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Solutions 15-16

15.1. Show that the Gauss curvature K of the surface of revolution locally parametrized by

(u,v) = (f(v) cos(u), f(v)sin(u), g(v)),  (u,v) €U,
(for some suitable parameter domain U) is given by
1 1 !
= a7 v ae)

If the generating curve is parametrized by arc length, show that K = —f”/f. Deduce Theorema
Egregium in the latter case.

K

Solution: We have already calculated the coefficients of the first and second fundamental forms for a surface
of revolution (see e.g. Example 9.13), so we just cite the result here again:

E:an F=0, G:f/2+g/2
—fq g — f'q"
If we assume now that f(v) > 0 everywhere, then we have
L o "o oer o
—zZ___9 PIUEELRS i b it
E~ f(f2+g2)2 G~ (f2+g?)3R
(see Prop. 9.12), hence the Gauss curvature is
U~ g _ ~]g)
FUP+922 g ((f19)2 +1)°
_ WY L1y
21 f((f')g)2 +1)° 207 \(['g)?+1
as desired (we have also implicitly assumed here that f'(v) # 0 # ¢’(v)). If the curve is parametrized by
arc length, then f? 4+ ¢’ =1, and
L —¢

N
Hl:E: f7 HQZE:f//g/*fIgH.

L= M =0, N

K1

K:Hll{g =

7

Moreover, differentiating /2 + ¢’ = 1 gives f' " + ¢'g

= 0, and we obtain
K ik = _g/(f/lgl _ f/g//) _ _g/f//g/+f/(flf/l) _ _(9/2 +f/2)f// _ _LII

f f f f
as desired (this could also be obtained by simplifying the formula for K obtained above).

Now we can deduce Gauss’ Theorema Egregium by expressing f in terms of the coefficients of the first
fundamental form: f = +/E. Then we have

= E,E — E2/2
2E3/2 ’




15.2.

so that

v E2 Bo 1 (B,
=15 5E __ﬁ(ﬁ)v

which is a special case (G =1, i.e, G, = 0) of the formula of Example 10.9.

Let : U — S be a parametrization of a surface S for which £ = G = 1 and F' = cos(uv) (so
that wv is the angle between the coordinate curves). Determine a suitable parameter domain U on
which x(U) is a surface (i.e., where the coordinate curves are not tangential). Show that

1
sin(uv)’

K=-

Solution:

Suitable parameter domain: The tangent vectors x, and x, are linearly dependent iff F' = cos?d = +1,

where ¥ = uwv.

. T 1 9 . .
Another way to see this restriction is as follows: we have to assure that (cos 9 Cof ) with ¢ = wv is a

positive definite matrix. Its determinant is 1 — cos?J, and this is positive iff cos # £1. Since its trace is
always positive (the trace is 2), the matrix is positive definite iff cosv # +1.

So a maximal parameter domain could be
U:={(u,v) € R?*|wv ¢ 7Z},
or, if you prefer a connected domain, another choice could be
U:={(u,v) eR*|0<u<m/v, v>0}

(choosing just the component 0 < uv < 7).

The further calculations are similar to ones used in Example 10.7 (and in the proof of Theorema Egregium).
We amend the order a bit to avoid computations with some zeros, and thus to save time in this way.

(a) Step 1: Christoffel symbols Ffj are functions defined by

ZTyy =Ihxy + T3z, + LN (I'1)
Ty = Dloxy + Tz, + MN (I'2)
Ty = ooy, + T3z, + NN (T'3)

(and we have I'Fy = T'5, since @yy = Tyy).
Before calculating T'}; in terms of E, F and G, let us first see what we need (to save some time).
But we also need the following: Express &, - €, etc. in terms of F, F, G:

1

. [ . = _FE = 1
Tu - @y = 5(Tu - Tu)u = 5 B0 (=0) (1)
Ty - Ty = l(sc Ty)y = 1E (=0) (2)

uv u 2 u u)v — 2 v -
Ty - Ty = }(:c Ty)y = 1G (=0) (3)

uv v T 2 v vju — 2 u -
Lyy - LTy = %(mv . mv)v = %GU (: O) (4)
Ty Ly = (Ly - Ty)yy — Ty * Ty = Foy — %EU (= —vsin(uv)) (5)
Tyy Ly = (Tyy - Ty )y — Ty * Ty = Fy — %Gu (= —usin(uv)) (6)



(the terms in parentheses correspond to our special case E = G = 1, F = cos(uv)).
Multiplying the defining equations for I‘fj by -x, and -x,, we obtain equations

1 1 1
ETY, + FI'}, = 5 Fu ET}, + FT}, = 5B, ETy, + FT3, =F, — 3G
1 1
FTy, +GTE, = F, — §Ev7 FTi, + G, = §Gu7 FT3y + GT35 = S G,
Plugging in £ = G =1 and F = cos(uv), we obtain
', + cos(uv)T3, =0, 'y + cos(uv)T'3, = 0, T3y + cos(uv)T3y = —usin(uv),
cos(uv)Ti, + T2, = —vsin(uv), cos(uv)Tiy + T2, =0, cos(uv)Thy + T2y = 0.
From this one could easily obtain that
v cos(uv) u
I =——" I, =0 Iy =———
1 sin(uv) ’ 12 ’ 2 sin(uv)’
v ucos(uv)
I3 =- r'f, =0 [5 = ———°*.
H sin(uv)’ 12 27 sin(uw)

However, we will see now that we can avoid computations of I'}, and I'Z,.

Step 2: Calculate LN — M?:
From the equations above we have

LN =(LN)-(NN)
= (@uy — T2y — TH@y) - (24 — Dopzy, — Top)
= Lyu * Loy — F%Q Lyy * Ly —ng Lyy * Ly —Fh Loy * Ly —F% Loy * Ly
— — — <L
=0 =—vsin(uv) =—usin(uv) =0

+ T B + (01,15, + THT30) F + T 5,6
= Ty - Ty + (T30 + 7 u) sin(uv)

+ 11035 + (01103, + 131 03,) cos(uv) 4+ TF, T3,
= Tyy  Top + 155 (T]; + TT +osin(uw)) + Ty (T + T'F cos(uv)) + T usin(uv).

Note that due to the defining equations on I'}; and I'?; the first and second parentheses in the expression

above vanish, i.e.,
LN = 2y, - Ty, + Tyusin(uv),

v cos(uv)

which means that all we needed is to calculate I'}; = Sm(uv)

Let us now calculate M2. First we observe that the linear system involving I'}, and I'%, is homogeneous
with non-zero determinant, so has a trivial solution only, i.e. I'l, = 0 = I'?,. Hence,

M? =(MN)-(MN)
= (Tuw — I\%251% - F%zwv) (T — Fhmu - F%va)

= Tyv * Tyw,
so that

LN — M? = ., - Tyy — To - Tagy + I‘hu SIN(UV) = Tyy * Toy — Ty * Typ + UV COS(UD).



Finally, recall that

Lyy * Loy — Ly * Tyv = (xu : xvv)u - (wu N wuv)v
= (Fy — Gu/2),, — (Ey/2),
= (—usin(uv)), — 0

= —sin(uv) — wv cos(uv),

so that finally,

LN — M? = —sin(uv) — uv cos(uv) + uv cos(uv)
= —sin(ww).
(c) Step 3: Calculate K :
The Gauss curvature is
= LN-M?* LN-M?* -1

 EG-F?2 1-—cos?(uv) sin(uw)

as desired.

15.3. (x) If the coefficients of the first fundamental form of a surface S are given by
E =2+ F =1, G=1,

show that the Gauss curvature of S is given by

B 1
(140
Solution:
Calculations are similar to the previous exercise.
(a) Step 1: Christoffel symbols Ffj.
We have
1 2 1 1 2 1 1 2 1
ETy, + FT'{, = §Eu, ET 5+ FT'y = §EU, ET5, + FT'5, = F), — §Gu,
1 1 1
FTi, +GI3, = F, — 5B, FTi, + GI'}, = 5Gus FT3, + GI'3, = 3G
Plugging in £ = 2+ v? and F = G = 1, we obtain
(2+v*)ly; +T7 =0, (2+v*)lp, + 1, =, (2+v*)l3, + T3, =0,
I} + 1% = —v, i, + T3, =0, 5y + 55 = 0.
We see that the equations on I's, and I'Z, have only the trivial solution I'S, = I'3, = 0. For the others,
we obtain
oo v o _ 20407 L _ v g _ v
11 (1+U2)7 11 1+"U27 12 1+’U27 12 1+,02'



(b) Step 2: Calculate LN — M?:

We have
LN =(LN)-(NN)
= (Tuu — Fhmu - F?lwv) (oo — I‘%23311 - ngajv)
= (Tuu — F%1“Uu - F%lwv) " Loy
=x

1 2
wu - Loy — Fllwvv Ly — 1—‘11:151)1/ * Ly
So we only need @, - €, = G, /2 =0 and @y, - @, = F, — G,,/2 = 0 in our case here, hence we have
LN =2y, - Tyy-

Similarly, for M? we obtain

M? =(MN)-(MN)
= (Tuw — F127% - F%zwv) (@ww — F%2wu - F§2mv)
= Tyy  Typ — 21"%2 LTyw * Ly —ZF%Q Lyw * Lo
=E, /2=v =G, /2=0
+ (T12)? @ - @y, +20 1T 2y - 2y +(T)° 20 - 2,
=E=2402 =F=1 =G=1
202
S 14?
v?(2 +v?) 202 n v?
(T+0%)?  (1+0?)?  (1+0?)?
202
R
v2(1 4+ 0?)
1+ 022
02
1402

= Lyy * Lyy

= Typ * Ly

= Tyv * Lywv

Hence )

LN — M2 = Tyu - Tyy — LTyw * Lyv T m
Recall again that

Lyu * Loy — Lyv * Luyv = (mu : wvv)u - (wu : wuv)v

- (7~ 36.), - (35),

= —]_7

so that finally
IN M=y o1
N 1+v2 1402

(c) Step 3: Calculate K :

The Gauss curvature is
_LN—-M?  —1/(1+v?) -1

 EG-F?  (24vY) -1 (1+02)?

as desired.



15.4. Let x be a local parametrization of a surface S such that £ =1, F' = 0 and G is a function of u
only. Show that

G G
FQ :]__‘2:7”, Fl :_J
12 21 2G 22 9
and that all the other Christoffel symbols are zero. Hence show that the Gauss curvature K of S
is given by
K= _ (\/a)uu
VG
Solution:
Again, the calculations are similar to the previous exercise.
(a) Step 1: Christoffel symbols Ffj.
Since £ =1, F =0 and G, = 0, we have
1 1 1 1
I'y; =0, Iy =0, Iy = _iGuv
1
GT3, =0, GTYy = 5Gu, GT3, =0,
which implies
G G
(T3, =)I7, = ﬁ and 5 = —7u7

and all other Christoffel symbols are 0, as desired (note that G cannot vanish as the first fundamental
form is positive definite).

(b) Step 2: Calculate LN — M?2.
We have
LN =(LN)-(NN)

= (Tuu — Fhmu - F?lwv) (oo — I‘%23311 - F§2$v)

= Tyuy * (wvv - F%Qwu)

= Lyy * Tyv — F%z Lyy * Ly
———
=E,/2=0

= Tyy * Lyy-
Similarly, for M? we obtain

M2

—~

= (Tuo = Ty = T1hxy) - (Tow — Dao®u — T5,)
= (Luv — F%zmv) (oo — F%2mv)

2 2 \2
=Ty - Ty — 200 Ty - Ty +(T15)° Ty - @y,
——— ——

=G /2 =G
_ (Gu)? | (Gu)? (Gu)?
- muv muv 2G + 4G - muv wu’l) 4G
Hence,
M e (Gu)?
LN — M* = Tyy * Toy — Tup * Tuw + e



16.1.

Recall again that

Lyu * Loy — Lyv * Lyv = (mu : $v'u)u - (mu : wuv)v

- (7~ 364), - (35),

1
= _7Guu7
2
so that finally
1 (Gu)?
LN — M? = —=Gu LI
PRECTE

(c) Step 3: Calculate K.
The Gauss curvature is

K LN = M?  —Gu/2+ (Gu)*/4G _ Guu | (Gu)?
T EG-F?2 G 2@ 4G2?

Finally, we have

V& uu 1 / Gu 1 (Guu  (G)2\  Guu  (Gu)?
e :ﬁ<2\ﬁg)u: (2\/6_46*3/2)_ - =K

26 4G2
so that we obtain the desired formula.

VG

Remark. A particular example of such coefficients is given by a surface of revolution with a generating
curve parametrized by arc length with v and v interchanged.

Let {e1,e2} be an orthonormal basis of T,,S consisting of eigenvectors of the Weingarten map
—dpN with corresponding eigenvalues k1, k2. If e = (cos)e; + (sin?)eg, show, that the normal
curvature k, of a curve tangential to e is given by

kn(¥) = K1 cos? ¥ + kg sin? 0.

Deduce that
1 271

= n :H7
57 /. kn(9) d9

where H denotes the mean curvature of S at p. (This justifies the term mean curvature).

Solution:
Note first that )
I(e) = |le|* = ||(cos¥)er + (sind)ex||” = cos® ¥ + sin® 9 =1

by Pythagoras’ Theorem (as e, ey are orthonormal). The normal curvature k, of a curve with tangent
vector e at p is given by

m0) = P = 1, (e)

= II,((cos¥)e;1 + (sind)ez)
= —(d,N((cos¥)e; + (sinv)ez), (cosV)e; + (sind)es)
= (k1(cosV)es + ka(sind)es), (cos¥)ey + (sind)es)

= k1 cos2 Y + Ko sin? I



16.2.

by Meusnier’s theorem (first equality), the definition of the second fundamental form (fourth equality), the
fact that eq, eg are eigenvectors of —d, N (fifth equality) and that e, ey are orthonormal (last equality).
This shows the first formula.

For the second, just note that

1 [ 1

2 1 1
kn(9) dd = by / (k1 cos? O + kg sin® ) A = — (k17 + Kom) = 5(/@1 + ko) = H(p)
T Jo

% 0 271—
27 2 - .. . .2
as fo cos” ¥ d¥ = m and similarly for the integral over sin“ ¢.

Let a be the curve defined by
a(t) = e'(cost,sint, 1) for t € R.
Observe that « lies on the circular cone S = { (z,y,2) € R® |22 +y? = 22 }.

Show that the normal curvature of « in S is inversely proportional to &t

Solution:

Clearly,
(e cost)? + (e'sint)? = ()2,

so a(t) € S for all t € R. For further purposes, we also need
o/ (t) = e'(cost —sint,sint + cost, 1).

Calculation of the normal curvature — reparametrization by arc length: Since ||a/(¢)| =
V3et we set

¢
5§ = / V3e¥ du = V3¢t
so that ¢ = log(s/v/3) = log s — (log3)/2. Let us now call the reparametrized curve 3, i.e., we set

B(s) = a(log(s/V3)) = 7 (cos log 75 sin log 75 1)

and therefore, we have
/ 1 ( S . s . S s
s) = —( coslog — — sinlog —, sinlog — + coslo —,1),
B(s) 7 & 75 875 &5 &5
ﬁ//(s)—i(—sinlo > _ coslog —=, coslog —= — sinlog — O)
S\/g g\/g g\/g) g\/g g\/gv

How can we efficiently calculate the normal vector for a surface defined by an equation?
At p = (2,9, 2), for a surface S = { (z,y,2)| f(z,y,2) = 0} we have (here with f(x,y,2) = 2? + y* — 22,
hence Vf(Z, Y, Z) = 2(1:7 Y, 72))

1 1 1
N(p) = va(]?) = W(I,y, —z) (: m(x,y, —z) here. )



— So there is no need to find a parametrization and then calculate x, X x, etc. —

Now, the normal curvature of the curve 3 (and hence a) is

kin,g(s) = B"(s) - N(B(s))
= é((— sin log 2 cos log i) > cos log =
svV/3[1B(s)]| V3 V3/ V3 V3

+ (coslog - — sinlog - ) sinlog )
cos og\/g sin og\/3 \/gsm og\/g

= i(cosz logi + sin? log i) -t

3B V3 V3 3[IB(s)l
and since ) )
2~ % (cos?log —= + sin?log —— + 1) = 25

1B(s)|I = 3 (cos log\/§+s1n log\/g+1> =3

we have ki, g(s) = —1/(31/252/3) = —(1/3/2)/(3s) and finally

3 1 1
fnan(t) = fnp(V3) = _\[2 EN N

which is inversely proportional to e’ as desired.

Alternative approach: Calculation of the normal curvature using a local parametriza-
tion. If we parametrize the surface S as a surface of revolution by

x(u,v) = (vcosu,vsinu,v), (u,v) € (—m,m) x (0,00) or (u,v) € (0,27) x (0,00)
then av is given in these parametrization as
a(t) = (' cost, e sint, e)x(u(t), v(t))

which means that
u(t) =t and v(t) = €.
Now, the formula for the normal curvature of « in a local parametrization is given by
(u")2L + 2u/v'M + (v')2N
Kn = )
(W)2E + 2u'v'F 4 (V')2G

so we need the coefficients of the first and second fundamental form. Since
x, = (—vsinu,vcosu,0) and @, = (cosu,sinu, 1),

we have x,, X &, = v(cosu,sinu, —1), hence

N = —(cosu,sinu, —1)

V2
and E(u,v) =v%, F =0 and G = 2. Moreover,

Lyuy = <_U cosu, —v sin u, 0)7 Lyy = (_ sin u, cos u, 0)’ Loy = (0’ 0, O)’



16.3.

16.4.

so that

Moreover, u/(t) = 1 and v'(t) = &?, so that finally

. —(W)v/V2 —et/V2 1
n — (’U,/)Z’UQ +2('U/)2 - c2t +2€2t - €t3\/§

Show that an asymptotic curve can only exist in the hyperbolic or flat region {p € S| K(p) <0 }.
(In other words, if a surface is elliptic everywhere, then there is no asymptotic curve.)

Solution:

A curve is an asymptotic curve iff IIo5)(o/) = 0. If K(p) > 0, then LN — M? > 0, which implies that the
second fundamental form is either positive definite or negative definite (recall the Krammer’s rule), any of
these implies that II,(,) never takes zero values.

Let S be a surface in R? with Gauss map IN, and let 3 be a regular curve on S not necessarily
parametrized by arc length. Show that the geodesic curvature kg of 3 is given by

(B xp")-N

K
- Hﬁ 1°

Solution:

Assume that 3: [to,t1] — S is the parametrization of the curve. Let us first parametrize the curve by arc
length, i.e., set

t
s=¢l):= | 18" ()| du,
then ds/dt = ¢/(t) = ||B'(t)|| and we set
ai=Bopl, e als)=Bp () = A1)

if t = p(s). Clearly (as we did in the first term),

/S _ —1y/ s /e, —1 s)) = 1 !
a(s) = (¢~ ) ()8 (¢ (s)) ||5'(t)||ﬂ(t>
since (¢~ 1) (s) = 1/¢'(t) = 1/||3'()|| which we can also write formally as
a_ 1 a
ds — [8'(0)] at’

Moreover,

"(g :i 1 , _ 1 1 /
) =5 (i) - e (e )
1 1 / 1"
B8O dt(||ﬁ )5 HZB (t).

proportional to o’




Let now N be the normal to the surface (at a(s) = B(t)). We have
wls) = () - (N(@(s)) x o/(s) = 7z 87(1) - (N (@x(s)) x o (5)
B (1) - (N(B() x B'(1))

|V®WW@Xﬂm%Nw®)

B
1
ELOE
B
(

as 3 is proportional to ', hence orthogonal to IN X o’ (for the second equality) and where we used

b-(exa)=c-(axb)=(axb)c
In particular, we have shown the desired formula.

16.5. Let S be Enneper’s surface (see Problem 4.2) parametrized by
u? v3
x(u,v) = <u—§+u02,’u—§+u2@,u2—v2>, (u,v) € R%
(a) Calculate the lines of curvature.

(b) Show that the asymptotic curves are given by u + v = const.

Solution:

We have calculated the coefficients of the first and second fundamental form w.r.t.  in Problem 4.2 as
E(u,v) = G(u,v) = (1 +u? +v?)? F(u,v) =0 and L=2 M=0 N=-2;

(a) Since the parametrization if principal (i.e., FF = 0 and M = 0), the lines of curvature are just the
coordinate curves (see, e.g., Prop. 11.18, or this can be easily computed explicitly). Hence they are
given by s — x(s,v9) and s — x(ug, s) for ug, vo € R.

(b) A curve a with local parametrization a(s) = x(u(s),v(s)) is an asymptotic curve if k, = 0, i.e., if
I o5 (a/(s) =0, or,
(u')2L + 2u/v'M + (v)2N =0

Here it means that
2u')? —2(v)? =2(u/ +v)(/ —v') =0  or, equivalently  (u—wv) =0or (u+v) =0,
which is equivalent to u + v = const.

16.6. (a) (*) Show that the asymptotic curves on the surface given by 22 + y? — 22 = 1 are straight
lines.

(b) Let S be aruled surface. What are necessary and sufficient assumptions on S for all asymptotic
curves being straight lines?

Hint: use linear algebra.

11



Solution:

(a)

The surface is a one-sheeted hyperboloid, so it is doubly ruled (i.e. there are two lines through every
point). As we have already proved, all lines are asymptotic curves, so we only need to prove that there
are no others.

If {e1, e2} is a basis of T},S consisting of eigenvectors of —d, N, then II,(e;) = k;, where £; are principal
curvatures, and (e, es) = 0 (there are no umbilic points since K < 0 everywhere). Therefore,

II,(ae; + beg) = a’k1 + b2k,

which vanishes in the only case when b = ta+/—k1/ka, so there are exactly two directions on which
1II,, vanishes. This completes the proof.

Equivalently, we could say that any indefinite form of rank 2 looks like 22 — y2 in some basis, so there
are two vectors with zero value only.

Alternatively, one could parametrize the hyperboloid as a ruled surface via
x(u,v) = (cos(u),sin(u),0) + v(sin(u), — cos(u), 1),
then compute the coefficients of the second fundamental form, solve the differential equation
(u')2L(u,v) + 2u'v' M (u,v) + ()N (u,v) = 0

and observe that the solutions will be precisely the lines.

The proof of (a) can be applied to any doubly ruled surface, so for these surfaces indeed all the
asymptotic curves are lines. The statement is obviously true for planes as well. Let us prove that for
all other surfaces the statement does not hold.

So, assume that S is neither a plane nor a doubly ruled surface. As we have already seen above, since
S is ruled all the points are either hyperbolic or flat, which means that there are no umbilic points
(except for some isolated planar ones), and every point p € S has precisely two directions on which I,
vanishes, one of which is the direction of the ruling. Note that these lines do not intersect each other
in a ruled surface, so we can take another asymptotic curve through every point which will not be a
line (formally speaking here we use the theorem of existence of a solution of differential equation with
given initial data).
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