MATH4171
Riemannian Geometry

Time and place: Tuesday and Friday, 12:00 CM107
Instructor: Anna Felikson

e-mail: anna.felikson@durham.ac.uk

Office: CM 124; Phone: 334-4158

Office hours: Friday 13:00-14:00

Course webpage: http://www.maths.dur.ac.uk/users/anna.felikson/RG/index.html

Topology prerequisites

We will use the notion of open set and topology (some of you may recall it from
Topology 111, others, hopefully, have seen some examples in Differential Geometry

I11).

1. Open set in a metric space. Let M be a metric space, i. e. a set with a
distance d(z,y) defined for all points z,y € M (and satisfying 4 axioms of metric:
non-negativity, identity, symmetry, triangle inequality).

An open ball B,(z) of radius r around a point = € M is the set of all points in M
such that
Bi(z) ={y e M | d(z,y) <r}.

An open subset U € M is a subset U such that for each point z € U there exists
an open ball B,(x) also contained wholly in U:

UeMisopen <= (Yx € U 3Ir >0 such that B.(x) C U).

Example: The set {x = (z1,...,2,) € R" | 2; > 0 Vi = 1,...,n} is open in
R" as it contains each point x° together with the open ball B,(x°) where r =
tmin{z?,... 2

) nlJ-:

2. Open set in a topological space. More generally, starting with a set X, a
topology on X is just a collection of subsets of X that are called, again, open
sets. These open sets have to satisfy the following axioms:

e the empty set and X itself are open;
e any union of open sets is open;
e the intersection of any finite number of open sets is open.

If U is an open set containing a point x, we call U an open neighbourhood of z.
Example: the set of all open balls on R” satisfies the three axioms above and so

defines a topology on R"™. When we talk about the topology on R", this is the
topology we mean.



