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Spherical geometry — outline

1. Distance and geodesics.
e d(A,B) = RZAOB (for a sphere of radius R centred at O).

e Geodesics are great circles.

2. Polar correspondence.

e Equator — union of two poles; any pole — corresponding equator.

e If A €l then Pol(l) € Pol(A) (where A is a point and [ is a line).

e Polar triangle: A'B'C’ is polar for ABC' if A’ is polar to the line BC' con-
taining the side BC' (chosen so that BC does not separate A from A’) and
similar properties hold for B’ and C".

e Bipolar theorem: if A’B'C" = Pol(ABC') then Pol(A'B'C") = ABC.

e Angles and sidelengths of polar triangles:

(o, p,y)=(r—a,m=bm—c), (dV,d)=(m—a,m—0F1—"7).
3. Spherical triangles.
a. Four theorems of congruence of spherical triangles: ASA, SAS, SSS, AAA.
b. Area of a spherical triangle: Sipc = (a+ 3+ — 7)R?
where R is the radius of the sphere.
In particular, a + 3 + v > .
c. Sine and cosine theorems:
— sine theorem % = % = %
— cosine thm: cosa = cos b cos ¢ + sin bsin ¢ cos «
— second cosine thm: cosa = — cos  cosy + sin 3 siny cos a

4. Isometries of the sphere:

e Any isometry of the sphere is uniquely determined by images of three points.

e [sometries act transitively on the sphere.

e Isometry group of the sphere is generated by reflections.

e Any isometry is a product of at most three reflections.

e Any orientation preserving isometry is a rotation (a product of two reflec-
tions).

e Any orientaion reversing isometry is either a reflection or a product of three
reflections.



