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Friezes and the Farey complex

Theorem (S. Morier-Genoud, V. Ovsienko, S. Tabachnikov,
(2016))

Positive Conway-Coxeter friezes are in one-to-one correspondence
with normalised loops in the Farey complex, up to cyclic
equivalence.
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Friezes and the Farey complex
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Tilings and the Farey complex
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Tilings and the Farey complex
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Theorem (I. Short)

There is a one-to-one correspondence between tame SL;-tilings
over 7, and pairs of paths modulo SLy(Z) in the Farey complex.
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Tilings over Z
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Tilings over Z
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Question

We can define tilings over general rings:
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We can define tilings over general rings:

Z, ad— bc=1.

Question: Can we define a Farey complex for any ring R?
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Farey complex %x y

Definition

Let R be a commutative ring and let U be a group of units of R.
Let ~ be the relation § ~ 2 for all u € U. We call #gy a Farey
complex over R where:
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Farey complex %x y

Definition
Let R be a commutative ring and let U be a group of units of R.
Let ~ be the relation § ~ 2 for all u € U. We call #gy a Farey
complex over R where:

» the vertices of .Fg y are equivalence classes

{%:a,be R, aR—}—szR}/w;
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Farey complex %x y

Definition
Let R be a commutative ring and let U be a group of units of R.
Let ~ be the relation § ~ 2 for all u € U. We call #gy a Farey
complex over R where:
» the vertices of .Fg y are equivalence classes
{Ti ca,be R, aR+ bR= R}/ ~;

> an edge goes from £ to 5 whenever ad — bc € U.
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Farey complex .Zg y

Definition
Let R be a commutative ring and let U be a group of units of R.
Let ~ be the relation § ~ 2 for all u € U. We call #gy a Farey
complex over R where:
» the vertices of .Fg y are equivalence classes
{Ti ca,be R, aR+ bR = R}/ ~;

> an edge goes from £ to 5 whenever ad — bc € U.

Fr+1}
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Farey complex .Zg y

Definition
Let R be a commutative ring and let U be a group of units of R.
Let ~ be the relation § ~ 2 for all u € U. We call #gy a Farey
complex over R where:
» the vertices of .Fg y are equivalence classes
{Ti ca,be R, aR+ bR = R}/ ~;

> an edge goes from £ to 5 whenever ad — bc € U.

Fr+1}

{2:a,beZ, abcoprime}.
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Farey complex .Zg y

Definition
Let R be a commutative ring and let U be a group of units of R.
Let ~ be the relation § ~ 2 for all u € U. We call #gy a Farey
complex over R where:
» the vertices of .Fg y are equivalence classes
{Ti ca,be R, aR+ bR = R}/ ~;

> an edge goes from £ to 5 whenever ad — bc € U.

Fr+1}

{2:a,beZ, abcoprime}.

— 5 when ad — bc = +1.

Ty
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complex Zry
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Farey complex %x y

Example
Consider R = Z[i]/3Z[i] and U= {£1,+i}. Then Zg y looks like
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Tilings and the Farey complex

Consider the connected edges in Fg (11}
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Assume ad — bc =1 and ¢f — de = —1.
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Tilings and the Farey complex

Consider the connected edges in Fg (11}

sl o
b d f
Assume ad — bc =1 and ¢f — de = —1.
a —e
b —f
<
—c d —c
—d —d
—b f
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Tilings and the Farey complex

Consider the connected edges in Fg (11}
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Tilings and the Farey complex

Recall, over Z,

M -M
O -1 -1 -2 -1 0 1 1 2 1
1 1 0 -1 -1 -1 -1 0 1 1
1 1 1 0 -1 -2 -1 -1 0
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Tilings and the Farey complex

Consider the tiling over Q with U = {41,42 +271},

0 -1 -1 -2 -1

1 1 0 -1 -1 - (3> <CJ> ‘
1 2 1 1 0 bi)icz, \di/ ez
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Tilings and the Farey complex

Consider the tiling over Q with U = {41,42 +271},

0 -1 -1 -2 -1

1 1 0 -1 -1 - <3> <CJ> ‘
1 2 1 1 0 bi)icz, \di/ ez
Then multiplying alternate rows by 2 and % we get another tiling
2 0 -2 -2 -4 -2 -
1 11 g 1 .1 .. (2""’,2 i"”“) (CJ> .
> >4 2 2 0 2bi 27 biv1 ) jez N4/ jen
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Tilings and the Farey complex

Theorem (IS, MvS, AZ.)

There is a one-to-one correspondence

pairs of bi-infinite tame SL,-tilings
SL2(R)\{ paths in Fgy } — (Ux U)\{ over R }
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Tilings and the Farey complex

Example

Figure: The Farey graph
Ty 51,41}
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Tilings and the Farey complex

Example

Figure: Two periodic
bi-infinite paths on
Ty 57,441}
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Tilings and the Farey complex

Example
m,-J = a,-dj — b,'CJ'
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Figure: Two periodic
bi-infinite paths on
Ty 57,441}

Matty van Son, Open University Lifting SL;-tilings



Friezes over R
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Friezes over R
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Theorem (IS, MvS, AZ.)
There is a one-to-one correspondence

paths of length n tame semiregular
SLQ(R)\{ between equivalent } — U\{ friezes of width n }

vertices in Fgy over R
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Friezes over R
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Friezes over R

T3 2
3 2 3
2 1
YA B VAR S 0 0 0 0 O
1 1 1 1 1
o/ i V4 SR 2 4 2 4 2
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0 0 0 0 O
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2\ 4 5 /2
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Theorem (IS, MvS, AZ.)

There is a one-to-one correspondence

semiclosed paths of tame regular friezes
SLa(R)\ i — .
2(R) { length nin g (13 } { over R of width n
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Lifting Tilings and Friezes
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Lifting Tilings

Theorem (IS, MvS, AZ.)

For any ideal I in R, the map ® from tame SL;-tilings over R to
tame SLy-tilings over R/1

¢:m;J»—>m;J+/
is surjective if and only if the map ¢ : SLa(R) — SLa(R/I)
(a b . a+1l b+1
7 \c d c+1 d+1

is surjective.
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Lifting Friezes
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Lifting Friezes
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Lifting Friezes
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Definition
We call a closed path v in 77,7 141} strongly contractible if it
can be transformed to a point by application of the following
homotopies:
» replacing a subpath (v, u, v) with (v);
» replacing a subpath (v, u, w) with (v, w), where v <> wis an
edge in F7/n7, (41}

Matty van Son, Open University Lifting SL;-tilings



Lifting Friezes
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Lifting Friezes
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Theorem (IS, MvS, AZ.)

A tame semiregular frieze F over Z/nZ lifts to a tame frieze over Z
of the same width if and only if any path v in ;.7 (11}
corresponding to F is a strongly contractible closed path.
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Friezes and the Farey complex

Thank youl!
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