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Dg orbit categories

Let A be a dg category and F P repdgpA,Aq a dg bimodule.

The left lax quotient A{l lF
N of A by F is the dg category whose

objects are the same as the objects of A, and
morphisms are given by A{l lF

NpX, Y q “
À

pPNApX, F pY q.

The canonical dg functor QN : AÑ A{l lF
N acts on

objects: it sends X P objpAq to X P objpA{l lF
Nq, and

morphisms: it sends f : X Ñ Y to f P ApX, Y q Ď ‘pPNApX, F pY q.

The canonical morphism of dg functors q : QNF Ñ QN acts on the objects of A
as

qX – idFX P ApFX, FXq Ď
à

pPN
ApFX, F p`1Xq.

Definition

The dg orbit category A{F Z is defined to be the dg localization pA{l lF
Nqrq´1s

of A{l lF
N wrt the morphisms qX : QNFX Ñ QNX for any X P objpAq.
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Universal property

The Z-equivariant category Z- EqpA, F,Bq consists of Z-equivariant functors
from pA, F q to pB, idBq i.e. pG, γq, where G P repdgpA,Bq and γ : GF Ñ G s.t.

γX is an isom in H0pBq,@X P objpAq.

Theorem

Let B be a pretriangulated dg category. Then AÑ pretrpA{F Zq induces an

isomorphism

repdgppretrpA{F Zq,Bq
„

ÝÝÑ Z-EqpA, F,Bq. (1)

in Hqe.

Definition

Let T be a triangulated category endowed with a dg enhancement H0pAq
„

ÝÝÑ T
and F P repdgpA,Aq be a dg bimodule. If the induced functor

H0pF q : H0pAq Ñ H0pAq is an equivalence, then the triangulated orbit category

of T wrt A is defined as
H0ppretrpA{F Zqq.
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Commutation with the dg quotient

Corollary

Suppose N Ď A is a full dg subcategory such that H0pN q is stable under H0pF q,

so that F induces dg bimodules FN P repdgpN ,N q and

FA{N P repdgpA{N ,A{N q. We have a canonical isomorphism in Hqe

pretrppA{N q{F Z
A{N q » pretrpA{F Zq{ pretrpN {F Z

N q. (2)

Moreover, we have a short exact sequence of triangulated categories

0Ñ pN {F Z
N qtr Ñ pA{F Zqtr Ñ ppA{N q{F Z

A{N qtr Ñ 0, (3)

where p´qtr denotes the functor H0 ˝ pretr.
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Relative Koszul duality

Theorem
The adjoint pair

perZpTq pvdZpE, Aq.
RHomZ

TpA,?q

?
L
bEA

(4)

induces the following commutative diagram

pvdZpT, Aq perZpTq CZpT, Aq

perA,

perZpEq pvdZpE, Aq sgZpE, Aq

≀ ≀RHomZ
TpA,?q ≀

Ψ,„

r1s˝Φ,„

(5)

where ”all” functors commute with rXs.
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Application

pvdΠN A perpΠN Aq CpΠN Aq

pvdZpΠX Aq perZpΠX Aq CZpΠX Aq

{{rX ´ Ns {{rX ´ Ns {{rX ´ Ns

perpENq pvdpENq sgpENq CN´1pAq

perZpEXq pvdZpEXq sgZpEXq perA

{{rX ´ Ns {{rX ´ Ns {{rX ´ Ns {τ´1 ˝ r2´ Ns

„ „ „ „

„

„ „ „ „

„

(6)
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End

Thank you!
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