Riemannian Geometry, Epiphany 2014

Term 1: overview

Notion Natation What’s that? Picture In coordinates
Smooth Smooth atlas @
manifold M Hausdorflness / \ (@1, 2n)
@ smooth@
Linear space of
T
angent T,M directional <8i’ ce 6i>
Space o 1 Tn
derivatives
Tangent TM ™ = \J T,M
bundle peM
Choice of vector —=
Vector ) 7 .
feld X in each T, M 7 X(p)=>1", fl(p)aixi
(depends on p smoothly) 7 P
X(M) All vector fields on M
Lie bracket [X,Y] (X, Y](f) =XY(f) - YX(f)
Inner product on each 7, M
Riemannian (") smoothly depending on p n X n matrix (gi;)
. or - _ o _9_
metric SR I e O 950) = 9rlazr, 32;)
f ||’ (t)||dt, for a curve c: [a,b] — M
A map X(M) x X(M) = X(M),  (X,Y)— VxV
Affine . C -
connection VxY linear by X, Y and satisfying Leibniz rule:
Vx(fY) = X(f)Y(p) + f(p)VxY
Ve s (5 bigk) -
i axl =
Torsion-free Riemannian affine connection, _7 ! ab; - b, rk
Levi-Civita i.e. affine connection satisfying: Z i 5y f’z + ; @05 i 8% ’
connection VxY —-VyX =[X,Y] and
Z((X, Y>) = <VZ)(7 Y> -+ <X, VZY) FZ = % ngs(gik,j —+ Gik,i — gij,k)7
Gab,c = a;gcgalh (g”) = (glJ)71
Covariant Linear map 2 : Xc(M) — Xo(M)
derivative % satisfying Leibniz rule and DX (to) = Vg X
along ¢ where X € X.(M) and X is a local extension of X.
Geodesics A curve c(t) s.t. 2¢/(t) = 0 along c(t) cp = Zi,j c (t)C;' (t)Ffj( c(t))
expp : TyM — M T, M
Exponential — expp v c'v(l) ' "
map where ¢, (t) is geodesic eTpp0

st. ¢y (0) =veT,M (1)




