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Artin's braid groups

Emil Artin, 1925: n-strand braid group B, is generated by n — 1 elements
o1,...,0n—1 with braid relations

0i0i410; = 0j+10i0i+1, I=1,...,n—1,

and gj0j = 0j0; when ‘I *Jl > 1.
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Braid group B3 and modular group
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The modular group PSL(2,Z) = SL(2,Z)/ £ | is generated by matrices

1 1 0 1 0 1
Uf(o 1 ),Sf<_1 O),or,bySande<_1 1 ),
satisfying relations §% = P¥ = —/ :

PSL(2,Z) =< P,S|P*=S"=e>.

Important fact: PSL(2,7Z) = B3/Z, where Z is the centre of Bs.
Indeed, let x = 0102, y = 020102, then modulo braid relation
y2 = 020102020102 = 010201020102 = X3,
so B3 =< x, y|x* = y? > . The homomorphism
x:Bs — PSL(2,Z), x(x)=P,x(y)=S
is surjective with the Kery = Z(B3) = Z generated by x* = y2.

Thus x is a nice representation of B3 but it is not faithful...
Is there faithful one?



Burau representation of braid groups

Werner Burau, 1936: Burau representation p, : B, — GL(n — 1,Z[t, t™']).

For n = 3 the Burau representation ps : Bs — GL(2,Z[t, t™']) is defined by

—t 1 1 0
: o = , O = )
P ' 0 1 2 t -t

where t is a formal parameter. When t = 1 we have canonical homomorphism
Bs — S3, while t = —1 corresponds to the representation .
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Werner Burau, 1936: Burau representation p, : B, — GL(n — 1,Z[t, t™']).

For n = 3 the Burau representation ps : Bs — GL(2,Z[t, t™']) is defined by

—t 1 1 0
: o = , O = )
P ' 0 1 2 t -t

where t is a formal parameter. When t = 1 we have canonical homomorphism
Bs — S3, while t = —1 corresponds to the representation .
Burau used this representation to introduce the invariant of the link
L= L(B), B € Bn by the formula
1—t
Al(t) = 1 det(! — pn(B)),

which (up to a unit in Z[t, t7']) turned out to be related to the Alexander
polynomial (Alexander, 1928).
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Arnold, 1968; Magnus, Peluso, 1969: Burau representation of B3 is faithful.
However, we have seen that the specialisations with t = £1 are not.
Burau specialisation problem (Bharathram and Birman):

At which complex specializations of t € C* = C\ {0} is the Burau
representation p3 faithful?

Scherich 2020: For t € R the specialized Burau representation pj is faithful
when t < 0, t # —1, and outside the interval 3*—2‘/5 <t< 3+T\/5

Morier-Genoud, Ovsienko and AV 2023: The specialized Burau
representation p} is faithful for all t € C* outside the annulus

3-2v2< |t <3+2v2.

Conjecture (MGOV): The specialized Burau representation pj is faithful for
all t € C* outside the annulus

3ff <1t < 3+\f




g-deformed modular group PSL(2,7Z)q and g-rationals

Morier-Genoud, Ovsienko 2020: g-deformed modular group PSL(2,Z)4 is a
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When g = 1 we get the standard generators of SL(2,7Z), so we can define
g-analogues M, for every M € SL(2,7).
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Morier-Genoud, Ovsienko 2020: g-deformed modular group PSL(2,Z)4 is a
subgroup of PGL(2,Z[q,q™']) generated by

qg 1 1 0
Ry := , Ly = .
0 1 1 gt

When g = 1 we get the standard generators of SL(2,7Z), so we can define
g-analogues M, for every M € SL(2,7).

There is a natural linear-fractional action of PSL(2,Z)q on the space Z(q) of
rational functions in g with integer coefficients.

The g-rationals are the functions from Z(q) in the orbit of any point from the
set {0, 1, oo} for this action.
This agrees with the notion of g-integers due to Euler and Gauss:

[rlg = 1+q+¢+...+q""

[-nlg = —q'=q?...—q "



g-deformed continued fractions

Let g = [a1,...,am] be the continued fraction expansion and consider the
corresponding matrix decompositions
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g-deformed continued fractions

Let g = [a1,...,am] be the continued fraction expansion and consider the
corresponding matrix decompositions

r

v — Ral Laz . Razm—l Lazm
s u ’

M(ai, ..., am) = (

R V ay y a; 2m—1yaxm
Mq(a1,...,am) = (5((:77)) UEZ;) = RLZ .. RPTLE,

The g-analogue of a rational £ is given by

)

For example, for 2 =1+ 1 = [1,1] we have

2 1 1 -1
M(1,1) = RL = . M(L1)=Rylg= (79 9 ),
1 1 1 q

so [2]¢ = 1+ g in agreement with Euler and Gauss.
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Suppose that ; > 1.

Morier-Genoud, Ovsienko 2020: The polynomials R and S have positive
integer coefficients and satisfy the following ‘“reflection and mirror” properties:

g, =2, [ =Ry

Leclere, Morier-Genoud, Ovsienko, AV 2021 For every rational ; the roots of
the polynomials R and S belong to the open annulus

3-2v2< gl <3+2V2.

Conjecture (LMGOV) For every rational  the roots of the polynomials R and
S belong to the open annulus
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Example (MGO 2020): Fibonacci polynomials

Let F, be the nth Fibonacci number, F}:1 are the convergents for ¢ = ”2\/5,
|:Fn+1:| _. ]?n+1(Q)
Fn q fn(q)

be their g-deformed versions. The polynomials F,(q) and F,(q) are of
degree n — 2 (for n > 2) and are mirror of each other:

Falq) = q"*Fala ™).



Example (MGO 2020): Fibonacci polynomials

Let F, be the nth Fibonacci number, F}:1 are the convergents for ¢ = ”2‘/5,
|:Fn+1:| _. ﬁn+1(¢1)
Fn q fn(q)

be their g-deformed versions. The polynomials F,(q) and F,(q) are of
degree n — 2 (for n > 2) and are mirror of each other:

Falq) = q"*Fala ™).

The Fibonacci polynomials F,(q) are determined by the recurrence
Fri2(q) = Blg Fo(@) — ¢ Fo2(q), Bla=1+q+4q
with Fo(q) =1, F2(q) =1+¢q; Fi(q) =1, F(q) =1+qg+q*:
P} _ 1+2g+2¢> +2¢°*+¢*
5lg 14+ 2q+ q2 + q3
] - 14+29+3¢*+3¢° +3¢* +¢°
8lqg 1+2q+2q2+2q3+q4 ’
@ - 14+39g+4¢>+5¢° +4q9* +3¢° + ¢°
1349 14+39g+3¢2+3¢3+2¢*+q5

’




g-deformed irrationals

Suppose that a sequence of rationals 7 converges to an irrational number x.
m

Morier-Genoud, Ovsienko 2020: The coefficients of the Taylor series of

rational functions 7;”’((:)) stabilize as m grows.
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g-deformed irrationals

Suppose that a sequence of rationals 7 converges to an irrational number x.
m

Morier-Genoud, Ovsienko 2020: The coefficients of the Taylor series of

rational functions 7;”’((:)) stabilize as m grows.

This allows to define a g-deformation [x], as Taylor series with integer

coefficients. In particular, for the golden ratio ¢ = % we have

_@+q-1+/(*+3¢+1)(¢*— g +1)
- >

3—5
>

[l

with the radius of convergence R =

Conjecture [LMGOV 2021] For every real x > 0 the radius of convergence
R(x) of the series [x], satisfies the inequality

3-V5
2

R(x) = R(¢) =

and the equality holding only for x which are PSL(2,Z)-equivalent to .
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Burau representation and g-rationals

Morier-Genoud, Ovsienko, AV 2023 The g-deformed action of the modular
group coincides with projective version of Burau representation with g = —t.

Indeed, for t = —q the matrices Ry and L coincide with

-t 1 1 1 0 ! 1 0
p3(01)—<0 1>, p3(02) _<t t) _<1 t‘1>'

This means that if

R(t) V(1)
p3(B) = :
S(t)  Uu(t)
then % and % with g = —t are g-rationals.

For instance, taking 8 = 010, ‘o105 ", we have the matrix

2 3 4 2 2 3 4 2
2 —t+t" =2+t 1—-t+t _ q+q +2¢°+q 14+qg-+gq
—t+t2 -t 1—t g+ ¢ +q° 1+q /)’

14+9+2¢°+4° 1+q+¢> _ 5 3 :
so that Traia and g areq deformed 3 and 3, respectively.
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Burau specialisation problem and singular set of g-rationals

Define the singular set of g-rationals ¥ C C* as the union of complex poles of
all g-rationals and the extended singular set as X, := X U {1}.

Morier-Genoud, Ovsienko, AV 2023 The Burau representation ps3 specialized
at tp € C* is faithful if and only if —ty ¢ X..

As a corollary we have

The specialized Burau representation p} is faithful for all t € C* outside the

annulus
3-2V2< [t <3+2V2

and, modulo LMGOV conjecture, outside the annulus

3 *2‘/5 < <3 Zﬁ.




Rational knots

Conway 1969: Rational (2-bridge, Viergeflechte) link K(£) corresponding to
t=la1,...,an]
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Figure: Rational link description from Lickorish 1997



Jones polynomial of rational knots

There are different ways to associate a knot/link to a braid 8 € Bs:
-
CoC T XX
;‘ ;

Figure: Standard and Conway closures of 8 = 0102_10102_1
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Jones polynomial of rational knots

There are different ways to associate a knot/link to a braid 8 € Bs:
-
CoC T XX
;‘ ;

Figure: Standard and Conway closures of 8 = 0102_10102_1

Schubert 1956: K(%) = K(g) iff ' =rand s’ = s (modr).

Lee, Schiffler 2019; MGO 2020 For the rational knot K(Z) the (normalised)
Jones polynomial can be expressed as

J:(q) = qR(q) + (1 — q)S(q).

In particular, in our case of figure-eight knot K(g) the Jones polynomial is

Js(@) = q ’[q(1+q+2¢"+¢") +(1-q)(1+g+q ) =g +q  +1+q+q".



Concluding remarks

One of the most important questions is to understand the number-theoretic
properties of the algebraic integers from the set ¥.

The following results due to Morier-Genoud and Ovsienko provide some
constraints on this set.



Concluding remarks

One of the most important questions is to understand the number-theoretic
properties of the algebraic integers from the set ¥.

The following results due to Morier-Genoud and Ovsienko provide some
constraints on this set.

o let £ =ay,...,am] and [g]q = % then the polynomials R(g) and S(q)

are monic of degrees a1 + -+ + axn — 1 and a2 + - - - + a2m — 1 respectively.



Concluding remarks

One of the most important questions is to understand the number-theoretic
properties of the algebraic integers from the set ¥.

The following results due to Morier-Genoud and Ovsienko provide some
constraints on this set.

o let £ =ay,...,am] and [g]q = % then the polynomials R(g) and S(q)

are monic of degrees a1 + -+ + axn — 1 and a2 + - - - + a2m — 1 respectively.
e R(0)=80)=1, R(1)=r,81)=s, R(-1),5(-1) € {0,+£1}.



Concluding remarks

One of the most important questions is to understand the number-theoretic
properties of the algebraic integers from the set ¥.

The following results due to Morier-Genoud and Ovsienko provide some
constraints on this set.

o let £ =ay,...,am] and [g]q = % then the polynomials R(g) and S(q)

are monic of degrees a1 + -+ + axn — 1 and a2 + - - - + a2m — 1 respectively.
e R(0)=80)=1, R(1)=r,81)=s, R(-1),5(-1) € {0,+£1}.

e The sequences of coefficients in the polynomials R(q) and S(q) are unimodal.
(Conjectured in MGO 2020 and proved by Oguz and Ravichandran, 2023)



Concluding remarks

One of the most important questions is to understand the number-theoretic
properties of the algebraic integers from the set ¥.

The following results due to Morier-Genoud and Ovsienko provide some
constraints on this set.

o Let L =[a,...,am] and [g]q = % then the polynomials R(g) and S(q)

are monic of degrees a1 + -+ + axn — 1 and a2 + - - - + a2m — 1 respectively.
e R(0)=80)=1, R(1)=r,81)=s, R(-1),5(-1) € {0,+£1}.

e The sequences of coefficients in the polynomials R(q) and S(q) are unimodal.
(Conjectured in MGO 2020 and proved by Oguz and Ravichandran, 2023)

As a corollary we have the result of Scherich 2020 that specialization of the
Burau representation at any real negative t # —1 is faithful. Moreover, the
same is true for any t = —«, where o # 1 is an algebraic integer having a real
positive conjugate.



Concluding remarks

One of the most important questions is to understand the number-theoretic
properties of the algebraic integers from the set ¥.

The following results due to Morier-Genoud and Ovsienko provide some
constraints on this set.

o Let L =[a,...,am] and [g]q = % then the polynomials R(g) and S(q)

are monic of degrees a1 + -+ + axn — 1 and a2 + - - - + a2m — 1 respectively.
e R(0)=80)=1, R(1)=r,81)=s, R(-1),5(-1) € {0,+£1}.

e The sequences of coefficients in the polynomials R(q) and S(q) are unimodal.
(Conjectured in MGO 2020 and proved by Oguz and Ravichandran, 2023)

As a corollary we have the result of Scherich 2020 that specialization of the
Burau representation at any real negative t # —1 is faithful. Moreover, the
same is true for any t = —«, where o # 1 is an algebraic integer having a real
positive conjugate.

Finally, there is an intruguing “left” g-deformation (MGO; Bapat et al 2023)

H" _R(q)
slg S"(q)’
which, in particular, gives
b n—2 n
[Mlg=1+q+---+q" " +q"



