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Riemannian Geometry: overview

Notion Notation What’s that? Picture In coordinates

Smooth
manifold

M
Smooth atlas
Hausdorffness

smooth

(x1, . . . , xn)

Tangent
Space

TpM
Linear space of
directional
derivatives

TpM

p ∈ M 〈 ∂
∂x1

, . . . , ∂
∂xn

〉

Tangent
bundle

TM TM =
⋃

p∈M

TpM

Vector
field

X
Choice of vector
in each TpM

(depends on p smoothly)
X(p) =

∑n

i=1 fi(p)
∂

∂xi

∣∣∣
p

X(M) All vector fields on M

Lie bracket [X,Y ] [X,Y ](f) = XY (f)− Y X(f)

Riemannian
metric

gp(·, ·)

or

< ·, · >p

Inner product on each TpM

smoothly depending on p

||v|| =
√

gp(v, v), for v ∈ TpM

l(c) =
∫ b

a
||c′(t)||dt, for a curve c : [a, b] → M

n× n matrix (gij)
gij(p) = gp(

∂
∂xi

, ∂
∂xj

)

Affine
connection

∇XY
A map X(M)× X(M) → X(M) , (X,Y ) 7→ ∇XY

linear by X,Y and satisfying Leibniz rule:
∇X(fY ) = X(f)Y (p) + f(p)∇XY

Levi-Civita
connection

Torsion-free Riemannian affine connection,
i.e. affine connection satisfying:
∇XY −∇Y X = [X,Y ] and
Z(〈X, Y 〉) = 〈∇ZX,Y 〉+ 〈X,∇ZY 〉

∇ n∑

i=1

ai
∂

∂xi

(
n∑

j=1

bj
∂

∂xj
) =

=
∑
i,j

ai
∂bj
∂xi

∂
∂xj

+
∑
i,j,k

aibjΓ
k
ij

∂
∂xk

,

Γk
ij = 1

2

∑
s

gks(gik,j + gjk,i − gij,k),

gab,c =
∂

∂xc
gab, (g

ij) = (gij)
−1

Covariant
derivative
along c

D
∂t

Linear map D
dt

: Xc(M) → Xc(M)

satisfying Leibniz rule and D
dt
X(t0) = ∇c′(t0)X̃

where X ∈ Xc(M) and X̃ is a local extension of X.

If X(t) =
n
∑

i=1

ai(t)
∂

∂xi

∣

∣

c(t)
, then

D
∂t
X =

n
∑

i=1

(a′i(t)
∂

∂xi
+ ai(t)∇c′(t)

∂
∂xi

)

Geodesics A curve c(t) s.t. D
dt
c′(t) = 0 along c(t) c′′k = −

∑

i,j c
′

i(t)c
′

j(t)Γ
k
ij(c(t))

Exponential
map

expp

expp : TpM → M

expp : v 7→ cv(1)
where cv(t) is geodesic
s.t. c′v(0) = v ∈ TpM

v

TpM

p ∈ M

exppv

cv(t)


