 <t <T, a.s., and

lim E[ sup (V" —L;)~] =0. (6.51)

n—00 0<t<T
Proof. Since the generator f, of the BSDE for Y,, is nondecreasing in n: f,(t,y,2) <
fna1(t,y, 2), we deduce from the comparison principle (Theorem 6.2.2) that Y;* < Y;*™
0 <t < T a.s. Together with the uniform estimate for (Y,), in S2(0,7) in Lemma 6.5.1,
this shows that the nondecreasing limit

Y= lim Y", 0<t<T,

exists a.s., and this defines an adapted process Y € S%. From the dominated convergence
theorem, we also get the convergence (6.50).

Notice that since the sequence K. =n fOT (Y — Ly)~dt is bounded in L2(£2, F, P) by
Lemma 6.5.1, then E“OT(Y} — Lt)_dt} = 0, which implies that Y; > L; dt ® dP a.e. We
want to prove the stronger result Y; > Ly, 0 <t < T, a.s., and so use another argument.
Let us consider the solution (Y™, Z") to the linear BSDE

T T T
=k [ feyrzndsen [ (L-Tods— [ Zraw.
t t t
The generator f,(t, 7, 2) = f(t, Y, Z)+n(L;—7) of this BSDE satisfies f,, (t, V", Z") <
(8, Y, Z1Y), so that by the comparison principle (Theorem 6.2.2) Y;» <Y, 0 <t <T.
Moreover, by Proposition 6.2.1, the solution to this linear BSDE is explicitly given by

T

T
¥ = BlenT-n¢ +/ eI (F(YR, Z0) + an)ds’fT],
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for any stopping time 7 valued in [0, 7T7]. It is not difficult (left to the reader) to check
that as n goes to infinity
Y* = &lep+ L l,cr > L, in L*(2,F,P).

p

Therefore Y, > L, a.s. From that and section theorem (see Theorem 1.1.1), we deduce
that ¥; > Ly, 0 < t < T, a.s. This implies (Y;* — L¢)~ | 0,0 < ¢ < T a.s., and this
convergence is also uniform in ¢ by Dini’s theorem: sup,c(o 71(¥y* — L)~ | 0 a.s. Finally,
we obtain the result (6.51) by the monotone convergence theorem. 0

We can finally state the main result of this section.

Theorem 6.5.8 There exists a unique (Y, Z, K) solution to the reflected BSDE (6.39),
(6.40) and (6.41), and this triple (Y, Z, K) is the limit of the sequence (Y™, Z" Z™), in
S%(0,T) x H?(0,T)% x S?(0,T), i.e.
T
lim E[ sup |V —Yi|? +/ |ZP — Z,)%dt + sup |K — Kzﬂ =0. (6.52)
n—00 0<t<T 0 0<t<T
Proof. For any n,p € N, we apply I[td’s formula to |Y;* — Y, |2
T
e - veP+ [ 12z - zzds
t
T T
2 [ (¥ - YR 20T - ¥ds 2 [ (- vz -z
t t
T
vz [y -y - k)
t
T 1 /7 T
<o [ wrovipdse g [z - zpas—2 [ o -vnz - znaw,
t t t
T T
w2 [ - LydR 2 [0 - L) dRy, (6.53)
t t

where we used the Lipschitz condition on f, the inequality 2ab < aa® + ébz (for suitable
choice of a > 0), and the definitions of K", K?. By taking the expectation, this yields

E[/tT A CE[/tT V- P Pds]

T T
+ 4E[/ (VP — L)~ dK? +/ (V2 = L) dK?].
t t

From Lemma 6.5.1 and (6.51), we have

T T

E[/ (v fLS)*ngw/ (v? fLS)*dK;L} 0, as mp—oo.  (6.54)
t t

We deduce with (6.50) that

T T
E[/ Y7~ YP|2ds +/ |zn — Zf\st] —0, as n,p— oo. (6.55)
t t
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Now, from (6.53) and the Burholder-Davis-Gundy inequality, we get

T

T
Bl sup v/ - Y7P) < B[ [ v - vrpass [ 120 - zzpas]
0<t<T ¢ t

T T
+2E[/ (Ys"—Ls)_dKf—i-/ (Y2 = L,)"dK?]
t t

T 1
+ B[ swp |Y:—Yf|(/ 1z~ z2?)°]
0<t<T ¢

T T
<cu( [ e -vepas+ [ iz -zl
t t

T T
+2E[/ (Ys"fLs)’dKer/ (Ysprs)*dKf]
t t

1 ’ T
+ -E[ sup [V =Y+ CE[/ |z — Zg’\?ds],
2 to<i<T t

where we used again the inequality 2ab < aa® + éb2. Together with (6.54) and (6.55),
this proves that

E[ sup [V]" - Ytpﬂ — 0, as m,p — oo. (6.56)
0<t<T

By writing from (6.47) that

ot
KP = KP =Y —Y§ — (V7 —YP) - /0 (F(s. Y Z0) — f(s, Y2, 20))ds

¢
+ [ zmaw.,
0
we then obtain by the Lipschitz condition on f, (6.55) and (6.56) that

E[ sup |K}'—K[|?)] =0, as n,p— .
0<t<T
Consequently, (2", K™),, is a Cauchy sequence in the Banach space HZ(0,7)% x S?(0,T'),
and this gives the existence of a (Z, K) € H?(0,T)¢ x S?(0,T) such that

T
lim E[/ \ZP — ZyPdt + sup |KP —Kt|2] =0.
n—oo 0 0<t<T

By (6.56), we also know that the convergence of the sequence (Y™) to the limit Y in
Lemma 6.5.2, holds in S%(0,T): E[supy<,<r |Y;* — Y;|?] — 0. Notice that the limit K
of K™ in S%(0,T), inherits from K" theingndecreasing and continuity path properties.
We can then pass to the (strong) limit in (6.47), and deduce that (Y, Z, K') solves (6.39)-
(6.40). Let us now check the condition (6.41). The convergence of (Y™, K™) to (Y, K) in
S2(0,T) x S%(0, T) implies by the Tchebyshev inequality that the convergence also holds
uniformly in ¢ in probability. Then the measure dK™ tends to dK weakly in probability,
and so fOT (Y= L)dK] — fOT (Y; — L;)d K, in probability as n goes to infinity. Moreover,
since Y satisfies (6.40), we have fOT(Yt —L;)dK; > 0 a.s. On the other hand, by definition
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of K™, we have fOT(Yt — L;)dK}* < 0. We conclude that fOT(Yt — L;)dK; = 0 a.s., and
this shows that (Y, Z, K) is a solution to the reflected BSDE (6.39)-(6.40)-(6.41).

We finally turn to uniqueness. Let (Y, Z, K) and (Y, Z, K) be two solutions of (6.39),
(6.40) and (6.41), and define AY = Y — V, AZ = Z — Z, AK = K — K. Then,
(AY, AZ, AK) satisfies

T T
AY, :/ (f(s,Ys,Zs)—f(s,Ys,Zs)ds—/ AZydW, + AKp — AK,, 0<t<T.
t t

By applying Ito’s formula to |AY;|?, and using similar computations as for |Y;* — Y/|2
and recalling ftT AY,dAK, < 0 (see (6.45)), we have

E[\Amu%/T\Azﬁds] < CE[/T\AYS\st],
t t

By Gronwall’s lemma, we conclude that AY =0, AZ = 0 and so AK = 0. O

Remark 6.5.3 For any triple (Y, Z, K) satisfying (6.39)-(6.40), and for (Y™, Z") so-
lution to the penalized BSDE (6.47) one can prove by a comparison principle that Y;*
< Yt, 0 <t < T a.s. By passing to the limit, this shows that ¥; < f/h 0<t<T as.
Therefore, the solution to the reflected BSDE (6.39), (6.40) and (6.41) is also a minimal
solution in the sense defined in Remark 6.5.2.

6.5.2 Connection with variational inequalities

We put our reflected BSDE in a Markovian framework in the sense that the terminal
condition, the generator and the obstacle are functions of a forward SDE. More precisely,
we are given a diffusion on R™

dXs = b(Xs)ds + U(Xs)dWsy (657)

with Lipschitz coefficents b and o on R", and we consider the reflected BSDE

T T
Y, =g(XT)+/ f(S,XS,X/MZS)dS‘FKT*Kt*/ Zs.dWs, 0<t<T (6.58)
t t

Y. > h(X)), 0<t<T, (6.59)

/T(Yt — h(Xy))dK, =0, (6.60)

where f is a continuous function on [0,7] x R™ x R x RY, satisfying a linear growth
condition in (z,y, z), a Lipschitz condition in (y, z) uniformly in (¢, z), g is a measurable
function on R™ with a linear growth condition, and h is a continuous function on R™
with a linear growth condition, and g > h.

By the Markov property of the diffusion X, and uniqueness of a solution to the
reflected BSDE, we see that Y; = v(t, X¢), 0 <t < T, where
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o(t,z) == Y" (6.61)

is a deterministic function of (¢,z) € [0,7] x R?, {X%® ¢t < s < T} denotes the solution
to (6.57) starting from x at ¢, and {(Y}®, ZL® Kb%) t < s < T} is the solution to the
reflected BSDE (6.58), (6.59) and (6.60) with X, = X* ¢ < s < T. We shall relate this
reflected BSDE to the variational inequality

_

o Lv— f(.,v,6'Dyv), v—h] =0, on[0,T)xR" (6.62)

o(T,.) =g onR", (6.63)

min [

where £ is the second-order operator associated to the diffusion X:
1
Lv = b(z).Dyv+ étr(aal(x)Dzv).

The following result is the analog of Proposition 6.3.2 for BSDEs, and shows that a
classical solution to the variational inequality provides a solution to the reflected BSDE.

Proposition 6.5.4 Suppose that v € CH2([0,T) x R®) N C°([0,T] x R™) is a classical
solution to (6.62)-(6.63), satisfying a linear growth condition and such that for some
positive constants C,q > 0: |Dyv(t,z)| < C(1+ |z|?), for all x € R™. Then, the triple
(Y, Z, K) defined by

Y, =v(t,Xy), Z;=0(X¢)Do(t,Xy), 0<t<T,
t 7
Ko= [ (= 505X = Lol X,) = S0, X, Ve, 2) s,
0

is the solution to the reflected BSDE (6.58), (6.59) and (6.60).

Proof. By Itd’s formula applied to v (¢, X;) and from the terminal condition (6.63), we im-
mediately see that (Y, Z, K) satisfies the relation (6.58). Since v satisfies (6.62), the term
in the bracket of K is nonnegative, and so K is nondecreasing. The obstacle constraint
(6.59) is also clearly satisfied. Moreover, the minimality condition (6.60) follows from the
equality in (6.62). Finally, the integrability conditions on (Y, Z) € S%(0,T) x H?(0,T)¢
are direct consequences of the growth conditions on v and D,v. O

We now focus on the converse property, and prove that a solution to the reflected
BSDE provides a solution to the variational inequality.

Theorem 6.5.9 The function v(t,x) = Y"* in (6.61) is continuous on [0,T] x R", and
is a viscosity solution to (6.62)-(6.63).

Proof. The continuity of v is proved similarly as in Theorem 6.3.3, and the termi-
nal condition (6.63) is obviously satisfied from the terminal condition on the BSDE. In
order to prove the viscosity property to the variational inequality, we use the approx-
imation by the penalized BSDE. For any (¢,z) € [0,7] x R™, m € N, we denote by
{(ymt=e Zzmbe) ¢ < s < T} the solution to the penalized BSDE

T T T
Y™ = g(X7r) +/ f(s, X5, Y", Z M) ds + m/ (Y,)" — h(Xs)) ds —/ Z.dWs,
t ¢ t
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with X5 = X%*. From Theorem 6.3.3, we know that the function
U (t, ) == th‘t’z
is a continuous viscosity solution to the semilinear PDE

_ 81}7",
ot

— LU — f(.y0m, 0" Dyvy) — m(vy, —h)” =0, on [0,7) xR™ (6.64)
v (T,.) =g, onR"™ (6.65)

From the convergence result of the penalized BSDEs proved in the previous section, we
know that for any (¢,z) € [0, T] x R™, v, (t, x) converges increasingly to v(t, z) as m goes
to infinity. Since v, and v are continuous, this convergence is uniform on compacts of
[0,T] x R™ by Dini’s theorem.

‘We prove the viscosity solution property of v by using the definition-characterization
by super(sub)-jets (see Lemma 4.4.5). We first show the viscosity supersolution property.
Let (t,z) € [0,T) x R™, and (g,p, M) € P>~ v(t,z). From Lemma 6.1 in [CIL92], there
exist sequences

m; — 00, (tj7xj) - (twr)v (qj>pjzkfj) € PQ’_UTILj (tjvxj)v
such that
(U’IVL]' (tj7 ‘Tj)7 q5,DPj, MJ) - (’U(t, .T), q,D, M)
From the viscosity supersolution property of vy, to (6.64), we have
1
=45 = blw;).p; — 5tr(00” (w;) M) = f(t), 25, 0m, (85, 25), 0" ()p;)
—m;j(vm, (&, ;) — h(z;))” 20,
and so
1
—0j = b(z;)-p; = Str(00’ (2;)M;) = f(tj 25, vm, (15, 25), 0" (5)ps) = 0.
By sending j to infinity, we then obtain
1
—q—b(z).p— itr(aa’(x)M) — f(t,z,v(t,z),0'(x)p) > 0.

Since we already know that v(t,z) > h(z) by the obstacle condition on the reflected

BSDE, this proves that v is a viscosity supersolution to (6.62).
We conclude by showing the viscosity subsolution property. Let (¢,z) € [0,T) x R™,
and (g,p, M) € P>Fv(t,x) such that v(t,z) > h(z). As above, there exist sequences

mj; — 00, (tj7xj) - (t,l‘), (qj>pjzkfj) € P27_v7'bj (tjij)v
such that

(U'lnj(tj7$j)7qj7pj>Mj) - (U(t7x)7q7p7 M)
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From the viscosity subsolution property of v,,; to (6.64), we have

1
=45 = b(xy)-p; — te(00"(2)My) = f(tj, 25, vm, (5, 2;), 0" (25)p;) (6.66)
=m;(Um, (tj, z;) = h(z;))” < 0. (6.67)
Since v(t,x) > h(z), then for j large enough, vy, (t;,2;) > h(z;) and so (v, (t;,z;) —
h(z;))~ = 0. By sending j to infinity into (6.66), this yields

— = b(e)p — trlo0’ (@) M) = f(t,,0(t,2), ' (0)p) < 0,

which proves the required result. a

6.6 Applications

6.6.1 Exponential utility maximization with option payoff

We consider a financial market with one riskless asset of price S® = 1 and one risky asset
of price process

dSt = St(btdt -+ O'tth),

where W is a standard Brownian motion on (2, F,F = (F;), P) equipped with the
natural filtration F of W, b and ¢ are two bounded progressively measurable processes,
o > €, for all ¢, a.s. with € > 0. An agent, starting from a capital x, invests an amount
a; at any time ¢ in the risky asset. His wealth process, controlled by «, is given by

t t
Xpo—ot [0 = ok [aubudut o). 0<t<T (668)
0 u 0

We denote by A the set of progressively measurable processes o valued in R, such that
fOT |az|?dt < 0o a.s. and X© is lower-bounded. The agent must provide at maturity T
an option payoff represented by a bounded random variable £ Fpr-measurable. Given his
risk aversion characterized by an exponential utility

U(z) = —exp(—nz), z€R, n>0, (6.69)
the objective of the agent is to solve the maximization problem:

v(z) = EEEE[U(Xi’“ -9l (6.70)

The approach adopted here for determining the value function v and the optimal
control & is quite general, and is based on the following argument. We construct a family
of processes (Jf*)o<t<T, o € A, satisfying the properties:

(1) JE=UX7* = foralla € A

(#) J§' is a constant independent of o € A
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(iii) J* is a supermartingale for all o € A, and there exists & € A such that J is a
martingale.

Indeed, in this case, for such &, we have for any a € A,
EUX7" —¢)] = EJf < J§ =J§ = E[Jf] = EUX:" —¢)] = v(a),

which proves that & is an optimal control, and v(z) = J§.

We construct such a family (J;*) in the form
JE=UXP—Y,), 0<t<T, acA, (6.71)

with (Y] Z) solution to the BSDE

T T
Y, = g+/ f(s, Zy)ds f/ ZydW,, 0<t<T, (6.72)
t t

where f is a generator to be determined. The conditions (i) and (i) are clearly satisfied,
and the value function is then given by

v(x) =J§ = Ulx —Yp).

In order to satisfy the condition (4i¢), we shall exploit the particular structure of the
exponential utility function U. Indeed, by substituting (6.68), (6.72) into (6.71) with U
as in (6.69), we obtain

Jg = Mg Cy,

where M® is the (local) martingale given by

t 1t
M = exp(—n(x — Yp)) exp ( — / n(oy — Zy)dW,, — 5/ [n(aou — Zu)|2du),
0 0

and

ot

cy = *eXp(/ p(u,au,Zu)du>,
Jo
with
— (7 L2 _ _
p(t,a,z)fn(Q\aat 2| ab, f(t,z))‘

We are then looking for a generator f such that the process (Cf*) is nonincreasing for all
a € A, and constant for some & € A. In other words, the problem is reduced to findng
f such that

pltyay, Z) >0, 0<t<T, Vae A (6.73)
and
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By rewriting p in the form

2 2
)

or 27

1 b,
acy —z — ——
n ot

b

n
2 ot

1
-p(t,a,z) =
n( )

we clearly see that conditions (6.73) and (6.74) will be satisfied with

by 1 |b;
t2) = —2t |2t 5
fltz) ==t = o (6.75)
and
1 1b
ézt:—(Zt—l———t), 0<t<T. (6.76)
Ot no
Theorem 6.6.10 The value function to problem (6.70) is equal to
v(z) = Uz —Yo) = —exp(—n(z—Yo)),
where (Y, Z) is the solution to the BSDE
—dY; = f(t, Zy)dt — Z:dWy, Yr = &, (6.77)

with a generator f given by (6.75). Moreover, the optimal control & is given by (6.76).

Proof. In view of the above arguments, it remains to check rigorously the condition
(444) on J*. Since b/c and £ are bounded, we first observe from (6.2.1) that the solution
(Y, Z) to the linear BSDE (6.77) is such that Y is bounded. Moreover, for all o € A, the
process M® is a local martingale, and there exists a sequence of stopping times (7,,), 7
— 00 a.s., such that (Mg ) is a (positive) martingale. With the choice of f in (6.75),
the process C* is nonincreasing, and thus (J5, ) = (M, Cf., ) is a supermartingale.
Since X** is lower-bounded and Y is bounded, the process J¢, given by (6.71), is also
lower-bounded. By Fatou’s lemma, we deduce that J¢ is a supermartingale.
Finally, with the choice of & in (6.76), we have

2

5 5 " by 1 "] by
Jit = M = exp(—n(z — Yo)) exp ( f/ —dW,, — 7/ — du).
0 Ou 2 Jo |ow
Since b/c is bounded, we conclude that J¢ is a martingale. O

Remark 6.6.4 The financial model described in this example is a complete market
model: any contingent claim &, Fr-measurable and bounded, is perfectly replicable by
means of a self-financed wealth process. In other words, there exists # € A such that &
= X;”f’ﬂ where x¢ is the arbitrage price of £ given by z¢ = E€9[¢], and Q is the unique
probability measure equivalent to P, which makes the price process S a (local) martingale
under @, and called risk-neutral probability. The problem (6.70) may be then formulated
as

v(x) = sup B[U(X; ")
acA
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We are thus reduced to an exponential utility maximization problem without option
payoff. Hence, the optimal strategy (6.76) of the initial problem is decomposed into the
sum ay = m; + o of the hedging strategy m; = Z;/o, for the contingent claim ¢ and the
optimal strategy o) = %bt /o? for the exponential utility maximization without option.
In a more general context of incomplete market, i.e. when the option £ is not perfectly
replicable, the same approach (i), (ii), (iii), can be applied, but leads to a more complex
generator f involving a quadratic term in z, see El Karoui and Rouge [EIkRO0].

6.6.2 Mean-variance criterion for portfolio selection
We consider a Black-Scholes financial model. There is one riskless asset of price process
dsp = rSPat,
and one stock of price process
dSy = Si(bdt + odWy),

with constants b > r and ¢ > 0. An agent invests at any time ¢ an amount a; in the
stock, and his wealth process is governed by

ds, dso
Xy = at?: + (X — at)S*?t
=[rX; +ai(b—7)|dt + cadWy, Xy =z (6.78)

We denote by A the set of progressively measurable processes « valued in R, such that
B[ |as[2dt] < oo.

The mean-variance criterion for portfolio selection consists in minimizing the variance
of the wealth under the constraint that its expectation is equal to a given constant:

V(m) = (11161& {Var(Xr): E(Xr)=m}, mecR. (6.79)

We shall see in Proposition 6.6.5, by the Lagrangian method, that this problem is reduced
to the resolution of an auxiliary control problem

V() = inf B[X7 — M2, AeER. (6.80)

We shall solve problem (6.80) by the stochastic maximum principle described in
Section 6.4.2. In this case, the Hamiltonian in (6.24) takes the form
H(z,a,y,2) = [re+alb—r)]y + caz.
The adjoint BSDE (6.25) is written for any o € A as

—dYy = rYidt — ZydWe, Yr = 2(X7 — A). (6.81)

Let & € A a candidate for the optimal control, and X R (Y, Z ) the corresponding processes.
Then,
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H(z,a,Yy, Z) = ra¥; +a [(b 1Y, +0Z.

Since this expression is linear in a, we see that conditions (6.26) and (6.27) will be
satisfied iff

(b—rYVi+0Z; =0, 0<t<T, as. (6.82)
We are looking for the (Y, Z) solution to (6.81) in the form
Vi =oM% +v(t), (6.:83)

for some deterministic C! functions ¢ and . By substituting in (6.81), and using ex-
pression (6.78), we see that ¢, ¢ and & should satisfy

¢ (OXe+ o) (r Xy + (b —1)) + /() = —r(p(t) Xy + (1)), (6.84)
p(t)ody = Zy, (6.85)

together with the terminal conditions
o(T) =2, Y(T) = =2\ (6.86)
By using relations (6.82), (6.83) and (6.85), we obtain the expression of &:

R A T (L R0
Y T e 050

On the other hand, from (6.84), we have
_ (@) + 2rp(0) X + ¥/ () + (1)
(r = b)e(t) '

By comparing with (6.87), we get the ordinary differential equations satisfied by ¢ and
d]:

(6.88)

&y

2
o'(t) + (2r - U)U—Q))w(t) =0, o(T) =2 (6.89)
/ (b — 7')2

W)+ (r— T et =0, @(T) = -2\, (6.90)

whose explicit solutions are (only ¢ = 1) depends on \)

2

o(t) = 2exp [(% - (170_2)) (T - t)] , (6.91)
Ua(t) = My (t) = —2Xhexp [(r _® ;2r)2>(T—t)]. (6.92)

With this choice of ¢, ¥y, the processes (Y, Z) solve the adjoint BSDE (6.81), and the
conditions for the maximum principle in Theorem 6.4.6 are satisfied: the optimal control
is given by (6.87), which is written in the Markovian form as

(r=b)(pt)x + ¥at))
o2o(t) '

x(t,x) = (6.93)
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To compute the value function f/(/\)7 we proceed as follows. For any o € A, we apply
Ito’s formula to o (t) X7 + 1a(t)X; between 0 and T, by using the dynamics (6.78) of
X and the ODE (6.89)-(6.90) satisfied by ¢ and 5. By taking the expectation, we then
obtain

E[Xr— )\]2 = %@(0):102 +Px(0)z + N2

+ 5] /OT so(w;)aQ (at G b’“”iiijfzﬁ w)))z ]

()

This shows again that the optimal control is given by (6.87), and the value function is

equal to

V() = %@(O)xZ +a(0)z+ A2 — %/0 (

b— r)2 w(t)Zdn

o (t)
and so with the explicit expressions (6.91)-(6.92) of ¢ and ¢

- b—r)?
—%T

VA =e A—eTr)?, NeR. (6.94)

We finally show how problems (6.79) and (6.80) are related.

Proposition 6.6.5 We have the conjugate relations

V() = jnf, [V(m)+(m—X?, XeR, (6.95)
V(m) = sup [f/(A) —(m— )\)2] , meR. (6.96)
AER

For any m in R, the optimal control of V(m) is equal to &y, given by (6.93) where Ay,
attains the mazimum in (6.96), i.e.

mfexp[<r7<b;7§)2>T}w

Am = (6.97)
" 1 —exp [f(b;—;)zT]
Proof. Notice first that for all « € A, X\ € R, we have
E[Xr — N = Var(X7) + (E(X7) — M) (6.98)

Fix an arbitrary m € R. By definition of V(m), for all £ > 0, one can find o € A with
controlled diffusion X°¢, such that E(X%) = m and Var(X5) < V(m) + . We deduce
with (6.98) that

E[X5 = \? <V(m)+ (m—X?+e,
and so

V) <V(m)+(m—XN? VYm, AeR. (6.99)
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On the other hand, for A € R, let dy € A with controlled diffusion X*, an optimal
control for V(X). We set my = E(X2). From (6.98), we then get

V(\) = Var(X2) 4 (my — A)?
> V(m)\) + (mA — )\)2
This last inequality, combined with (6.99), proves (6.95):
o oz
V(A = #féﬁa [V(m) + (m — A)?]
= V(’Iﬂ,)\) + (m)\ — )\)27

and also that &, is solution to V(my).

We easily check that the function V' is convex in m. By writing the relation (6.95)
under the form (A2 —V()))/2 = sup,, [mX — (V(m) +m?)/2], we see that the function A
— (A2=V()))/2 is the Fenchel-Legendre transform of the convex function m — (V (m)+
m?)/2. We then have the duality relation (V (m) 4+ m?)/2 = sup, [mA — (A = V(\))/2],
which gives (6.96).

Finally, for any m € R, let A, € R be the argument maximum of V' (m) in (6.96), which
is explicitly given by (6.97) from the expression (6.94) of V. Then, m is an argument
minimum of V (A,,) in (6.95). Since the function m — V (m)+ (m—\)? is strictly convex,

this argument minimum is unique, and so m = m)_ = E(X%’") We thus obtain

V(m) =V(m) + (m—Apn)?

m

A 2 oA 2 A
= B[X)m — A2 + [B(XDm) — Am] = Var(X)m),

which proves that &»,, is a solution to V (m). O

Remark 6.6.5 There is a financial interpretation of the optimal portfolio strategy (6.93)
to problem (6.80). Indeed, observe that it is written also as

N R b—r
aM = ant, X)) = - o

(X, — Ra(t), 0<t<T,
where the (deterministic) process Ry (t) = —a(t)/p(t) is explicitly determined by
dR)\(t) = TR)\(t)dL‘, R)\(T) =\

Ry is the wealth process with zero investment in the stock, and replicates perfectly
the constant option payoff A. On the other hand, consider the problem of an investor
with self-financed wealth process X;, who wants to minimize E[(X7)?] in this complete
market model. His optimal strategy is the Merton portfolio allocation for a quadratic
utility function U(z) = —z?, and given by

b—

ay = — O_QTXt, 0<t<T. (6.100)

The optimal strategy for the problem (6.80) is then equal to the stragegy according to
(6.100) with wealth process X; — Ry(t), and could be directly derived with this remark.
We illustrated here in this simple example how one may apply the maximum principle
for solving the mean-variance criterion. Actually, this approach succeeds for dealing with
more complex cases of random coefficients on the price process in incomplete markets,
and leads to BSDE for ¢(t) and 1, (t), see e.g. Kohlmann and Zhou [KZ00].
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6.7 Bibliographical remarks
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The use of BSDE for the resolution of the exponential utility maximization problem
with option payoff was studied in El Karoui and Rouge [EIkR00], see also the papers
by Sekine [Se06] and Hu, Imkeller, Miiller [HIMO5] for power utility functions. The ap-
plications of BSDEs to mean-variance hedging problems, and more generally to control
problems with linear state and quadratic costs, were initiated by Bismut [Bis78] and
extended in the papers by Kohlmann and Zhou [KZ00], Zhou and Li [ZL00], Kohlmann
and Tang [KT02], or Mania [Ma03].
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Martingale and convex duality methods

7.1 Introduction

In the optimization methods by dynamic programming or BSDEs studied in the previous
chapters, the optimization carried essentially on the control process a influencing the
state process. The basic idea of martingale methods is to reduce the initial problem to
an optimization problem on the state variable by means of a linear representation under
an expectation formula weighted by a variable, called a dual variable. Let us illustrate
this idea in a simple example. Consider a state process X, controlled by a progressively
measurable process «, with dynamics

dX, = oy(dt +dWy), 0<t<T,

where W is a standard Brownian motion on (2, F,F, P). We assume that F = (F})o<i<r
is the natural filtration of W. For x € R, and « control, we denote by X* the solution
to the above SDE starting from z at ¢ = 0 and A(z) the set of control processes a such
that X7 > 0,0 < ¢ < T. Given a gain function, increasing and concave on R, the
optimization problem is

v@) = sup Elg(X§)], = 0. (7.1)

acA(x)

Let us introduce the probability measure Q ~ P, which makes the process By = W;
+ t a Brownian motion, by Girsanov’s theorem. From the Ito representation theorem
under @, for any nonnegative random variable Xp, Fpr-measurable, denoted by Xp €

LY (02, Fr, P), and satisfying the constraint E?[X7] < =, there exists o € A(z) such
that

T T
XT = EQ[XT} + / OétdBt S Xr]‘Lﬂ = T+ / OétdBt.
JO J0

Conversely, for any a € A(z), the process X” = z + [adB is a nonnegative local
martingale under @, thus a @ supermartingale, and so EQ[X%] < . We deduce that the
optimization problem (7.1) can be formulated equivalently in

d
v(x) = sup E[g(Xr)] under the constraint E[—QXT} <z (72)
XTeLgr(Q,}'T;P) dp
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We are then reduced to a concave optimization problem in L&(Q,]:T, P) subject to a
linear constraint represented by the dual variable d@Q/dP. Thus, we may apply methods
in convex analysis for solving (7.2).

The key tool in the above dual resolution approach is the It6 martingale representa-
tion theorem, which is also the central argument in the perfect replication of contingent
claims in complete markets. The extension of this method to more general optimization
problems is based on a powerful theorem in stochastic analysis, called optional decompo-
sition for supermartingales. This theorem was initially motivated by the superreplication
problem in incomplete markets, and was originally stated in the context of 1t6 processes
by El Karoui and Quenez [ElkQ95]. It was then extended to the general framework of
semimartingale processes. This result is stated in Section 7.2.

When the initial problem is transformed into a convex optimization (primal) problem
under linear constraints, we can then use convex analysis methods. This leads to the
formulation and resolution of a dual problem arising from the Lagrangian method on the
constrained primal problem. In Section 7.3, we detail this dual resolution approach for
the utility maximization problem from terminal wealth. We mention that this martingale
duality approach allows us to obtain existence and characterization results in a general
semimartingale model for asset prices, while the dynamic programming and Hamilton-
Jacobi-Bellman approach requires us to consider a Markovian framework.

We study in Section 7.4 the mean-variance hedging problem in a general continuous
semimartingale model. This is formulated as a projection in L? of a random variable into
a space of stochastic integrals. We solve this problem by combining the Kunita-Watanabe
projection theorem, duality methods and change of numéraire.

7.2 Dual representation for the superreplication cost

7.2.1 Formulation of the superreplication problem

Let S be a continuous R"-valued semimartingale on a filtered probability space (2, F,F =
(Ft)o<t<T, P) satisfying the usual conditions. For simplicity, we assume that F = Frp
and Fy is trivial, i.e. Fo = {0, 2}. We fix a finite horizon T" < oo. S represents the
discounted price process of n risky assets. We denote by L(S) the set of progressively
measurable processes, integrable with respect to S. An element o € L(S) represents a
portfolio strategy for an investor: ay is the number of shares invested in the assets at
time ¢. Thus, starting from some initial capital x € R, the wealth process of the investor
following the portfolio strategy « is

t
x+/ asdS;, 0<t<T.
0

We say that a control o € L(S) is admissible if [ adS is lower-bounded, and we denote by
A(S) the set of such controls. This admissibility condition prevents doubling strategies
(see Harrison and Pliska [HP81]): indeed, otherwise, one could construct a sequence of
portfolio strategies (a"),>1 € L(S) such that jOT afdS; — oo a.s., which represents a
way to earn money as much as desired at time T from a zero capital!
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We are given a contingent claim of maturity 7' characterized by an Fpr-measurable
nonnegative random variable Xp. The superreplication problem of X7 consists in finding
the minimal initial capital that allows us to dominate (superhedge) the contingent claim
at maturity. Mathematically, this problem is formulated as

T
vo = inf {a" €R:Jac AS), z +/ adS; > Xop a.s.}. (7.3)
0

vg is called superreplication cost of X7, and if vg attains the infimum in the above rela-
tion, the control o € A(S) such that vy +f0T adS; > X a.s., is called a superreplication
portfolio strategy.

We denote by L(J)r(Q,]-'T7 P) the space of Fp-measurable nonnegative random vari-
ables. For any € Ry, we define the set

T
C(z) = {XT € L0(2, Fr, P): Ja € A(S), z+/0 adS, > Xr a.s.}. (7.4)

C(x) represents the set of contingent claims, which can be dominated from an initial
capital x and an admissible portfolio strategy.

The aim of this section is to provide a representation and characterization of vg and
C(x) in terms of some dual space of probability measures.

7.2.2 Martingale probability measures and no arbitrage
We define
M.(S) = {Q ~ P on (2,Fr): S isa @ — local martingale}.

M. (S) is called set of martingale or risk-neutral probability measures.
In the rest of this chapter, we make the crucial standing assumption

M(S) # 0. (7.5)

This assumption is equivalent to the no free lunch condition, which is a refinement of the
no arbitrage condition, and we refer to the seminal paper by Delbaen and Schachermayer
[DS94] for this result, known as the first fundamental theorem of asset pricing. Let us
simply mention here that for any Q € M.(S) and a € A(S), the lower-bounded stochastic
integral [ adS is a local martingale under @, thus a @Q-supermartingale by Fatou’s lemma.
We then get E@ [fOT a;dS;] < 0. In consequence, the condition (7.5) implies

T
/ thdSt > 0:| > 0.
0

In other words, we cannot find an admissible portfolio strategy, which allows us, starting

T
Aae A(S), / adSy >0, a.s. and P
0

from a null capital, to reach almost surely at 7" a nonnegative wealth, with a nonzero
probability of being strictly positive. This is the economical condition of no arbitrage.
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7.2.3 Optional decomposition theorem and dual representation for the
superreplication cost

The superreplication problem inspired a very nice result on stochastic analysis, which
we state in the general continuous semimartingale case. We shall give below a detailed
proof of this result, called the optional decomposition theorem for supermartingales, in
the context of Itd6 processes.

Theorem 7.2.1 Let X be a nonnegative cad-lag process, which is a supermartingale
under any probability measure Q € M.(S) # 0. Then, there exists o € L(S) and C' an
adapted process, nondecreasing, Co = 0, such that

X = X, +/adS —C. (7.6)

Remark 7.2.1 We recall that in the Doob-Meyer decomposition theorem of a super-
martingale X as the difference of a local M and a nondecreasing process C: X = M —
C, the process C can be chosen predictable, and in this case the decomposition is unique.
The decomposition (7.6) is universal in the sense that the process M = Xo + [«adS is
a local martingale under any Q@ € M.(S). Moreover, the process C is in general not
predictable, but only optional, and it is not unique.

Let us now investigate how this theorem provides a dual representation for the su-
perreplication cost of a contingent claim Xr € LY (2, Fr, P). For this, we consider a
cad-lag modification of the process

X, =ess sup E9[Xp|F], 0<t<T, (7.7)
QeM.(S)
(there is no ambiguity of notation at time 7" in the previous relation). We check that it is
a supermartingale under any @ € M,(S), and we then apply the optional decomposition
theorem.

Theorem 7.2.2 Let X1 € Li((), Fr, P). Then, its superreplication cost is equal to

vw= sup E9Xp], (7.8)
QeEM.(S)
Furthermore, if SUPQe M. (S) EC[Xr] < 00, i.c. vy is finite, then vy attains its infimum
in (7.3) with a superreplication portfolio strategy a given by the optional decomposition
(7.6) of the process X defined in (7.7).

Proof. Notice that for all o € A(S) and @ € M.(S), the lower-bounded stochastic
integral [ adS is a local martingale under @, and so a @-supermartingale. It follows that
for all z € Ry such that x + fOT adS; > X7 as. with a € A(S), E9[X7] < z for all Q
€ M.(S). This implies by definition of vy that

sup  E9[Xr] < . (7.9)
QEM.(S)

If supge . (s) EQ[Xr] = 0o, the equality (7.8) is then obvious. We now suppose that
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sup  E9[X7] < 0. (7.10)
QeM.(S)

1. Let us first show that the process (X¢)o<i<r defined in (7.7) is a supermartingale
under any @ € M.(S), and that it admits a cad-lag modification. We consider the
family of adapted processes {I?: 0 <t <T, Q € M.(S)} where

I8 =EQ[Xp|F], 0<t<T, QeM.S),

is well-defined by (7.10).

(i) We check that for all ¢ € [0, 7], the set {I'? : Q € M. (S)} is stable by supremum,
i.e. for all Q1, Q2 € M,(S), there exists Q € M,(S) such that max(I'?*, I??) = I'2.
For this, let us fix some element Q° € M,(S) with martingale density process Z°, and

define the process
2 9, s<t
= Z?(leﬁ slow), t<s<T,

where Z1 (resp. Z2) is the martingale density process of Q' (resp. Q2), A = {w : " (w)
> I (w)} € Fi. By using the law of iterated conditional expectations, it is easy to see
that Z inherits from Z°, Z! and Z? the martingale property under P. Moreover, since Z
is strictly positive with Zy = 1, one can associate a probability measure @) ~ P such that
Z is the martingale density process of (). By definition of M.(S), and from the Bayes
formula, the processes Z'S and Z2S are local martingales under P, and so ZS inherits
this local martingale property. Thus, @ € M.(S). Moreover, we have

V4
I'? = E°[X7|F) = E { ZTXT ]—',}
Z 2
= {Zl Xrla+ 7 X1l ft:|

— 14EQ [ X | F] + 1Q\AEQ [X7|F]
= lAFle + 1!2\AFtC22 = max(Fth’FtQ2)7

which is the stability property by supremum. It follows that for all ¢ € [0, T], there exists
a sequence (Q%)g>1 in M.(S) such that

Xy=ess sup [0 = lim 7 IO, (7.11)
QEM.(S) k—o0

(the symbol limy_, 1 means that the limit is increasing, i.e. FQ" < FQ’”“ )

(ii) Let us now prove the universal supermartingale property. Let Qo be arbitrary in
M. (S) with martingale density process Z°, and fix 0 < u < ¢ < T. Denote by (Q%)k>1
the sequence given in (7.11) and (Z**);>; the associated sequence of martingale density
processes. Observe that for all £ > 1, the process defined by

Shi _ { Z9, s<t

zk
s Z?Z,C,7t<5§T,
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is a martingale (under P), strictly positive with initial value Zé“ = 1, and is thus
associated to a probability measure Q% ~ P. Moreover, Z%!S is a local martingale
under P, and so Qi € M.(S). We then have for all k¥ > 1,

EQ[rOF,] = E[%Fﬁ? ]—'u] - E[%E[ZZXT’EHA}

= B4 [Xp|F,] = T
From (7.11), we deduce by the monotone convergence theorem
EX[X|F,] = lim 1 EX[IPF] = lim | e (7.12)

<ess sup FuQ = X,
QEM.(S)

which proves that X is a Qp-supermartingale.

(iii) It remains to check that X admits a cad-lag modification. We know from Theorem
1.1.8 that this is indeed the case when the function t — E?°[X,] is right continuous.
From (7.12) with v = 0, we have:

B X,] = Jlim 1 B9k [Xy], Vte[0,T). (7.13)
:— 00
Fix ¢ in [0,7] and let (¢,),>1 be a sequence in [0, 7] converging decreasingly to ¢. Since
X is a Q°-supermatingale, we have

lim E9°[X, ] < B [X,].

n—oo

On the other hand, for all & > 0, there exists, by (7.13), k = k(¢) > 1 such that
EQ[X,] < E9%[X7] +e. (7.14)

Notice that Z;i’t", the Radon-Nikodym density of Q}C“, converges a.s. to Z;f’t, the Radon-

Nikodym density of QZ’ as n goes to infinity. By Fatou’s lemma, we deduce with (7.14)

lim B9 [X7] + ¢

n—oo

lim E?[X, ] +¢

n—oo

E?[X)

IN

A

where the second inequality follows by (7.13). Since e is arbitrary, this proves that
limy, 00 EQU[th] =g« [X¢], i.e. the right continuity of (E'QO [Xi])eeqo,1)-

2. We can then apply the optional decomposition theorem to the cad-lag modification,
still denoted by X, and obtain the existence of a process & € L(S), and an adapted
nondecreasing process C, Cy = 0 such that

t
X, = Xo +/ G5dSs — Cyy  0<t<T, as. (7.15)
0
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Since X are C' are nonnegative, this last relation shows that [ &dS is lower-bounded (by
—Xo), and so & € A(S). Moreover, the relation (7.15) for ¢ = T yields

T
XT < XO +/ (Sts(iSS, a.s.
0

This proves by definition of vy that

v < Xo = sup E9[X7].
QEM.(9)

We conclude the proof by recalling (7.9). O

By means of this dual representation of the superreplication cost, we get immediately
the following characterization of the sets C(x) introduced in (7.4).

Corollary 7.2.1 For all x € Ry, we have

C(z) = {XT € L0(0,Fr,P): sup EC[Xg] < x} (7.16)
QeM.(S)
In particular, C(z) is closed for the topology of the convergence in measure, i.e. if (X™)p>1
is a sequence in C(x) converging a.s. to X, then Xp € C(z).

We have a useful characterization of C(x): to know if a contingent claim can be
dominated from an initial capital x, it is necessary and sufficient to test if its expectation
under any martingale probability measure is less or equal to x. Mathematically, this
characterization is the starting point for the resolution by duality methods of the utility
maximization problem from terminal wealth. Furthermore, from this characterization,
we get the closure property of the set C(x) in LY (2, Fr, P), which was not obvious from
its original (primal) definition (7.4).

7.2.4 1td processes and Brownian filtration framework

We consider the following model for the asset price process S = (S%,...,8"):

dSt = tht+0tth7 0 S t S T‘7 (717)

where W is a d-dimensional Brownian motion on (£2, F,F, P) with F = (F;)o<i<7, the
natural filtration of W, d > n, u, o are progressively measurable processes valued res-
pectively in R® and R™*? and such that fOT |t dt + fOT lo¢|2dt < oo a.s. We assume
that for all ¢ € [0, 7], the matrix oy is of full rank equal to n. The square n x n matrix,
o0}, is thus invertible, and we define the progressively measurable process valued in R%:

At = a,’f(ataz)*l,ut, 0<t<T.
For simplicity, we assume (see Remark 7.2.4) that X is bounded.

Remark 7.2.2 In the literature, in order to get a positive price process, we often con-
sider an It6 dynamics in the form
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where diag(S;) denotes the diagonal n x n matrix with diagonal elements S¢. The Black-
Scholes model and stochastic volatility models considered in the previous chapters are
particular examples of (7.18). Observe that the model (7.17) includes (7.18) with

pe = diag(Sy)fie, oy = diag(Si)oy.
In a first step, we give in this framework an explicit description of the set of martingale
probability measures M. (S). Let us consider the set
K(o)={veL} (W):ov =0, on [0,T]x 2, dt®dP a..}.

For any v € K(o), we define the exponential local martingale

¢ 1t
Z¥ = exp ( - / (e + va).dW, — 5/ N + Vu|2du>, 0<t<T.
Jo 0
We also define the set
Kn(o)={v e K(o):Z" isa martingale}.

Remark 7.2.3 We recall (see Chapter 1, Section 1.2.5) that a sufficient condition en-
suring that Z” is a martingale, i.e. E[Z%] = 1, is the Novikov criterion:

1 /7
E[exp (5/ [Aul® + |Vu\2du>] < 0. (7.19)
0
(Notice that since A and v are orthogonal, i.e. N'v = 0, then |A + v|? = |\ + [v|%.)

For any v € K,,(0), one can define a probability measure P” ~ P with martingale
density process Z". Moreover, by Girsanov’s theorem, the process

WY =W + / At+vdt
is a Brownian motion under P".
We then obtain the following explicit characterization of M. (S).
Proposition 7.2.1 We have
Me(S) ={P": vE Kp(o)}.

Proof. (i) Since by definition, oA = p, and for all v € K,,(0), ov = 0, it follows that
the dynamics of S under P” is written as

dSt = UtthV. (720)

This shows that S is a local martingale under P, i.e. P¥ € M,(S5).
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(ii) Conversely, let Q € M.(S) and Z its martingale density process (which is strictly
positive). By the martingale It representation theorem, there exists p € LZZOC(W) such
that

t 1 t
Zﬁ:wp(f/mdeLff/‘MPM07OStST
0 2 0

Moreover, by Girsanov’s theorem, the process
B =W + / pdt
is a Brownian motion under ). The dynamics of S under @ is then written as
dS; = (g — owpy)dt + 0pdBY, 0 <t <T.
Since S is a local martingale under @), we should have
op=up, on [0,T]X 2, dt®dP a.e.

By writing v = p — A, and recalling that oA = p, this shows that ov = 0, and so v €
K (o). Moreover, Z¥ = Z (which is a martingale), thus v € K,,(0), and so Q@ = P¥. O

Remark 7.2.4 1. Part (i) of the previous proof shows that the inclusion {P” : v €
K, (0)} € M.(S) holds always true even without the assumption of Brownian filtration.

2. Since X is assumed bounded, we see that the Novikov condition (7.19) is satisfied
for any bounded process v. Actually, this holds also true once A satisfies the Novikov
condition E[exp (3 fOT |Au|?du)] < co. In particular, the null process v = 0 lies in K, (c).
The associated martingale probability measure P? is called minimal martingale measure
following the terminology of Follmer and Schweizer.

3. The above remark also shows in particular that once A satisfies the Novikov criterion,
M, (S) is nonempty, and contains PY. In the case where Z° is not a martingale, the
assumption M. (S) # 0 is not necessarily satisfied, and is equivalent to the existence of
some element v in K,, (o).

‘We now give a proof of the optional decomposition theorem in the above framework.
Actually, we shall see that in the case of It6 processes and Brownian filtration, the process
C' in the decomposition is predictable.

Theorem 7.2.3 Let X be a nonnegative cad-lag supermartingale under any martingale
measure PV, v € K,(0). Then, X admits a decomposition under the form

X:Xo-i—/adS—C

where a € L(S) and C is a nondecreasing predictable process, Cy = 0.

Proof. From the Doob-Meyer decomposition theorem applied to the nonnegative super-
martingale X under P, for v € K,,(0), we get

X, =Xo+ M —AY, 0<t<T,
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where M" is a local martingale under P”, M§ = 0, and A" is a predictable nondecreas-
ing process, integrable (under P¥), with A§ = 0. By the martingale It representation
theorem under P”, there exists ” € L2 _(W") such that

t
X, = X, +/ GrAWY — AV, 0<t<T. (7.21)
0

Fix some element in M,(S), say P° for simplicity, and compare the decompositions
(7.21) of X under P”, and P°. By observing that W* = WO+ [ vdt, and identifying the
(local) martingale and predictable finite variation parts, we obtain a.s.

Y =40, 0<t<T, (7.22)

t
Ay — / vitdu = A%, 0<t<T, (7.23)
0

for all v € Kp,(0).
Let us define the progressively measurable process « valued in R™ by

ay = (O’tO'g)_lat’l/J?, 0 <t< T.

Observe that fOT | pue|dt = fOT [Ajp?]dt < oo and fOT |oot)?dt = fOT [99)2dt < oo a.s.,
and so a € L(S). By writing n, = ¢? — o,ay, we have fOT Ine|?dt < oo a.s., on = 0, and
so n € K(o). Actually, we wrote the decomposition of ¥° on Im(¢”’) and its orthogonal
space K(o):

V) =ojoy +m, 0<t<T. (7.24)

We now show that 7 = 0 by using (7.22)-(7.23). Let us consider, for any n € N, the
process

= —nttl, ., 0<t<T.
[77¢]

Then 7 is bounded, and lies in K,,(c). From (7.22)-(7.23) for ¥, and using also (7.24),
we get

T
A= A9 —n / 0Ly, ot
0

Since EF’[A9] < oo and EP’[AZ] > 0, we see by taking expectation under P°, and
sending n to infinity into the above relation that

n=0, onl0,T]x 8, dt®dP° a.e.

By recalling the dynamics (7.20) of S under P°, and writing C = A°, the decomposition
(7.21) of X under PY is written as

X:Xo—i-/a'adWO—AO = Xo—‘r/adS—C,

and the proof is complete. m]
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7.3 Duality for the utility maximization problem
7.3.1 Formulation of the portfolio optimization problem

In the context of the financial market model described in Section 7.2.1, we formulate the
portfolio utility maximization problem. We are given a function U(z) for the utility of
an agent with wealth z, and we make the following standard assumptions on the utility
function. The function U : R — R U {—o0} is continuous on its domain dom(U) =
{r € R: U(z) > —o0o}, differentiable, strictly increasing and strictly concave on the
interior of its domain. Without loss of generality, up to a constant to be added, we may
assume that U(oo) > 0. Such a function will be called a utility function. We consider
the case where

int(dom(U)) = (0, c0), (7.25)

which means that negative wealth is not allowed.

The utility maximization problem from terminal wealth is then formulated as

v(z) = aesz}()wE[U(x + /OT atdSt)], x> 0. (7.26)

Finally, in order to exclude trivial cases, we suppose that the value function is non-
degenerate:

v(xz) < 0o, for some x > 0. (7.27)

Actually, from the increasing and concavity properties of U on its domain, which are
transmitted to v, this assumption is equivalent to

v(x) < oo, forall x> 0. (7.28)

7.3.2 General existence result

In this section, we prove directly the existence of a solution to the utility maximization
problem (7.26).

First, observe that since U(z) = —oo for x < 0, it suffices to consider in the supremum
of (7.26) the controls a € A(S) leading to nonnegative wealth z + fOT adSy > 0 as.
Moreover, by the increasing property of U on (0, c0), it is clear that

v(z) = sup E[U(Xr)], x>0, (7.29)
XrelC(x)

where the set C(z) was defined in (7.4). It is also clear that if X% € C(z) is a solution
to (7.29), then there exists & € A(S) such that X} =xz+ fOT &;dS; and & is solution to
(7.26).

We show the existence of a solution to (7.29) by means of the dual characterization
of C(z), and actually from its closure property in LY (£2, Fr, P), see Corollary 7.2.1. The
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idea is to consider a maximizing sequence (X™),>1 for (7.29), to use a compactness result
in LQ(Q, Fr, P), which allows us, up to a convex combination, to obtain a limit a.s. Xr
of X", and then to pass to the limit in E[U(X"™)]. The technical point is to get the
uniform integrability of the sequence Uy (X™). We then make the following assumption:
lim sup v=) <0. (7.30)
r—o0 T
This condition may seem a priori strange and hard to check in practice since it carries
on the value function to be determined. Actually, we shall see in the proof below that it
is precisely the necessary condition to obtain the convergence of E[U(X™)] to E[U(Xr)].
On the other hand, we shall give in the next section some practical conditions carrying
directly on the utility function U, which ensure (7.30).

Theorem 7.3.4 Let U be a utility function satisfying (7.25), (7.27) and (7.30). Then,
for all z > 0, there exists a unique solution X7 to problem v(zx) in (7.29).

Proof. Let « > 0 and (X"™),>1 be a maximizing sequence in C(z) for v(z) < oo, i.e.

lim E[U(X")] =v(z) < oo. (7.31)

n—oo

From the compactness theorem A.3.5 in Li(ﬁ, Fr,P), we can find a convex combina-
tion X" € conv(X™, X"+ ...), which is still in the convex set C(z) and such that Xn
converges a.s. to some nonnegative random variable X% Since C(z) is closed for the
convergence in measure, we have X% € C(z). By concavity of U and from (7.31), we also
have

lim E[U(X™)] =v(z) < oo. (7.32)

n—oo

Denote by Ut and U~ the positive and negative parts of U, and observe from (7.32)
that: sup,, E[U~(X™)] < oo and sup,, E[UT(X")] < co. On the other hand, by Fatou’s
lemma, we have

liminf E[U~(X™)] > E[U~(X%)].
n—0o0
The optimality of X%, i.e. v(z) = E[U(X%)], is thus obtained iff we can show that

lim E[U+(X™)] = E[UT(X2)], (7.33)

n—oo

i.e. the uniform integrability of the sequence (U (X™)),>1.
If U(co) <0, ie. UT = 0, there is nothing to check. We recall that U(oc) > 0, and
we define

zo = inf{z > 0:U(z) > 0} < oo.

We argue by contradiction by assuming on the contrary that the sequence (U (X™)),,
is not uniformly integrable. Then, there exists § > 0 such that

lim E[UH(X™)] = E[UT(X%)] + 26.

n—oo
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From Corollary A.1.1, and up to a subsequence still denoted y (X™),>1, we can find
disjoint sets (B™),>1 of (£2, Fr) such that

EUY(X™)1gs] >4, VYn>1.
We thus consider the sequence of random variables in LY (2, Fr, P)

T o
k=1

For all @ € M.(S), we have
n
EQ[H") <z + »_ E9X*] <z +na,
k=1
since X* € C(z). The characterization (7.16) implies that H" € C(z¢ + na). Moreover,

we get

E[U(H™)] = E[U+ (mo + ii{hm)]

k=1
n n
> B0 (Y X*15)] = ST 15) > on
k=1 k=1
We deduce that
EUH"
lim sup @ > limsup M > limsup =90>0,
Tr—00 T n—o0 xo + nx n—oo X0+ NT

which is in contradiction with (7.30). Therefore, (7.33) holds true and X% is solution to
v(x). The uniqueness follows from the strict concavity of U on (0, 00). O

7.3.3 Resolution via the dual formulation

The optimization problem v(z) in (7.29) is formulated as a concave maximization prob-
lem on infinite dimension in Li(Q,fT,P) subject to an infinity of linear constraints
given by the dual characterization (7.16) of C(z): for X € LY. (2, Fr, P), we have

Xr € C(.T) = E[ZTXT] <z, VZre M,. (734)

Here and in the sequel, we identify a probability measure ) < P with its Radon-Nikodym
density Zy = dQ/dP, and we write for simplicity M, = M. (S5).

We can now apply to our context the duality methods for convex optimization prob-
lems developed in an abstract framework in the book by Ekeland and Temam [ET74].

We start by outlining the principle of this method in our context, and we then em-
phasize the arising difficulties and how to overcome them.

Let us introduce the convex conjugate (Fenchel-Legendre transform) of U:

Uly) = sup [U(@) —ayl, >0, (7.35)
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and define dom(U) = {y > 0: U(y) < oo}. We require the usual Inada conditions:

U'(0) :=1limU'(z) = oo, and U'(c0) := lim U'(z) = 0, (7.36)

z]0 T—00

and we define I : (0, 00) — (0, 00) the inverse function of U’ on (0, 00), which is strictly de-
creasing, and satisfies I(0) = oo, I(00) = 0. We recall (see Proposition B.3.5 in Appendix
B) that under (7.36), int(dom(U)) = (0,00), U is differentiable, decreasing, strictly con-
vex on (0,00) with U(0) = U(co) and

U=-U)t=-1
Moreover, the supremum in (7.35) is attained at @ = I(y) > 0, i.e.

Uly) =U(y) —yl(y), y>0, (7.37)

and we have the conjugate relation
U(x) = inf [U(:c) + xy] , x>0,
y>0
with an infimum attained at y = U’(z).

Typical examples of utility functions satisfying (7.36), and their conjugate functions
are

U(z) = Inx, U(y) = —lny—1,

2P N —q p

?q:7'
q 1-p

The starting point of the dual approach is the following. For all x > 0, y > 0, Xp €
C(x), Zr € M., we have by definition of U and the dual characterization (7.34) of C(x)

E[U(X7)] < E[U(yZr)] + ElyZr X
< E[U(yZr)) + ay. (7.38)

We then introduce the dual problem to v(x):

o(y) =, inf BlUZr)l, y>0. (7.39)

The inequality (7.38) shows that for all z > 0

v(z) = sup E[U(X7)]
Xrel(x)

<ffp) tay) = it AB0@Z0)] + oy (7.40)
The basic dual resolution method to the primal problem v(z) consists in the following
steps: show the existence of a (7, ZT) (depending on x) solution to the dual problem
in the right-hand side of (7.40). Equivalently, we have to show the existence of § > 0
attaining the minimum of o(y) + zy, and to get the existence of a Z7 solution to the
dual problem %(g). We then set
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X& = 1(9Zr), ie U (X2) = §Zr.
From the first-order optimality conditions on ¢ and Z7, we shall see that this implies
X% € C(z) and E[ZrX§] = .
From (7.37), we then obtain
ElU(X5)) = £ [0 (921 )| + 23,
which proves, recalling (7.40), that
v(z) = E[U(X%)], i.e X% is solution to v(z).

Moreover, the conjugate duality relations on the primal and dual value functions hold
true:
v(z) = inf[0(y) +ay] = 0(9) + =
y>0
Before we mention the difficulties arising in this dual approach, we can already at
this step give some sufficient conditions (found in the literature on this topic) ensuring

that assumption (7.30) is valid, so that we get the existence of a solution to the primal
problem v(z).

Remark 7.3.5 Suppose that
(y) < oo, Vy>0. (7.41)

Then, inequality (7.40) shows immediately that condition (7.30) holds true. The condi-
tion (7.41) is obviously satisfied once

Vy>0, 3ZreM.: E [ff (yZT)] < . (7.42)

A condition carrying directly on U and ensuring (7.42) is: there exists p € (0, 1), positive
constants ki, ko and Zr € M, such that

Ut(z) < kya? + kg, Yz >0, (7.43)
E[Z7% < oo, where ¢ = lp%p > 0. (7.44)

Indeed, in this case, we have

T
Uly) < suplkia? —xy] + ke = (kip) ™7 yq + ko, Wy >0,
x>0

and (7.42) is clearly satisfied. We shall see later a weaker condition (actually a minimal
condition) on U ensuring (7.41).
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Let us turn back to the dual approach formally described above. The delicate point is
the existence of a solution to the dual problem o(y), y > 0. The set M, on which the op-
timization is achieved is naturally included in L'(§2, Fr, P), but there is no compactness
result in L'. The Komlos theorem states that from any bounded sequence (Z™),, in L',
we can find a convex combination converging a.s. to a random variable Z € L'. However,
this convergence does not hold true in general in L!. In our problem, the maximizing
sequence of probability measures (Z"),>1 in M, (Whlch satisfies E[Z"] = 1) for 0(y)
does not necessarily converge to a probability measure Zptin general, we have £ [ZT] <
1. Actually, the space L% (£2, Fr, P) in which the primal variables X1 € C(z) vary, is not
in suitable duality with L!(§2, Fr, P). It is more natural to let the dual variables vary
also in LY (2, Fr, P).

We then “enlarge” in Lg (92, Fr, P) the set M, as follows. We define D as the convex,
solid and closed envelope of M. in Lﬂ_ (2, Fr, P), i.e. the smallest convex, solid and closed
subset in LY (12, Fr, P) containing M.. Recall that a subset S of LY ({2, Fr, P) is said
to be solid if: ¥ < Y7 a.s. and Yy € S implies that Y] € S. It is easy to see that D is
written as

D= {YT € L0(2, Fr,P): 3 (Z2")ps1 € M, Yy < lim Z"},

n—oo

where the limit lim,, .., Z™ should be interpreted in the almost sure convergence. From
(7.34) and Fatou’s lemma, we deduce that the set C(z) is also written in duality relation
with D: for Xp € Lg(Q,fT),

Xr €C(z) < E[YrXr) <z, VYreD. (7.45)
We then consider the dual problem

o(y) = inf E[U(yYr)], y>0. (7.46)

We shall see below that this definition is consistent with the one in (7.39), i.e. the infimum
in 9(y) coincides when it is taken over M, or D.

We finally require the so-called condition of reasonable asymptotic elasticity:

o 2U(2)
AEU) = harcn_)sol(l)p U0

<1. (7.47)

Typical examples (and counter-examples) of such utility functions are:
e U(x) = Inz, for which AE(U) =0

o U(x) = ﬁ ,p <1, p#0, for which AE(U) = p.

o U(zx) = for x large enough, for which AE(U) = 1.

lnar’

The following theorem states that under these assumptions on the utility function
U, the duality theory “works” well in this context. Actually, the condition of reasonable
asymptotic elasticity is minimal and cannot be relaxed in the sense that one can find
counter-examples of continuous price processes S for which the value function 9(y) is not
finite for all y and there does not exist a solution to the primal problem v(z), whenever
AE(U) =1 (see Kramkov and Schachermayer [KS99]).
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Theorem 7.3.5 Let U be a utility function satisfying (7.25), (7.27), (7.36) and (7.47).
Then, the following assertions hold:

(1) The functionAv is finite, differentiable, strictly concave on (0,00), and there exists a
unique solution X3 € C(z) to v(x) for all x > 0.

(2) The functionj} is finite, differentiable, strictly convex on (0,00), and there exists a
unique solution Y¥ € D to 0(y) for ally > 0.

(3) (i) For all z > 0, we have

X% = I(§Yr), ie U'(XE) = §¥r, (7.48)

where Yr € D is the solution to 0(§) with § = v'(z) the unique solution to argmin,so[o(y)+
xy], and satisfying

E[YpX2] = a. (7.49)
(i) We have the conjugate duality relations
v(z) = min[o(y) + xy], Va >0,
y>0
0(y) = maxfv(z) —zyl, vy > 0.

(4) Furthermore, if there exists y > 0 such that infz,.em, E[U(yZr)] < 00, then
o(y) = inf E[U(yYr) = _inf E[U(yZr)].
oy) = jnf EU(yYr)] = inf EU(yZr)]

Remark 7.3.6 Denote by Xf =z+ fot &, dS,, 0 <t < T, the optimal wealth process
associated to problem v(z). (there is no ambiguity of notation at time 7T since x +
fOT GydS, = X% = I(jY7) is indeed the solution in C(z) to v(x)). The process X* is
equal (up to a cad-lag modification) to

XP =ess sup EQ[I(jY7)|F], 0<t<T,
QeM.

and the optimal control & is determined from the optional decomposition of X@. In
the case where the dual problem #(j) admits a solution Zr in M. with corresponding
probability measure Q, then the process X% isa nonegative local martingale under 0,
hence a Q-supermartingale such that EQ [X2] = z by (7.49). Tt follows that X* is a
(Q-martingale, which is thus written as

Xi = EQ[1(§Zr)|F], 0<t<T.

Remark 7.3.7 The assertion (4) can be proved without assuming that infz,.eca,
E[U(yZr)] < oo (see Proposition 3.2 in Kramkov and Schachermayer [KS99]). We give
here a simpler proof due to Bouchard and Mazliak [BMO03].

The rest of this section is devoted to the proof of Theorem 7.3.5. We split the proof
in several propositions and lemmas where we put in evidence the required assumptions
for each step.
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Lemma 7.3.1 Let U be a utility function satisfying (7.25) and (7.36). Then, for all y
> 0, the family {U~ (yYr), Yy € D} is uniformly integrable.

Proof. Since the function U is strictly decreasing, we consider the case where U(co) =
—oo (otherwise there is nothing to prove). Let ¢ be the inverse function of —U: ¢ is a
strictly increasing function from (—0(0), 00) into (0, c0). Recall that U(0) = U(cc) > 0,
and so ¢ is well-defined on [0, 00). For all y > 0, we have

E[¢(U~ (yY1))] < E[¢(U(yY7))] + 6(0) = yE[Yr]+ ¢(0)
<y+¢(0), VYreD,

by (7.45) since X1 = 1 € C(1). Moreover, with a trivial change of variable and by the
I’Hopital rule, we have from (7.36)
¢@) _ 4 y 1

lim —= = lim — = lim
T5>00 T y—00 ,U(y) y—00 ](y)

We conclude with the theorem of la Vallée-Poussin (see Theorem A.1.2). a

The next result shows that the conjugate duality relations between the value functions
of the primal and dual problem hold true.

Proposition 7.3.2 (Conjugate duality relations)
Let U be a utility function satisfying (7.25), (7.27) and (7.36). Then,

v(z) = inf[o(y) + a2y, ¥z >0, (7.50)
y
0(y) = sup[v(z) —zy], Vy>0. (7.51)
>0
Proof. By the same argument as for (7.38), we have by using (7.45)
suplv(z) — zy] < o(y), Yy > 0.
x>0

Fix some y > 0. To show (7.51), we can assume w.l.o.g. that sup,.[v(z) — zy] < oo.
For all n > 0, let us consider the set

B, ={Xre Li(ﬂ,fT,P) :Xp<n, as.}.

B, is compact in L™ for the weak topology o(L>,L!). It is clear that D is a convex,
closed subset of L'(£2, Fr, P), and we may apply the min-max theorem B.1.2:

inf E[U(Xr) — yXrYr] = inf BU(Xr) —yXrYr], (7.52
Sup it BIU(Xr) —yXrYr] = inf sup B[U(Xr) —yXr¥r],  (752)

for all n and y > 0. From the duality relation (7.45) between C(z) and D, we get
lim sup inf E[U(Xr)—yXrYr]=sup sup E[U(Xr)-— zy]
n— XreB, Yr€D >0 X7 eC(x)

= sup[v(x) — zy]. (7.53)
x>0

On the other hand, by defining



7.3 Duality for the utility maximization problem 189

Un(y) = sup [U(x) —zy], y>0,
0<z<n

we have

inf ElU(X7p)—yXrYr]= inf FE Y, =0
nf, sup U(X7) - yXrYr] L [Un(yYT)] = 0n(y),

so that by (7.52) and (7.53)

lim 9, (y) = suplv(z) —zy] < oo.
n—oo x>0

Thus, to obtain (7.51), we must prove that

lim o, (y) = 9(y). (7.54)

Clearly, 0, (y) is an increasing sequence and limy,, o, (y) < 9(y). Let (Y"),,>1 be a mini-
mizing sequence in D for lim,, v, (y):
lim E[U,(yY{)] = lim ,(y) < oo.

From the compactness theorem A.3.5 in Li((), Fr, P), we can find a convex combination
Y™ € conv(Y™, Y™+ ), which is still lying in the convex set D, and converges a.s. to
a nonnegative random variable Y7. Since D is closed for the convergence in measure, we

have Y7 € D. Notice that Uy, (y) = U(y) for y > I(n) (— 0 as n goes to infinity). By
Fatou’s lemma, we first deduce that

liminf E[UF (yY™)] > E[U* (yY7)),
n—0o0
and on the other hand, by Lemma 7.3.1

lim E[U; (y¥")] = E[U~ (yY7)].

From the convexity of U,,, we then get
lim ,(y) = lim E[U,(yY™)] > liminf E[U,(y¥™)]

> E[U(yYr)] = o(y),

which proves (7.54), and so (7.51). Under the assumption (7.27), the relation (7.50) fol-
lows from the bipolarity property of the Fenchel-Legendre transform for convex functions
(see Proposition B.3.5 in appendix B). O

Remark 7.3.8 From the conjugate duality relation (7.50), we see that assumption
(7.27) on the finiteness of v is formulated equivalently in the finiteness of ¥ at some
point:

J(or V)x >0, v(z) < co<=Jy>0, 9(y) < oo, i.e. dom(d) # 0,
where
dom(?) = {y > 0:0(y) < oo}.

We shall see below with the additional assumption (7.47) that dom(?) = (0,00) (and so
(7.30) holds true by Remark 7.3.5).
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Proposition 7.3.3 (Existence of a solution to the dual problem)

Let U be a utility function satisfying (7.25), (7.27) and (7.36). Then, for ally € dom(d),
there exists a unique solution Y7 € D to v(y). In particular, 0 is strictly convexr on
dom(D).

Proof. For all y € dom(?), let (Y™),,>1 be a minimizing sequence in D for 9(y) < oo:

lim E[U(yY™)] = 9(y).

n—o00

By the compactness theorem A.3.5 in LY (§2, Fr, P), we can find a convex combination
Y™ € conv(Y™, Y™+ ) lying in the convex set D, and converging a.s. to a random
variable Y. Since D is closed for the convergence in measure, we have Y/ € D. As in
the proof of Proposition 7.3.2, by convexity of U, Fatou’s lemma and Lemma 7.3.1, we
have
o(y) = lim E[U(yY™)] > liminf E[U(yY™)]
> ElUY7)] > o(y),

which proves that f/%’ is a solution to 9(y). The uniqueness follows from the strict con-

vexity of U, which implies also that ¥ is strictly convex on its domain dom(?). ]

The next result gives a useful characterization of the reasonable asymptotic elasticity
condition in terms of U or U.

Lemma 7.3.2 Let U be a utility function satisfying (7.25), (7.36). Then, the following
assertions are equualent:

(i) AE(U) < 1.
(i) There exist xo > 0 and v € ]0,1] such that

2U'(x) < yU(z), Yo > z0.
(ii1) There exist xg > 0 and v € (0,1) such that
U(Az) < AU(x), YA>1, Vx> x.
() There exist yo > 0 and v € (0,1) such that
Ulpy) < p=m=70(y), Y0<p<1,Y0<y<uy.
(v) There exist yo > 0, v € (0,1) such that

—yU'(y) < ﬁ Uly), Y0 <y<yo.
Proof. The equivalence (i) < (i7) is trivial.
(i) < (i7): Fix some & > xo and consider the functions F(X) = U(Az) and G(\) =
MNU(z) for A € [1,00). F and G are differentiable and we have F(1) = G(1). Observe
that (i4¢) is equivalent to

F(\) <G, YaA>1,
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for all z > xo. Suppose that (i¢) holds true. Then, F'(1) < G'(1), and we deduce that
there exists ¢ > 0 such that for all A € (1,1 +¢], F(A\) < G(X). We now show that it is
indeed valid for all A > 1. On the contrary, this would mean that

Ai=inf{A>1:F(\) =G} < .
At this point A, we should have F’()\) > G/(}). But, from (ii):

F'(A) = aU'(Gx) < 2UGx) = 2FQ) = 2600 = ¢/(V),
A A A
which is the required contradiction. Conversely, suppose that (#i7) holds true. Then,
F'(1) < G'(1) and we have
Q) _G0) Uk

/ _ _
U(I)_x_x LA

which clearly implies (ii).

(iv) < (v): this equivalency is obtained similarly as for (i7) < (4i7) by fixing 0 < y < yo
and considering the functions F'(u) = U(uy) and G(u) = ,u_#U(y).

(i¢) < (v): suppose (i7), and write yo = U’(zo). Then, for all 0 < y < yo, we have I(y)
> I(yo) = wo, and so

0s) = U(w) = v1s) > ~1GV (W) ~vI) = —9i().
Since U’(y) = —I(y), this proves (v). Conversely, suppose (v), and write zo = I(yo) =

—U"(yo). Then, for all & > x, we have U’(z) < U’(x) = 9o, and so

1

Ulx) = UU () + 2U'(z) > —%U/(x)ﬁ/(U'(x)) +aU'(z) = %xU'(m),

which is exactly assertion (7). O

Remark 7.3.9 1. The characterizations (iv) and (v) show that if AE(U) < 1, then
there exists yo > 0 such that for all 0 < p <1

yI(ny) < CU(y), 0 <y <o, (7.55)

where C is a positive constant depending on .

2. Notice that the characterization (ii) for AE(U) < 1 implies the growth condition
(7.43) on U mentioned in Remark 7.3.5.

The following result gives a characterization of the solution to the dual problem by
deriving the first-order optimality conditions.

Proposition 7.3.4 (Characterization of the solution to the dual problem)
Let U be a utility function satisfying (7.25), (7.27), (7.36) and (7.47). Then, ¥ is finite,
differentiable, strictly convez on (0, 00) with
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—#'(y) = E[YI(yY})]
= sup B[YrI(yY})], y>0, (7.56)
YreD
and thus
I(yYY) € C(=7'(y), y>0.

Proof. 1. We have seen in Remark 7.3.8 that assumption (7.27) is equivalent to dom(?)
# (), i.e. there exists y; > 0 such that

o(y) < oo, Vy=uyi, (7.57)

by the decreasing feature of U, and so of &. Since 0(y1) < oo, there exists Yy € D such
that E[U(y1Y7)] < oc. Since we also have U(y,Yr) > Ul(x) — zoyr Y with E[Yy] < 1
and xy > 0 given, this proves that U(y, Y7) € L*(P). Moreover, the characterization (iv)
of AE(U) < 1 in Lemma 7.3.2 shows that there exists yo > 0 such that for all 0 < y <

Y1
UyYr) < C)UWYr)ly,vr<yo + UWYT) 1y, vesy
< C(y) ‘f](?hYT)‘ + |0 (%yo) ’ ,

for some positive constant C(y). This proves that 9(y) < oo for y < y; and so dom(?)
= (0,00).

2. Fix y > 0. Then, for all § > 0, we have by definition of :

o _ 5 Ji VYN — [T (VY
oy +9) —9(y) < E[U((y+5) 7)) U(yYT)}
1) 1)
E[VR0"((y +0)¥1))]
by convexity of U. Since U’ = —I > 0, we deduce by Fatou’s lemma and sending ¢§ to
Zero:
lim sup M < —E[VXI(VY)]. (7.58)
510

Moreover, for any § > 0 such that y — & > 0, we have by same arguments as above:

0(y) —oly —9) E[U(yYTy)) ~U((y - 5)1?;/)}
4 - B
> E[Y{U'((y - )Y))]- (7.59)

Notice (as in step 1) that since E[U(yY})] < oo, then U(yY¥) € L*(P). From (7.55)
(consequence of AE(U) < 1), there exists yo > 0 such that for all 0 < § < y/2, we get

0 < =YIU' ((y = 6)YY)) = YFI((y—6)Y{))
< COTWIN iyzy, + V7T (5) Ly

<) |[owvp|+ v (%),



7.3 Duality for the utility maximization problem 193

where C(y) < oo and xy > 0 is arbitrary. The r.h.s. of this last inequality is integrable,
and we may then apply dominated convergence theorem to (7.59) by sending § to zero:

li%gnfw > _E[VAI(yVE))]. (7.60)

By combining with (7.58) and from the convexity of ¥, we deduce that v is differentiable
at any y € (0,00) with

'(y) = —E[Y2 1Y)
3. Given an arbitrary element Y € D, we define
Yi=(1—-e)Vi+eYr € D, 0<e<l.
Then, by definition of #(y) and convexity of U, we have

0 < E[U(yYE)] — E[U(yVY)]
< yE[U"(yY5) (Y7 — V)] = eyBUI(yY5)(VE - Yr)),

from which we deduce by the nonincreasing property of I
EYrI(yY§)] < E[YZI(y(1—e)V)).

As in step 2, we can apply the dominated convergence theorem (under AE(U) < 1) to
the r.h.s. and Fatou’s lemma to the 1.h.s. by sending ¢ to zero:

E[YrI(yYr)] < EVZI(yY7)],

and this holds true for any Yp € D. This is relation (7.56). The property I(yYTy) €
C(—7'(y)) follows finally from the dual characterization (7.45). O

Proof of Theorem 7.3.5

e The existence of a solution to v(z) for all > 0 follows from the fact that dom(v) =
(0,00), which ensures assumption (7.30) (see Remark 7.3.5). The strict convexity of @
on (0,00) and the conjugate relation (7.50) show (see Proposition B.3.5 in Appendix B)
that v is differentiable on (0, 00). The strict concavity of v on (0,00) is a consequence of
the strict concavity of U and the uniqueness of a solution to v(x). This implies in turn
that o is differentiable on (0, c0).

o Assertion (2) of the theorem follows from Proposition 7.3.3 and the fact that dom(v)
= (0, 00).

e Let us check that o (00) := lim,_ #'(y) = 0. Since the function —U is increasing and

—U'(y) = I(y) converges to zero as y goes to infinity, then for all € > 0, there exists C.
> 0 such that

—Uy) <C.+ey, y>0.

From the ’Hopital rule, we deduce that
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0 < —9'(00) = lim —0) = lim sup E[M]
y—eo Yy Y= yreD Y
C-.
< lim sup E[——|—£YT}
Y= yreD Y
C
< lim E[— +¢] =
y—00 y

where we used the relation E[Y7] < 1 for all Yr € D, by (7.45) with X7 = 1 € C(1).
This shows that

' (00) = 0. (7.61)
On the other hand, by (7.56), we get
—¥'(y) > ElZrI(yY7)], ¥y >0, (7.62)

where Zp > 0 a.s. is a fixed element in M.. Notice that since E[)A’T’ﬂ <1lforally>0,
we have by Fatou’s lemma E[Y] < 1 where Y2 = liminfy o Y. In particular, Y2 < co
a.s. By sending y to zero in (7.62), and recalling that 1(0) = oo, we obtain by Fatou’s
lemma

V(0) = limd'(y) = co. (7.63)

From (7.61) and (7.63), we deduce that for all > 0, the strictly convex function y
€ (0,00) — 0(y) + 2y admits a unique minimum § characterized by ¢'(§) = —z or
equivalently § = v'(z) since ¥ = —(v')~! from the conjugate duality relation (7.51).

e Let us prove that I(g]YT) is the solution to v(x). From Proposition 7.3.4, we have

I(§Yr) € C(x) and E[YpI()Yr)] = .

We then get
v(x) > EUI(HYr))] = [ﬁ(UYT)} + ElgYrI(jYr))
E[U )] + 29
> 0(9) + x9.

By combining with the conjugate relation (7.50), this proves that we have equality in
the above inequalities, and so I(§¥7) is the solution to v(z).

e Tt remains to prove assertion (4). Under the assumption that infz,.cnq, E[U(yZ7)] <
00, for some given y > 0, we can find Z% € M, such that U(yZ%) € L'(P). Consider an
arbitrary element Y7 € D, and let (Z™),>1 be a sequence in M. such that Y7 < lim, Z"
a.s. For € € (0,1) and n > 1, we define

ZM = (1—-¢)Z" +eZ% € M..

Then, by the decreasing property of U and the characterization (iv) of AE(U) < 1 in
Lemma 7.3.2, there exists yp > 0 such that
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U(yz™e) < UlyeZ9) < C-UWZ3) 1,50 <40 + Ue0)1yz9.5 4,
for some positive constant C.. We then get
Ut(yZ™e) < C|U(yZp)| + |U(eyo)l, Vn =1,

which proves that the sequence {U+(yZ™¢), n > 1} is uniformly integrable. By Fatou’s
lemma, and the decreasing feature of U, we deduce that

it E[0(yZr)] < limsup B0 (y2")] < B0(y(1 - <)Yy +<29)

< BlU(y(1 - £)¥7)].

By using again the characterization (iv) of AE(U) < 1 in Lemma 7.3.2, we get the
uniform integrability {U™ (y(1 —¢)Y7), € € (0,1)}. By sending € to zero in the previous
inequality, we obtain

it E[U(yZr)) < E[U(yYr)],

and this holds true for all Yp € D. This proves that inf, e, E[U(yZr)] < 9(y). The
converse inequality is obvious since M, C D. m]

7.3.4 The case of complete markets

In this section, we consider the case where the financial market is complete, i.e. the set
of martingale probability measures is reduced to a singleton:

M.(8) = {P"}.

We denote by Z° the martingale density process of P°. In this context, the dual problem
is degenerate:

i(y) = ElU(yZ3)), y >0,

and the solution to the dual problem is obviously Z3. The solution to the primal problem
v(x) is

where g > 0 is the solution to
E|Z01(529)) = BT [1(29)] = .

The wealth process X% and the optimal portfolio & are determined by

1
Xr = :1:—|—/ 4,dS, = EP' [1(9Z9)| 7], 0<t<T.
0

Example: Merton model
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Consider the typical example of the Black-Scholes-Merton model:
dSt = St (/ldt + O'th) )

where W is a standard Brownian motion on (£2, F,F = (F;)o<¢<7, P) with F the natural
filtration of W, Fy trivial and pu, o > 0 are constants. Recall (see Section 7.2.4) that the
unique martingale measure is given by

1
70 = exp ( — AW — 5|A|2T), where A = £,
g
and the dynamics of S under P is
dS; = SiodWy,

where Wt0 =W,+At, 0<t <T,isa P’ Brownian motion. Take the example of a power
utility function:

U(x) = :%D, p<1, p#0, for which I(y) = y ", r = ——.
We easily calculate the optimal wealth process for v(z):
Xy = EP[(929) 7| R] = 9B [exp (ATW% - %|)\|2rT> ‘ft}
=g "exp [%(\)\HZ — |)\|2T)T] exp (/\rWt0 — %\/\r|2t>.

Since g is determined by the equation Xg = x, we obtain

1
X! =zexp ()\TW,? — §|)\r|2t), 0<t<T.

In order to determine the optimal control &, we apply It&’s formula to Xe.
dXP = X7 rdWy,
and we identify with
dX? = &4dS, = @,08,dWP.
This provides the optimal proportion of wealth invested in S:

Gy Sy & H

S ()

We find again the same result as in the dynamic programming approach in Section 3.6.1.
The computation of the value function v(z) = E[U(XF)] is easy, and gives of course the
same result as derived in Section 3.6.1:

a? 1> p
v(x) = " exp <§EHT>'



7.3 Duality for the utility maximization problem 197

7.3.5 Examples in incomplete markets

In the context of incomplete markets, i.e. M.(S) is not reduced to a singleton, and
actually of infinite cardinality, we cannot explicitly find the solution to the dual problem.
However, some computations may be led more or less explicitly in some particular models.
Let us consider the model for It6 price processes as described in Section 7.2.4. With the
notation of this section, we consider the set including M.(S):

Mioe ={Z7 :ve K(o)} D Mc(S) = {Zf :ve Ky(o)}.

It is easy to check by Itd’s formula that for any wealth process X* = z + [adS, o €
A(S), and for all v € K (o), the process Z* X" is a P-local martingale. Notice also that
for all v € K (o), the bounded process v™ = v1},|<, lies in K, (o), and Z%" converges a.s.
to Z%. Thus, M, C D and from the assertion (4) of Theorem 7.3.5 (see also Remark
7.3.7), we get
#(y) = inf E[U(yZ%), y>0. (7.64)
veK (o)
The interest to introduce the set M, is that it is explicit (in contrast with D), com-
pletely parametrized by the set of controls v € K (o), and relaxed from the strong con-
straints of martingale integrability in K,,(c), so that we can hope to find a solution
DY in K (o) to 9(y) in (7.64) by stochastic control methods as in the previous chapters.
Actually, if we suppose that the function

£eR+— U(ef) is convex,

which is satisfied once z € (0,00) — zU’(z) is increasing (this is the case of power and
logarithm utility functions), then it is proved in Karatzas et al. [KLSX91] that for all y
> 0, the dual problem %(y) admits a solution Z%' € M. One also shows that for all v
€ K (o) such that E[fOT ||2dt] = oo, we have E[U(yZ%)] = oo, so that in (7.64), we can
restrict to take the infimum over Ky(o) = {v € K(0) : E[fOT |v¢2dt] < oo}, and thus DY
€ Ky(o). Notice that in general, this solution Z%’ does not lie in M, (S). The solution
to the dual problem is given by

X5 =1(52%),
where § > 0 is the solution to argming.o[0(y) + zy] and satisfying
E[Z8 1(§72)] = =.
For determining the (nonnegative) wealth process X7 we observe that the process Z” ‘X

is a nonnegative local martingale, thus a supermartingale, which also satisfies £ [Z%U Xﬂ
= x. Therefore, it is a martingale, and we have
7y’

Xy =B G102y)
t

.7-}], 0<t<T.

Logarithm utility function
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Consider the example of the logarithm utility function U(z) = Inz, > 0, for which
I(y) = 5 and U(y) = —lny—1, y>0.
For all v € Ky(o), we have
E[U(yZ%)] = —lny—1-— %E[/OT IAe? + [ut|2dt], y>0.

This shows that the solution to the dual problem v(y) is attained for ¥ = 0 (in partic-
ular independent of y), corresponding to Z$ and the optimal wealth process for v(z) is
explicitly given by

{r o L <t<

XP = Z—to, 0<t<T.
The optimal control is determined by applying It6’s formula to the above expression,
and identifying with dX} = &;dS;. In the model written under the “geometrical” form

dSt = St(ﬂtdt + O',ng/Vt)7

we find the optimal proportion of wealth invested in S:

éétSt _ &

= 5
th o

Power utility function

Consider the example of the power utility function U(z) = 2P/p, z > 0, p < 1, p # 0,
for which
. - —q
Iy) =yt and U(y) = 2=, y>0,q = 1%

For all v € K (o), we have

7 v yiq v\—
EU(yZy)) = v E[(Z7)7"], y>0.
The solution to the dual problem %(y) does not depend on y and is a solution to the
problem
inf  E[(Z%)79). 7.65
dnt B((Z5)7) (7.63)
This stochastic control problem can be solved in a Markovian framework, typically a
stochastic volatility model, by the dynamic programming method. In a more general
framework of It6 processes, we can also use methods of BSDE. Denoting by © the solution
to (7.65), the optimal wealth process is given by

T

X = Bz

E[(Zi);q ‘J-‘t], 0<t<T.
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7.4 Quadratic hedging problem

7.4.1 Problem formulation

We consider the general framework for continuous semimartingale price process as de-
scribed in Section 7.2.1. We are given a contingent claim represented by a random variable
H € L2(P) = L?(02, Fr, P), i.e. H Fr-measurable and E|H|?> < co. The quadratic hedg-
ing criterion consists in minimizing for the L2-norm the difference between the payoff H
and the terminal wealth X7 = x + fOT a;dS; of a portfolio strategy a € L(S).

In the utility maximization problem, we considered utility functions on (0, c0). It was
then natural to define admissible portfolio strategies leading to a lower-bounded wealth
process. In the quadratic hedging problem, the cost function to be minimized U(z) =
(H —x)? is defined on R, and in general we cannot hope to find a solution X = z+ [ ads,
which is lower-bounded. On the other hand, we should exclude doubling strategies. In
our context of quadratic optimization, we introduce the following admissibility condition:

T
Ay = {a € L(S): / adS; € L*(P) and
0
/adS is a @ — martingale for all @ € Mﬁ},

where

dQ

2 2

—{@em.: = errp)}

M2 ={QeM.: 55 e 1X(P)

is assumed to be nonempty: M2 # ). This admissibility condition permits lower-
unbounded wealth while excluding arbitrage opportunuities. Indeed, by fixing some ele-

ment Q € M2, we have for all « € Ay, E? UOT a;dS;] = 0 and so

T
/ a;dS; > 0} > 0.
0

Furthermore, with this integrability condition in A3, we show that the set of stochastic
integrals { fOT aydS; : a € Ay} is closed L2(P), which ensures the existence of a solution
to the quadratic minimization problem.

T
Aa e Ay, / o dSy > 0, a.s. and P
0

Proposition 7.4.5 The set Gr = {fOT atdSy : oo € As} is closed in L?(P).

Proof. Let X" = fOT a?dS;, n € N, be a sequence in Gr converging to Xz in L2(P). Fix
some arbitrary element @ € M2. Then, from the Cauchy-Schwarz inequality, fOT ardS;
converges to X in L'(Q). By Theorem 1.2.11, we deduce that X, = fOT oy dS; where o
€ L(S) is such that [adS is a Q-martingale. Since @ is arbitrary in M2, we conclude
that « € As. m|

The quadratic minimization problem (also called mean-variance hedging problem) of
a contingent claim H € L%(P) is formulated as

T 2
v, () = inf E[H —a— /0 atds,,] , zER (7.66)
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In other words, we project on the Hilbert space L2(P), the element H — z on the closed
vector subspace Gr. We then already know the existence of a solution to v, (x). Our
goal is to characterize this solution. The resolution method is based on a combination of
Kunita-Watanabe projection theorem, convex duality methods, and change of numéraire.

7.4.2 The martingale case

In this section, we study the special case where S is a local martingale under P,
i.e. P € M2. In this case, the resolution is direct from the Kunita-Watanabe projection
theorem. Indeed, by projecting the square-integrable martingale H, = E[H|F], 0 <t <
T, on the continuous local martingale S under P, we obtain the decomposition

t
E[H|F] = E[H] +/ oflds, + RF, 0<t<T, (7.67)
0

where off € L(S9) satisfies the integrability condition

T 9 T
E[/ afdst] = E[/ (@f)d < S >, afl] < oo, (7.68)
0 0

and (RfT); is a square-integrable martingale, orthogonal to S, i.e. < R S > = 0.

Theorem 7.4.6 For any v € R and H € L?(P), the solution ™ € As to vy(x) is
equal to ol . Furthermore, we have

vy (z) = (E[H] - 2)* + B[R],

Proof. Let us check that o € Ay. From condition (7.68), we have fOT afdS; € L*(P).
Moreover, with the Cauchy-Schwarz and Doob inequalities, we have for all Q € M?

59 sup | [ atias.[] <2(£[52]") ! ([ [ attas])" <

This shows that the Q-local martingale [ af’dS is a uniformly integrable Q-martingale,
and thus aff € A,.

Observe that for all o € Ay, the stochastic integral [ adS is a square-integrable P-
martingale. By the Doob and Cauchy-Schwarz inequalities, we have E[sup, | R f; 0y, dSy|]
< 0o. Thus, the orthogonality condition between R¥ and S implies that R [ adS is a
uniformly integrable P-martingale. We then get

T
E[R¥/0 atdSt] =0, Vo€ A

By writing from (7.67) that H = E[H] + fOT afdS; + RE, we derive that for all a €
As

E[H—z - /OT atdStr = (E[H] - 2)° +E[/OT(a,{f —anas))” + BRI,

which proves the required result. m]



7.4 Quadratic hedging problem 201

Example

Consider the stochastic volatility model

dSt = U(t, Su Yt)Stthl
dYy, = n(t, Si, Yi)dt + y(t, Sy, ) dWE,

where W' and W? are standard Brownian motions, supposed uncorrelated for simplicity.
We make the standard assumptions on the coefficients o, 7,y to get the existence and
uniqueness of a solution (S,Y) valued in Ry X R to the above SDE given an initial
condition. We consider an option payoff in the form H = ¢g(St) where g is a measurable
function, and we define the function

h(t757y) - E[g(ST)|(St7Y;) = (Svy)]’ (t,S.,y) € [O/ T] xRy x R.

Under suitable conditions on o, 1, v and g, the function h € C12([0,T) x Ry x R), and
is a solution to the Cauchy problem
oh Oh 1 ,0%h 1 ,0%h
b B RV gy || 0,7) xR R
3t+7]8y+20852+278y2 > on [0.T) xRy x
hT,.,.) =g, on Ry xR

The Kunita-Watanabe decomposition (7.67) is simply obtained by It6’s formula applied
to the martingale h(t, Sy, Y:) = Elg(St)|F], 0 <t <T:
t oh ¢

oh
Blg(SrlF] = BloSr)+ | 5o 8. YdSu+ [ 25,8, Y )dw?.
0o Us o Oy

The solution to the quadratic minimization problem is then given by
Oh
a" = a—(t7 S,Y), 0<t<T,
S

and the value function is

T

oa(a) = (Elg(Sn)] —)* + B[ [y o550 o],

In the sequel, we consider the general case where S is a continuous semimartingale.
The principle of our resolution method is the following: we first choose a suitable wealth
process that will be connected to a martingale measure, and derived from a duality
relation. We then use this wealth process as the numéraire, and by a method of change
of numéraire, we reduce our problem to the martingale case.

7.4.3 Variance optimal martingale measure and quadratic hedging
numéraire

Let us consider the quadratic minimization problem corresponding to H = 1 and = = 0:

T 2
v = 3611}‘1215[1 —/0 atdS,} . (7.69)
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Denote by a¥*" € Ajs the solution to v; and XV the wealth process
t
X =1- / apdSy, 0<t<T.
0

The purpose of this section is to show that XV%" is related via duality to a martingale
probability measure, and is thus strictly positive. We shall use the duality relation be-
tween Gy and M2, and follow a dual approach as for the utility maximization problem,
adapted to the L?(P)-context.

Since EQ[I—fOT a;dS;] = 1forall @ € Ay and Q € M2, we get by the Cauchy-Schwarz,

inequality
1= (e[ - [ was)])

dQq2 T 2
< i _
_E[dp] E[1 /0 adSy| .
We then introduce the dual quadratic problem of v;:
@] :

o (7.70)

%= inf E[
Qem?

so that
Q12 T 2
1< inf E[—} m'nE[lf/ adS} T
- QIEMZ dP ae.lAz Jo i t
We shall prove the existence of a solution P®" to the dual problem 97, and see that it

is related to the solution of the primal problem v; by dl;;,w = CteX}"". We then get

equality in the previous inequalities: 1 = 91 v;.

Theorem 7.4.7 There exists a unique solution to U1, denoted by P'“" and called the
variance-optimal martingale measure. The solution to the primal problem vy is related to
the one of dual problem ¥y by

Jprer
dP’UaT X’Ull’f‘

Xvor — ap i.e. = r__ 7.71

T E [dzz;;rf e arP E[X%or) (T.71)

In particular, we have
X/ >0, 0<t<T, Pa.s. (7.72)

Remark 7.4.10 Since X% is a Q-martingale under any @ € M?2, in particular under

Pv" we have by (7.71), and denoting by ZV*" the martingale density process of P*"

EC(Zy| R _ Bl(Zy)?| R
E[Z%HTP - Z;;arE[Z%ar]Q ’

Xpor = 0<t<T, YQe M> (7.73)

The relation (7.71) also shows that

var 2
E[X%‘”PEVP } =1

dP
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For proving Theorem 7.4.7, we cannot apply directly the duality method developed
in the previous section for maximization of utility function defined on (0, c0), since the
utility function is here U(z) = —(H —z)?, defined on R, and not increasing on the whole
domain R. We shall use the special features of the quadratic utility functions, and the
characterizations by projections in Hilbert spaces. We denote by QQJ: the orthogonal of
Gr in L2(P):

Gt = {ZT € L2(P) :E[ZT/OTatdSi] —0,Vae Az}.

var

Lemma 7.4.3 The wealth process associated to the solution o’ € As of problem vy is

nonnegative:
t
Xpor =1 - / ards, > 0, 0<t<T, Pas.
0

Moreover, we have
X" € Gr and E[X{"] = E[X"]* > 0.

Proof. Consider the stopping time 7 = inf{t € [0,T] : X}*" < 0}, with the convention

that inf @ = oco. Since S and so X" is continuous, and X" = 1, we have

2 = 0on A:={r <T},
X% > 0on A° = {17 = o0}.
Let us define the process & by a; = af*" if 0 <t <7 AT and 0 otherwise. Since a*" €
As, it is clear that @ € A and

T
1*/ o?tdSt = :7\% = X%arlAc 20, a.s.
0

We deduce that E[1— [ @dS;]* < E[XY"]2. Since a?*" is solution to vy, we must have
X =1- fOT azdS; > 0. By observing that XV is a martingale under ) arbitrary in
M2, we get

Xtv(u' — E9 [X%aqj_-t} >0, 0<t<T, a.s.

On the other hand, the solution to problem v;, which is obtained by projection of the
element 1 onto the closed vector subspace Gr, is characterized by the property X7 €
G7:

T
E[XT / atdSt] =0, Vace A (7.74)
Jo
For a = %", this implies in particular that
E[X3"] = E[X3*"]* > 0

since X2 cannot be equal to zero P a.s. from the fact that EQ[X%"] = 1 for Q € M2.
O

In the sequel, we identify, as usual, an absolutely continuous probability measure with
its Radon-Nikodym density.



204 7 Martingale and convex duality methods

Lemma 7.4.4
M2 ={Zr € L*(P): Zr >0, a.s., E[Z7] =1} N Gf. (7.75)

Proof. Denote by M2 the r.h.s. in (7.75). By definition of As, it is clear that M2 C
/\;li Let Zp € /\;lg and @) ~ P the associated probability measure with Radon-Nikodym
density Zr. Since S is continuous (hence locally bounded), there exists a sequence of
stopping times 7, T oo, such that the stopped process S™ = (Siar, Jo<t<r is bounded.
(for example 7, = inf{t > 0: |S;| > n}). As contains the simple integrands in the form
ay = 0lspr, unr,)(t) where 0 < s <u < T and 0, Fypr,-measurable valued in R™. Since
Zr € g%, we have

T
0 = ElZr / 01 (unr, unm)(1)dSi] = EQ[0.(ST" — ST%)], (7.76)
0

for all 0 < s < u < T and 0, Fsar,-measurable. From the characterization of random
variables Fyn,, -measurables (see Proposition 1.1.2), the relation (7.76) holds also true
for all 0, Fs-measurable. This proves that S™ is a @-martingale, i.e. S is a Q-local
martingale, and thus @ € M?2. m]

We introduce the closure M? of M2 in L?(P), which is given from the previous
lemma by

d
M? = {Q < P: £ € L?(P) and S is a Q — local martingale}

= {ZT € L3(P): Zr >0, as., E[Zr] = 1} n G&.
The dual problem is then also written as

o = inf E[Zr). 777
o= inf ElZr] (7.77)
Lemma 7.4.5 There exists a unique solution Z¥*" € M? to the dual problem (7.77).
This solution is related to problem v1 by

Z§" = BlZ3 P X (7.78)

Proof. The nonempty set M? is clearly convex and closed in L2(P). The problem (7.77),
which is a projection problem in L?(P) of the zero element onto M? then admits a unique
solution Z¥%". Recall that this solution is characterized by the property that Z¥*" € M?
and

BZy" (23" = Zr)) <0, VZr e M?. (7.79)

Consider the random variable

_ X’U(ZT
Ip=—IL . 7.80
" B (750
From Lemma 7.4.3, Zr € M?2. Moreover, by definition of Ay and Z7, we have for all Zp
€ M?
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1 _
E[ZrZ = E[Zr)

(ZrZ7] = EX5] (Z1]
By density of M? in M2, the above relation holds true for all Zp € M?2. From the
characterization (7.79) of Z7*", this shows that Z*" = Zr, and concludes the proof. O

Proof of Theorem 7.4.7.

In view of the previous lemmas, it remains to show that Z7*" > 0 a.s., which then defines
a probability measure PY®" € M?2. This is a delicate and technical point, whose proof
may be omitted in a first reading.

Let Z""" be the nonnegative martingale density process of PY%" € M?2: ZVor =
E[Z3|F] = E[4£ Pwr Fi], 0 <t <T. We want to prove that P a.s., ZP* > 0 for all
t € [0,7T]. Let us consnder the stopping time

T=inf{0<¢t<T : Z}* =0}
with the convention inf () = co. Consider also the stopping time
o=inf{0<¢t<T : X/ =0}.

Fix some element Q° € M$ and denote by Z° its martingale density process.
On the set {0 < 7} C {0 < 0o}, we have by the martingale property of the nonneg-
ative process XV under Q°

0 = X2 = B [X§T|F,).

Since X7 > 0 by Lemma (7.4.3), this proves that X% = 0 on {¢ < 7}. With the
relation (7.78), we also have ZJ*" = 0 on {0 < 7}. By the martingale property of Z"%",
we thus get Z2*" = 0 on {0 < 7}. This is clearly in contradiction with the definition of
7 unless P{oc <7} = 0.

On the set {7 < 0} C {7 < o0}, we have by the martingale property of the nonneg-
ative process ZV%" under P

O — Z7’l_)a'l‘: [ v(u‘}-]

Since Z¥*" > 0, this proves that Z%*" = 0 on {7 < ¢} and so by (7.78) that X" = 0 on
{7 < o¢}. By the martingale property of X"*" under Q°, we have X?%" = 0 on {7 < o}.
This is clearly in contradiction with the definition of 7 unless P{7 < ¢} = 0.

We deduce that 7 = ¢ a.s. and by continuity of the nonnegative process X" 7 is
a predictable stopping time: there exists a sequence of stopping times (7,,)n>1, With 7,
< 7 on {r > 0}, 7, converging increasingly to 7 (we say that 7 is announced by (7,),).
Indeed, it suffices to take 7, = inf{t > 0: X}*" < 1/n} A n. By the martingale property
of the nonnegative process Z'*" and since Z7%" > 0, we have by the Cauchy-Schwarz
inequality

var

7] = o[l

zvar
[
var
ZT'L

ol

Z’UaT 1
< E[(ZT) ).7-;"] E[1 gser 20| Fr, ]} (7.81)
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Since E[lzver0|Fr,] converges to 0 on the set {ZY*" = 0}, inequality (7.81) proves that

EKZ%M)Z‘]—'T”] oo, on {Z'T =0} (7.82)

var
zy

Since Z° is a strictly positive P-martingale such that Z% € L?(P), we get

Z9\?
su E[ (—T> ’f} < 00, a.s.
ogth VAL k

Suppose that P[Z*" = 0] > 0. From (7.82), we see that for n large enough, the set
0

ao = {B[(2)]7.] < B[(Z) 1))

is nonempty in F. . Let us then define the martingale

Zp t<my,
02
Zi =< Z)7—t>1, on A,

Tn

Zper t > 7, outside A,.

We easily check that ZS inherits the local martingale property of Zv%"S and Z°S, and
so Zr € M?. Morever, by construction, we get

E[Zr]* < E(Z3"),

which is in contradiction with the definition of Z*". We then conclude that P[Z?%" = (]
= 0 and thus ZP*" > 0, for all ¢ € [0,T], P a.s. Finally, the strict positivity of X"
follows from the strict positivity of X%*" and the martingale property of Xv%" under Q°
~ P. O

The strictly positive wealth process XV*" is called quadratic hedging numéraire, and
shall be used in the next section for the resolution of the mean-variance hedging problem.

7.4.4 Problem resolution by change of numéraire

We use X" as numéraire: we consider the discounted price process SU%" valued in R"*!

by

1 . St
= and SV =

var,0 .
S Xvar Xvar’ v

=1,...,n.

Recall that for any Q € M2, the process X V%" is a Q-martingale with initial value 1. We
then define the set of probability measures with martingale density X"%" with respect
to a probability measure @Q in M?2:

MZvar — {Q”‘" probability on (£2, Fr) : 3Q € M?

dQU(lT‘
dQ 17,

= X 0<t< T.}.
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Since by definition, M2 is the set of probability measures @ ~ P with square-integrable
Radon-Nikodym density, under which S is a local martingale, we easily deduce from
Bayes formula that M2:v%" is also written as

o N 1 dQvar
e = {Qur P € L2(P) and
¢ Xper ~dP
SY is a QYY" — local martingale}. (7.83)

We then introduce the set of admissible integrands with respect to SV":
T
DL = {¢> € L(S"): X%‘”'/ $:dSy" € L*(P) and
0
/qf)dS”“" isa QYY" — martingale under any Q""" € M%”‘“‘},

We first state a general invariance result for stochastic integrals by change of
numéraire.

Proposition 7.4.6 For all x € R, we have

{x-}-/OTatdSz ta € Az} = {X;w(x_’_/oT@deM) vy @1210.7‘}. (7.84)

Furthermore, the correspondence relation between o = (al,...,a™) € Ay and ¢ =

(@0, ..., ") € DL is given by ¢ = FV% (a) where FY%" : Ay — D397 is defined by
@° =x+/ozdeoz.S and ¢' = of, i=1,...,n, (7.85)
and o = F; 1097 (), with F 107« @397 — Ay determined by
ol = ¢ — qreri (;1: +/¢d5“” - ¢.SW‘>, i=1,....n. (7.86)

Proof. The proof is essentially based on It6’s product rule, the technical point concerning
the integrability questions on the integrands.

(1) By It6’s product, we have

i(55r) = S50 + S+ < S > (7.87)

Let a € A, and consider the truncated bounded integrand a(™ = aljq<n, which is
integrable with respect to S/XV*" 1/X"%" and < S, ﬁ >. We then get

/a<”>d(Xfm.) - /a(")Sd(ﬁ) +/a(”>X1MdS

1
+ /a(")d <8 ——>. (7.88)

Xvar

(n)

Denote by X»*" =z + [a(™dS. Then, by It6’s formula and (7.88), we have
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Xz,a(“) o 1
— s (n) (n)
d( Xvar > X d<Xvur> + X'ua’r*a ds to d < S Xvar >
_ 2,0 __(n) 1 (n) S
(X @ 'S)d(X'uar> +a d(chw‘)
= pMggver, (7.89)
with ¢(®) = Fve" (™) € L(5"*"). The relation (7.89) shows that
x4+ / aMds = xvar <x + / ¢><”>dSW). (7.90)

Since av is S-integrable, i.e. a € L(S), we know that fa<")dS converges to [ adS for the
semimartingale topology as n goes to infinity. This implies that X @0l /X" converges
also for the semimartingale topology. From (7.90), we deduce that [ &M dSUe" converges
to [ ¥dX for the semimartingale topology with 1) € L(S¥%"), since the space {[wdSver .
¢ € L(S¥%") } is closed for the semimartingale topology. Since ¢(™) converges a.s. to ¢
= FY"(a), we get ¢ = ¢. We then obtain by sending n to infinity in (7.90)

x+ / adS = XV <x + / ¢dS’”‘”’>. (7.91)

Since XY and fo adS; € L*(P), we get by (7.91) Xraer fo ¢ dSyeT € L?(P). Since
J adS is a @-martingale for any @ € M2, it follows by definition of M2%", by (7.91)
and the Bayes formula that [ ¢dSve" is a Q*"-martingale for all Q" € sz“m‘. Thus,
¢ € ¢35, and the inclusion C in (7.84) is proved.

(2) The proof of the converse is similar. By It6’s product, we have
d(X'U(,LT'X) — X'U(leS/UU/V" + S/U(l’f'dXUaT + d < X'Ua7'7S'Ua7' > . (7'92)

Let ¢ € #5%" and consider the truncated bounded integrand o = ®1|¢)<n- Then, from
(7.92) and the definitions of SV and X", we get

a(xvr(a+ / o ds"))

<LL' + /¢(7z)dsvar> dXer 4 X'ua7'¢('n)dsvar + ¢('n)d < X'uar?S'uar >

(l’ + /¢(n)dsvar> dXver 4+ ¢(n)d(Xvar5'uar) _ ¢(n) gvar g xvar
«

(OF S,

with (™ = F;1ver(¢(™) € L(S). By the same arguments as in point (1), we obtain by
sending n to infinity

xver <x+ / ¢>dS’“‘”'> =+ / ads, (7.93)

with a = F; v (¢) € L(S). We also check as in (1) that a € Az since ¢ € $3". The
inclusion D in (7.84) is proved, and the proof is complete. O
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Notice that in the proof of Proposition 7.4.6, we used only the strict positivity of the
process X" =1— [ av*"dS. The previous invariance result for the space of stochastic
integrals by change of numéraire is actually valid for any choice of numéraire X"*™ =
1— [ a™mdS;, a™™ € Ay, with X7™™ > 0, 0 < ¢ < T. The particular choice of X™™ =
XV the solution to problem (7.69), is now used in a crucial way for the resolution of the
quadratic minimization problem. We shall prove, by means of this suitable numéraire,
how one can reduce the original mean-variance problem to the martingale case of Section
7.4.2.

To the variance-optimal martingale measure PV*" € M2, we associate P2Y%" € M2:var

defined by

dPQvar var
i = X7 (7.94)
From the duality relation (7.71), the Radon-Nikodym density of P2Y%" with respect to
P is
dPQvar dpPver
dP dpP

Since H € L?(P), the relation (7.95) implies in particular that the discounted payoff Hv*"
= H/X%" € L?(P?%"). Recall also that S is a (continuous) local martingale under
P?ve" by the characterization (7.83) of M2". We can then apply the Kunita-Watanabe
projection theorem for the square-integrable P2"-martingale HY%" = EPZWT[H“”V-}L
0<t<T, onto S**", and we derive

- E[ ]2()(;6"')2. (7.95)

Ep?var [

B = 5|

X

H
%a'r X

H ¢ -, puar

v | +/ gHasuer + R0 <t < T, (7.96)
T 0

where ¢ € L(SY*") satisfies

2var T 2 2var T
EF [/ ¢f’dsg’ar} =EP [/ (pYd < 8§90 >, ¢ﬂ < oo, (7.97)
0 0

Rvo™H is a square-integrable P2 -martingale, orthogonal to Sv".

and
Theorem 7.4.8 For allz € R and H € L?(P), the solution ™" to v, (x) is given by
a™? = F;l’var((ZﬁH% (798)

where ¢ defined in (7.96) lies in ®3%" and F; Y% is defined in Proposition 7.4.6.
Moreover, we have

(B 1] - ) ’

B [dpw,-] 2
dP

v, (z) = v E [X;”R;““H] . (7.99)

Proof. By similar arguments as in the proof of Theorem 7.4.6 (by using the Doob and
Cauchy-Schwarz inequalities), we see that the integrability condition (7.97) on ¢ implies
that (actually is equivalent to) ¢ € &4%". From Proposition 7.4.6 on the invariance by
change of numéraire and relation (7.95), we have
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T 2
v, (z) = aigbe{H—x —/0 atdSi] (7.100)
T Py
P H . var var
_ ¢€12§ME[H X <:c+/0 dudsy )|
1 ovar [ H T 2
= ——— inf EF —r— asyer 7.101
E{dpw,,.]2 ¢>elg;” [X’}Lar $ /0 PedSy ] ’ ( )
dpP

and the solutions to (7.100) and (7.101) are related via the correspondence function
F1ver Now, problem (7.101) is a quadratic minimization problem as in the martingale
case, whose solution is determined by the Kunita-Watanabe decomposition (7.96). This
proves (7.98) and also that

_ l P2Ua’r‘ H 2 P2va.7‘ vari2
= (o ] ) 5 )
aP
We finally get the expression (7.99) of v, (x) with (7.94) and (7.95). O

Remark 7.4.11 The solution z, (H) to problem inf;cg v, (x), called quadratic ap-
proximation price of H, is given from (7.99) by

z,,(J)=E"" [H].

The above theorem shows that the quadratic hedging problem may be solved in the
following three steps:

(1) Determine the solution to problem vy that defines the quadratic numéraire X" or
equivalently the solution to the dual problem 9; defining the variance-optimal martingale
measure. Of course, if S is already a martingale under P, the solution is trivial: XV*" =
1 and P¥*" = P. We give in the next section some other examples of models where the
computations of Xv*" and PY*" are explicit.

(2) Change of numéraire by discounting the price process S, the option payoff H
and the variance-optimal martingale measure by X"?". We then define the price pro-
cess SUeT = (1/Xver S/Xv"), the payoff HY"" = H/X%" and the probability P?v%"
with Radon-Nikodym density with respect to P**": X7%". We then project according to
the Kunita-Watanabe decomposition, the P2U*"-martingale EX”"""[H"*"|F,] onto S,
In a Markovian framework, for example a diffusion, this decomposition is derived in
the smooth case by Itd’s formula. In the more general case, the integrand of S'%" in
the decomposition can be expressed by means of the Clark-Ocone formula or Malliavin
derivative.

(3) The solution to the mean-variance hedging problem is finally given by the corre-
spondence relation between the space of stochastic integrals with respect to S and the
space of stochastic integrals with respect to SV¢".

7.4.5 Example

We consider the model and the notation of Section 7.2.4. Recall that we have an explicit
description of M?2:
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ap"
2 _ v, _ v 2
Mef{P L= 7, yeKm(a)}, (7.102)

where
t 1 t
Zt”:exp<f/()\u+1/u).quf§/ \)\u|2+|uu|2du)7 0<t<T.
JO 0

and K2 (o) is the set of elements v in K (o) such that Z” is a square-integrable martingale.

We assume in this example that the quantity

R T
Ky = / e[t
0

called the mean-variance ratio, is deterministic. This is a generalization of the case where
S is a local martingale under P for which K = 0.

Consider for any v € K2 (o), the Doléans-Dade exponential local martingale

¢ ¢
£ = exp ( — 2/ O + 1) dW,, — 2/ |2 + |l/u|2du>, 0<t<T.
0 0
It is clear that |¢| < |ZY|%. Since Z¥ is a square-integrable martingale, we have:
Elsupg<i<r | 2¢ |2] < co. It follows that & is uniformly integrable, and so is a mar-

tingale. We can then define a probability measure @ equivalent to P with martingale
density process £”. We have for any v € K2 (0):

E[Cill;yr - E[eXp ( - Q/OT(AU + vy). dWy — /OT Aul® + \Vu|2du)]
Sl CIVACSEZE)
0

= exp(K7)E?” [exp (/OT \uu|2du)]

> exp(Kr), (7.103)

where the third equality follows from the fact that K7 is deterministic. Notice that the
equality in (7.103) holds for v = 0, which proves that the solution to the problem defining
the variance-optimal martingale measure, given from (7.102) by

dP¥q2

o= inf B[] 104

v ye}%(a) dP (7.104)
is attained for » = 0. We then get

- dp°q2 .
Pvr = P% and o, = E[d—P] = exp(Kr).
We calculate the quadratic hedging numéraire by means of the expression (7.73):
1 0
X = ——— BT [Z3|F]
£|z]

:EP“[exp(—/oTAu.dW,S—%/()T\Aupdu)‘ﬁ],
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where W0 = W + f/\dt is a P° Brownian motion. Notice that the Novikov condition
EP’ [exp(3 ]OT [Ae2dt)] = exp(K7/2) < oo is satisfied so that

. it 1/t
XY = exp ( 7/ N dWE = 3 / |)\u\2du>7 0<t<T.
0 JO

Since dX?%" = —(a??) o, dW?, we deduce by identification and recalling the definition
A=o'(co") 1

avar — (00/)—1MX1)ar.

In the general case where Kr is random, the dual problem (7.104) defining the variance-
optimal martingale measure is a stochastic control problem, which can be studied by the
dynamic programming methods or BSDEs. We give some references in the last section
of this chapter.

7.5 Bibliographical remarks

The optional decomposition theorem for supermartingales was originally proved in the
context of 1to processes by El Karoui and Quenez [ElkQ95]. It was then extended for
locally bounded semimartingales by Kramkov [Kr96]. The more general version for semi-
martingales is due to Follmer and Kabanov [FoK98|.

The dual approach to the utility maximization problem was initially formulated in
a complete market by Pliska [P1i86], Karatzas, Lehoczky and Shreve [KLS87] and Cox
and Huang [CH89]. It was then extended to the incomplete markets case for Itd pro-
cesses, independently by Karatzas et al. [KLSX91] and He and Pearson [HeP91]. The
general study for semimartingale price processes, and under the minimal assumption of
reasonable asymptotic elasticity, is due to Kramkov and Schachermayer [KS99], [KS01].
Our presentation follows the main ideas of their works. The case of utility defined on
the whole domain R, typically the exponential utility, was studied in Delbaen et al.
[DGRSSS02], Bellini and Frittelli [BF02] and Schachermayer [Scha0l]. We also mention
the recent book by Frittelli, Biagini and Scandolo [FBS09] for a detailed treatment of
duality methods in finance.

The quadratic hedging criterion was introduced by Follmer and Sondermann [FoS86]
in the martingale case. The resolution method in the general case of continuous semi-
martingale price process, detailed in Section 7.4, is due to Gouriéroux, Laurent and
Pham [GLP98]. Rheinldander and Schweizer [RhS97] proposed an alternative approach
based on the so-called Follmer-Schweizer decomposition. We also mention the recent work
by Cerny and Kallsen [CeKal07] for another probabilistic approach to the mean-variance
hedging problem. The existence result for the variance-optimal martingale measure (no-
tion introduced by Schweizer [Schw96]) equivalent to the initial probability is proved in
Delbaen and Schachermayer [DS96]. The example in Section 7.4.5 is inspired by Pham,
Rheinléander and Schweizer [PRS98]. Other explicit computations of the variance-optimal
martingale measure and the quadratic hedging numéraire in stochastic volatility models
are developed in Laurent and Pham [LP99] and Biagini, Guasoni and Pratelli [BGP0O].



A

Complements of integration

We are given a probability space ({2, F, P) and L' = L!(£2, F, P) is the set of integrable
random variables.

A.1 Uniform integrability

Definition A.1.1 (Uniformly integrable random variables)
Let (f)ier be a family of random variables in L'. We say that (f;)icr is uniformly
integrable if

lim sup E[|fill|f,)>2] = 0.

Notice that any family of random variables, bounded by a fixed integrable random
variable (in particular any finite family of random variables in L) is uniformly integrable.
The following result extends the dominated convergence theorem.

Theorem A.1.1 Let (fn)n>1 be a sequence of random variables in L' converging a.s to
a random variable f. Then f is integrable and the convergence of (f,) to f holds in L*
if and only if the sequence (fn)n>1 is uniformly integrable. When the random variables
fn are nonnegative, this is equivalent to

lim_ B(f,] = B[]
The following corollary is used in the proof of Theorem 7.3.4.

Corollary A.1.1 Let (f,)n>1 be a sequence of nonnegative random variables bounded
in L', i.e. sup,, E[fn] < oo, converging a.s to a nonnegative random variable f and such
that lim,, .o E[f,]) = E[f] + 0 with § > 0. Then, there exists a subsequence (fpn, )k>1 of
(fr)n>1 and a disjoint sequence (Ag)r>1 of (£2,F) such that

1)
E[fnk]-Ak} > 57 vk > 1.
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Proof. We define B,, = {f, > (f +0) vV 1/6}. The sequence (fnlo\p, )n>1 is uniformly
integrable and converges a.s to f. This implies that E[f,10\p,] converges to E[f], and
so E[fn1p,] converges to 0. Thus, there exists N = N(J) > 1 such that

19
E[fnan] 2 32, Vn Z N.

We set nqy = N. the sequence (f,,1p,,)m>1 is uniformly integrable and converges a.s to
0. Thus, there exists no > ny + 1 such that

5
Elfn1p,,] < T
We then write A; = B, \ By, so that
5
E[fnl]‘Al] 2 E[fnlanl} - E[f”l]‘an} 2 5

The sequence (fn,1p, 1B,,)m>1 is uniformly integrable and converges a.s to 0. Thus,

ny m

there exists ng > no + 1 such that

1
Elfn,1B,,0B,,] < T

Define Ay = By, \ (Bp, U By,) so that A, is disjoint from A; and

é
E[fnz]-Az] > 5

We repeat this procedure: at step k, the sequence (fn, 1 s-15 1B, )m>1 is uniformly
i=1"n; =
integrable and converges a.s to 0. Thus, there exists nx41 > ng + 1 such that

0

E[fnk,lufglaniUBnk+l] < 1

We then define Ay, = By, \ (U§;11Bni U Bnkﬂ) so that Ay is disjoint from A;, i < k—1,
and

N >

Elfnda] =

O
The following result, due to la Vallée-Poussin, gives a practical condition for proving
the uniform integrability.

Theorem A.1.2 (la Vallée-Poussin)
Let (fi)ier be a family of random variables. We have equivalence between:
(1) (fi)ier is uniformly integrable

(2) there exists a nonnegative function ¢ defined on Ry, lim,_,o p(z)/z = 0o, such that
sup Ep(|fi])] < oo.
i€l

In practice, we often use the implication (2) = (1). For example, by taking ¢(x) =

22, we see that any family of random variables bounded in L? is uniformly integrable.

One can find the proofs of Theorem A.1.1 and A.1.2 in the book by [Do94].
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A.2 Essential supremum of a family of random variables

Definition A.2.2 (Essential supremum,)
Let (fi)ier be a family of real-valued random variables. The essential supremum of this
family, denoted by esssup,c; fi is a random variable f such that

(a) fi < f as., foralliel
(b) if g is a random variable satisfying f; < g a.s., for all i € I, then f<gas.

The next result is proved in Neveu [Nev75].

Theorem A.2.3 Let (fi)icr be a family of real-valued random variables. Then, f =
esssup;¢; fi exists and is unique. Moreover, if the family (f;)icr is stable by supremum,
i.e. for all i,j in I, there exists k in I such that f; V f; = fr, then there exists an
increasing sequence (f;, )n>1 in (fi)ier satisfying

f= lim T fi, a.s
n—0o0

We define the essential infimum of a family of real-valued random variables (f;)ics
by: essinficr fi = —esssup;c;(—fi).

A.3 Some compactness theorems in probability

This first compactness result is well-known, and due to Komlos [Kom67].

Theorem A.3.4 (Komlos)
Let (fn)n>1 be a sequence of random variables bounded in LY. Then, there exists a sub-
sequence (fn,)k>1 of (fn)nen and a random variable f in L' such that

k
1
Z fn; — f a.s when k goes to infinity.
j=1
The following compactness theorem in LY (£2, F, P) is very useful for deriving exis-

tence results in optimization problems in finance. It is proved in the appendix of Delbaen
and Schachermayer [DS94].

Theorem A.3.5 Let (fn)n>1 be a sequence of random variables in LY. (£2, F, P). Then,
there exists a sequence g, € conv(fn, fnt1s-..), G gn = ZkN:n Mefrs Mk € 10,1] and
ZkNin A = 1, such that the sequence (gn)n>1 converges a.s. to a random wvariable g
valued in [0, c0].



B

Convex analysis considerations

Standard references for convex analysis are the books by Rockafellar [Ro70] and Ekeland
and Temam [ET74]. For the purpose of our book, we mainly focus (unless specified) to
the case in RY. We define R = R U {—o00, 0}

B.1 Semicontinuous, convex functions
Giv?n a function f from O open set of R? into R, we define the functions f. and f* : O
— R by
fo(@) =liminf f(y) = liminf{f(y) :y € O,y —a] <<}
fr(w) = fim sup fly) = limsup{f(y) : y € O]y — 2| < e}.
Definition B.1.1 (Semicontinuity)

Let f be a function from O open set in R® into R. We say that f is lower-semicontinuous
(L.s.c.) if one of the following equivalent conditions is satisfied:

(i) Yaxeo, flx) < ligriioréff(xn), for any sequence (xy)n>1 converging to x.
(i) V€O, f(z) = fula)

(i) {x € O: f(z) <A} is closed for all A € R.

We say that f is upper-semicontinuous (u.s.c.) if —f is lower-semicontinuous.

Notice that f is continuous on O if and only if f is lower and upper-semicontinuous.
The function f, is called a lower-semicontinuous envelope of f: it is the largest l.s.c.
function below f. The function f* is called a upper-semicontinuous envelope of f: it is
the smallest u.s.c. function s.c.s. above f.

Theorem B.1.1 A l.s.c. (resp. u.s.c.) function attains its minimum (resp. maximum,)
on any compact.

Given a convex subset C' of E vector space, we recall that a function f from C into
R is convex if for all 2,y € C, A € [0,1], f(Ax + (1 — N)y) < Af(x) + (1 = N)f(y). We
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say that f is strictly convex on C if for all z,y € C, z # y, A € (0,1), f(Az+ (1 — N)y)

< Af(x) + (1 = XN)f(y). We say that f is (strictly) concave if —f is (strictly) convex.
The following min-max theorem is proved in Strasser [Str85], Theorem 45.8.

Theorem B.1.2 (Min-maz)

Let X be a convexr subset of a mormed vector space E, compact for the weak topology

o(E,E"), and Y a convex subset of a vector space. Let f : X x Y — R be a function

satisfying:

(1) z — f(z,y) is continuous and concave on X for ally € Y

(2) y — f(x,y) is convex on Y for allz € Y.

Then, we have

sup inf f(z,y) = inf su z,1).
zegyeyf( y) yeyzegf( Y)

In the sequel, we shall restrict ourselves to the case £ = R?. Given a convex function
f from R? into R, we define its domain by

dom(f) = {z € R?: f(z) < oo},

which is a convex set of R%. We say that a convex function f from R? into R is proper if
it never takes the value —oco and if dom(f) # 0.
We have the following continuity result for convex functions.

Proposition B.1.1 A proper convez function from R? into R is continuous on the in-
terior of its domain.

We focus on the differentiability of convex functions.

Definition B.1.2 (Subdifferential)
Given a convex function f from R? into R, we define the subdifferential of f in x € RY,
denoted by Of (), as the set of points y in R? such that

f@) +y.(z—2) < f(2), VzeRL

Proposition B.1.2 Let f be a convex function from R® into R.
(1) If f is finite and continuous at x € R, then Of(z) # 0.

(2) f is finite and differentiable at x € R with gradient D f(z) if and only if Of (x) is
reduced to a singleton and in this case Of(x) = {Df(x)}.

B.2 Fenchel-Legendre transform

Definition B.2.3 (Polar functions)
Given a function f from R? into R, we define the polar function (or conjugate) of f as
the function f from R into R where

fy) = sup [zy — f(z)], yeR™
r€Rd
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When f is convex, we also say that f is the Fenchel-Legendre transform of f. It is clear
that in the definition of f, we may restrict in the supremum to the points z lying in the
domain of f. The polar function f is defined as the pointwise supremum of the affine
functions y — x.y — f(z). Thus, it is a convex function on R%.

We may also define the polar function of a polar function. We have the following
bipolarity result.

Theorem B.2.3 (Fenchel-Moreau)
Let f be a proper, convex l.s.c. function from R? into R and f its Fenchel-Legendre
transform. Then,

f(x) = sup [z.y - f(y)], zeR™
y€ER?
We state the connection between differentiability and polar functions.

Proposition B.2.3 Let f be a proper, convez l.s.c. function from R? into R and f its
Fenchel-Legendre transform. Then, for all 2,y € R?, we have equivalence between

y€0f(z) <= z€df(y) <= f(z) =2y — f(y).

Proposition B.2.4 Let f be a proper, convex l.s.c. function from R? into R, strictly
convex on int(dom(f)). Then its Fenchel-Legendre transform f is differentiable on
int(dom(f)). Furthermore, if f is differentiable on int(dom(f)), then the gradient of
f, Df, is one-to-one from int(dom(f)) into int(dom(f)) with Df = (Df)*1 and f is
strictly convex on int(dom(f)).

B.3 Example in R

In Chapter 7, Section 7.3, we often meet the following situation. We have a function u
: (0,00) — R, increasing, concave on (0,00) and we consider the function @ : (0,00) —
R U {0} defined by

uy) = i‘;%[“('”) -y, y>0.

@ is a decreasing function, convex on (0, 00), and we define dom(a) = {y > 0 : a(y) < oo}.
The next proposition collects some results used in Section 7.3.

Proposition B.3.5 We have the conjugate relation
u(z) = inf[u(y) + xy], = >0, (B.1)
y>0
and

a(0) := lylﬁ)lﬁ(y) = u(o0) := lim u(x).

T—00

Suppose that w is strictly concave on (0,00). Then, @ is differentiable on int(dom(t)).
Furthermore, if one of the two following equivalent conditions:
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(i) w is differentiable on (0, 00)

(i) @ is strictly convex on int(dom(a))
is satisfied, then the derivative u' is one-to-one from (0,00) into int(dom(w)) # O with
I:= (u)"! = @/, and we have

a(y) = u(l(y)) —yl(y), Vy e int(dom(a)).
Finally, under the additional conditions
u'(0) = oo and u'(00) =0, (B.2)
we have int(dom(t)) = dom(a) = (0,00).

Proof. Since the function u is concave, and finite on (0, 00), it satisfies a linear growth
condition. It follows that dom(a@) # @ and its interior is under the form

int(dom(@)) = (yo, 00),

where yo = inf{y > 0: a(y) < oo}.

Notice that u(co) exists in R by the increasing property of u on (0,00). Similarly,
%(0) exists in R. From the definition of @, we have @(y) > u(z) — zy for all 2,y > 0, and
so (0) > u(co). Moreover, we have for all y > 0, u(y) < sup,-qu(z) = u(co) by the
increasing property u. This proves that @(0) = u(o0).

Let us consider the function f from R into R defined by

—u(z), >0
oo, x<0.

) = {

f is a proper, convex Ls.c. function on R and int(dom(f)) = (0, 00). Its Fenchel-Legendre
transform is given by
F() = suplay — f(@)] = supfoy + u(z)], yER
T€R >0

When y < 0, we have by definition of 4, f(y) = t(—y). When y > 0, we have by the
increasing property of u, f(y) > Azoy+u(xg) for all A > 1 and ¢ > 0 fixed. This proves
that f(y) = oo for y > 0. For y = 0, we have f(0) = sup,~qu(z) = u(co) = a(0). We
thus get

fly) = {ﬁ(o_oy)’ 358

and int(dom(f)) = —int(dom(a)) = (—o00, —yo). From the bipolarity theorem B.2.3, we
have for all z € R
f(x) = supley — f(y)] = supley —a(-y)]
yeR y<0
= sup[—zy — a(y)] = — inf[zy + a(y)].
y>0 y>0

In particular, we deduce the relation (B.1) for z > 0.
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Moreover, if u is strictly concave on (0, 00), then f is strictly convex on int(dom(f)).
From Proposition B.2.4, f is then differentiable on int(dom(f)), i.e. @ is differentiable
on int(dom(w)).

The equivalence between conditions (i) and (i¢) of the proposition follows from the
equivalence between:

(i’) f is differentiable on int(dom(f))
(i) f is strictly convex on int(dom(f)).

This is indeed a consequence of Proposition B.2.4 applied on one hand to f and on
the other hand to f , which is also proper, convex and l.s.c. on R. Under one of these
conditions, we deduce that f’ is one-to-one from int(dom(f)) into int(dom(f)) with
(f)~' = f" and by Proposition B.2.3, we have for all y € int(dom(f))

fly) =2y - f(@) where @ = f'(y), ie.y = f'(2).

This proves the required relations on u and .
Finally, under the conditions (B.2), the function f’ maps (0,00) into (—o00,0) =

int(dom(f)), which means that int(dom(@)) = (0,00) = dom(a). O
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