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Lecture 1 .

Coxeter friezes&
geometry of the projective line
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Coxeter 171 (Acta Arithmetica)

Two main motivations :

- Pentagramma minificum ;

- negative continued fractions.

Goal of the short course :

develop this !
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4 points 2, - , y , Xy have one invariant :

the cross-ratio :
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6) A general statement
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· Moduli space of configurations of
n points in IP2 very classical !
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Rmk : Correspondence

Sinteger Cox . friegesyFareyn-gons 3

is a particular case of Thm
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cross-ratios in a friese
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2) Linear difference operators /equations
Given : (i)

,

it I sequences oflreal) numbers

Discrete

()Vi = a
s Vi-1 - Vie

- Sturm-Lionville
- Hill

Sequence

(Vi) - Encation -Schrödinger ---

En = Leg() with n-atmodicsol}
faith = a :-Vitn = -V : for all:MORE !



(A ) is a discrete version of v"( = u Ve E
T

u(x) mo U
:

·eff. Solution
ex) ~ Vi

" potential

v'() n Vi-Vir1
ai = ui + 2

V"(s)- V :
- 2 Vii + Vi
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() Sturm-Liouville
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Schrödinger
.

Hill ea.

- alg . geometry
- dynamics - motioet en

--- force



Frieges => differ-egus
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:
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(not enough explored
d) Triality Fn-3 E En

** X hadd
· Counting friezes /overal Mo
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M constructing friezes*

& coordinates on moduli spaces
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- superfriezes
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- numbers



e) A variant of tame friezes :
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Lecture 2. Generalized friezes

a) Module spaces of polygone
in IPK

: 1 - (pk
- 1

not in a hyperplane !-7n-gon LVi + n
= Vi; i ,

vith, ...,it
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9) Difference equations

Vi = avi-1-aViz + -Vin+H)"Vi
i

ai + n
= ai ; Vien = (1) Vi

Sk in-alg . variety

Ex .
(Next after Sturm-Liouville)

Vi = a
, Vi -1 - b

: Vi - 2 + Vi -3



*

Pentagramma mirificum reincarnated "

EX . (ai) , (i) n-periodic

wi = ai Wi-b :Wiz + Wis

* "forgetting &"

Question : Vi = a : Vi-1 - Vi

pose
With = Wi is Vitn = -

,
No !

n-antiperiodic Except for
n-periodic

n =5 YES !



1) SLx-friezes (Bergeron-Reutenauer 2010)
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Special case : SLy-friezes = 2- friezes
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· Space of 2-friezes-custer manifolds

associated with the quiver

1 > 3 >
---
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m



Thm (M-G ,
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d) An application: Gale duality

k +l = u (Gra
.

n

= Gre
,

n)
thm Fa

.
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= Fe
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D
.

Gale : Soin - Seinwa

#B.

When n = F + 2
,

Obtain Sturm-Liouville by
"forgetting" all of the coeffs . except the

first one



e) The Pentagram map

Ta discrete dynamical system

T : 3
,

n-Skn

"Pentagramma mirificum" again
!

Ex: : 7

n = 5

identity map ! T= Id (Conway



f) Legendrian configurations
"

Standard"
2m

(Ry ,
c) symplectic space

IRP2m-2 contact

w-skew-symmetric bi linear form ( )
Vi ↳ - pim n-periodic

m consecutive : (
,
vitz, ... +m-2) span a Lagrangian

subspace
Im consecutive not in a hyperplane !



· The cross-ratio 1 2
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ExampleConfigurations of 6 points in IR"
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Lecture 3 superfriezes & [MG ,
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Philosophy ; "Super" = "Square root"

think of

(Lie) superalgebra Lie
of =

g.o
I

-
-

- ...

square
root of go

superfriege = Square root of Coxeter frieze



Frieze "diamond" rule

B AD - Bc = 1 + 53

A
3

P E- e = 4 *

Yc E Br - DE = Y **

odd elements
,
5

,

5
, % ,
4 *** equivalent to

anticommate : 35= -53 EBy
- Au = 3

---

32= 0 Ly -E=
---

also

35 = 44



8) The symmetry group SL(2)mo0Sp(112)
T

ad - be = 1 - 24

Lie
supergroup

la E e = 1 + CB u = aB - bd

at -c = - 2
=
j = c

-dd
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·
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(Manin, ....
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- Bd



coefficients

R = R
.
DR

+
↳2 (= /4)- graded ring

even partGodd paro I2-commutative
L . p = - B . L

c
=

=
2
= 0

"Minimal choice" (02) (02)

NotationD 1302oldgenerators
↓ "Shadow"

part



c) Linear difference equations

want analog of Vi = a : Vi -r - Vi
-z

where

shift= Vire)L
= Th

- aT-Id

operator

Analog of Shift operator V+&W = ( Vil +>(i)
[(V+3W) .

: = i-EVig T=
-T

= +3 +u ++ M
(B"i)+519 :) M (V +3W) =

= Wi +B V,



Matrix form :
A : (Vil) =(e)(
0 1

A : (V) = - eai -Bi(Vi (Vi-1

Wi 3 ; & Win
Periodicity conditions : S ai + n = 9 ;

Vi+ n = - Vi Bi + n = - BiS
With =WiM re



Superfrieges & difference equations

Vi= Bitzai , ai = fi
, ij Bi

= 4
,
i

Prop (Ni ,Vi) : = (Pic
,
fic) diagonals

ana log of
Coxeter's solution to the eg.observation
-



d) Some properties of superfriezes

Thm-Glide symmetry
-
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e) .

Continued fractions
(with C

. Conley) R = (i)
8 = a1 ++

an +1

as
... 1

L = (i )
an Initial

vectors

(9) = Rameet
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f) Supercontinuants
Euler's continuants :

det fi)=:K
k(a... an)

-

a
"algebraic regard

k(az ... an)
-

+ 1

an on e
. f .

"



In super c .
f. E 291192 sam. gam

2aym ... Ram-2

Im : In the even part of super
c

.

f.
shadow part !

( .. an) = k(a - - an) + 3 E(k(a ,
-

- an)

·Conting (Eneoperator
Ex .

k(an
,

92) = a
1 az + 1 La

k(ay ,
92

,az) = a
, amaz + a1 + as

3 a
, anay + an +13/ Shadow


