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I On classification of
hyperbolic Coxeter polytopes

I Application to a classification problem

about quiver mutation

# constructing hyperbolic manifolds

via quiver mutations



Coxeter polytopes are polytopes in Sador #9
whose all dihedral angles are submultiples ofa

jay sEx

:Anel L 6& A ElMy #

- a right-ang led polytopes
· Coxeter polytopes are

- fundamental domains of discrete reflection groups
- a tool to construct hyperbolic manifolds

[by glueings]

How toclassify Coxeter polytopes ?



Coxeter polytopes in SVE" and I" :

· spherical
&

· Euclidean · Hyperbolie
W W 3
-
classified by Coxeter in 1934 No classification

In terms of Coxeter diagram
· Nodes facets f: of P

Harold Scott MacDonald
Coxeter · Edges , o ififi) -Mi

· - /2 ---o if finf=
· N

* ⑤ /4 · if Finfitf"
& ⑪ IT/j



·

S"Spherical Euclidean
V

· coxeter polytapes Coxeter polytopes

Coxeter diagram
a

union of connected A

elliptieon diagrams parabolic diagrams
'Il

All #

· combinatories : D

m Al

· simplices · products
e

of simplices
#

m D

f

Finite ly many types
in each dimension

Nat

P Nu



F

Sh # Euclidean
V

Spheric getOne way this !

M coxeter polytapes Coxeter polytopes #
Base !

Induction n =3 ↑aut1
-Coxeter diagram =

a connected A

unienaddat extra nodeStep :
paraboliz diagramselliptieon dtagramdiagram

checking that no forbidden 'Il

All subdiagram appear
#

D combinatories : D

m a Al

simplices · productsOo

e
- then cheed simplices·
the signature

m of Gram matrix D

f
Finitely many types

in each dimension
Nat

P Nu



Coxeter polytopes in S"E" and I" :

⑨ spherical : Euclidean · Hyperbolie
G positive- G positive- G of signature
definite semidefinite (n , 1)

Gram matrix 6 : Coxeter diagram
· Nodes facets f: of P

· Edges , o ififi) -Mi
· - /2 ---o if finf=
· N

· * ⑤ /4 · if Finfitf"
& ⑪ IT/j

S



Coxeter polytopes in S"E" and I" :

Im (Vinberg /1985]
&

&

~

Gram matrix 6 :

Ernest Borisovich

Vinberg

· 26
.
07

.
1937 - 12

.
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.
2020
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Hyperbolic Coxeter polytopes

· wide veriety of compact and finite volume polytopes
Exi

--

& Thm

[Allcock 105] :

Cby building garlands & trees)

H13 H H5 Ho



H Hyperbolic Coxeter polytopes

·Wide veriety of compact and finite volume polytopes
Exi M

T*Y
YIY

W

· Thm

[Allcock 105] :

· Plan : 1 . How ladly we don't know
2
Small bits we know

3
, some tools
4. More recent results



H Hyperbolic Coxeter polytopes 1. How we don't know...

Absence in large dimensions :

If PCA9 is compact , then d= 29.
3, Thm [Nikulin'81]
-simple, compact, convex[Vinberg' sn] polytope PCEd
Fi < k = [d(2] holds

Why ? &

1, Vertices e Elliptic subdiagrams
= many right angles average number of

i faces of al-face of P,
2 . Triangular, 4, Lada gall ,ifdise and
quadrilateral faces - sides of 2-faces

many non-right angles => many triangular/quadr.
2-faces !



H Hyperbolic Coxeter polytopes 1. How we don't know...

Absence in large dimensions :

If PCAP is compact , then d= 29. If PcAldis of finite volume,

[Vinberg' sn] then &1996

Examples known for =8 [Prochorov'85, Khovanskiy 186]

Unique Ex in d=8 (Bugaenko'92] Examples known for

d 19 [Vinberg , Kaplinskaya'78]
d = 21 [Bordcherds '87]

All known Ex in d=7 (Bugeenko' 84]



Hid Hyperbolic Coxeter polytopes 2
.

Bits we know...

&

y

ForFor compact polytopes

Analogues for finite volume :
· some exist
· some need more work
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Hyperbolic Coxeter polytopes 2
.

Bits we know...

1
. By dimension.

· dim = 2 [Poincare 1882] : [di < 5(n -2)

· dim = 3 [Andreev' 70] necessary and sufficient condition
for dihedral angles

· dim = 4 ?
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Hyperbolic Coxeter polytopes 2
.

Bits we know...

1
. By dimension. How to do this? This are

2
. By number of facets minimal non-elliptic

diagramsMo
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Hyperbolic Coxeter polytopes 2
.

Bits we know...

1
. By dimension.

2
. By number of facets

Mo
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Hyperbolic Coxeter polytopes 2
.

Bits we know...

1
. By dimension.

2
. By number of facets

Mo

· ⑭ [Burcroft'22] : d = 4 - 348 polytopes
#a

, Zheng'22] d =5 - - 51 polytopes7 d = 6 - ??? d7-Bugaenkos
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Hyperbolic Coxeter polytopes 2
.

Bits we know...

1
. By dimension.

2
. By number of facets

123 4567

dimn
dimaz

dimos
dimty

dimt5

&???????????...
1 2345678

d+

d +2

???d+3

dr4
da5
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Hyperbolic Coxeter polytopes 2
.

Bits we know...

1
. By dimension.

2
. By number of facets
3. By largest denominator
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Hyperbolic Coxeter polytopes 2
.

Bits we know...

1
. By dimension. Hope : everything can beglued

from them
2

. By number of facets "Evidence" all but one known
3. By largest denominator "building blocks" satisfy pan-d-2

Potential Bugaenko's 6-polytope
n
. By number of dotted edges counter-evidence: with 34 facets

-
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Hyperbolic Coxeter polytopes 2
.

Bits we know...

1
. By dimension.

2
. By number of facets
3. By largest denominator
u
. By number of dotted edges
5. By combinatorial types

· Pyramids CTumarkin'on , on ; McLeod '3 I
* Cubes [Jacquement it; Jacquemet, Tschantz'18]
Lexist up to

dim =5)
· Products of simplices [Alexandrov' 22]
(is either a cube or a product of at most 3 simplices)



H Hyperbolic Coxeter polytopes 3. Some tools

· Reading combinatories from Coxeter diagram
↓ diagrams

of spherical simplices

faces ofP elliptic subdiagrams
in the Coxeter diagram
-diagrams of Euclidean polytopes

ideal verties
Es parabolic subdiagrams

off

adiagrams of hyperbolic simplices

"missing faces" Lanner subdiagrams
minimal sets, for quasi-tanner)
not giving a face
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Hyperbolic Coxeter polytopes 3
.

Some tools

· Reading combinatories from Coxeter diagram
· Coxeter faces

· "Upside down

technique :
/

creducing dim]
⑳
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Hyperbolic Coxeter polytopes 3. Some tools

· Reading combinatories from Coxeter diagram
coxeter diagram [

Coxeter faces #⑨ EIT

-

⑧ Local determinants S
[Vinberg 11985]

&
Es ·o E

·O
vU
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Hyperbolic Coxeter polytopes 3
.

Some tools

· Reading combinatories from Coxeter diagram
coxeter diagram [

Coxeter faces #⑨ EIT

-

⑧
Local determinants S
[Vinberg "1985]

D Geometric constrains on ridges,[Bagachev'22]

New tools needed !



Hid Hyperbolic Coxeter polytopes 4
.
More recent

Naomi Bredoni d 996 (still
,
with the same tools

6
Brop If PcAl

,
finite volume

,
then

[2025] for any dihedral angle #m of P

· if 1232
,
then m = 6

· if d 37
,
and Phas mutually intersecting faces
then m = 6

·If >4 and P is ideal
,
then m25. Naomi Bredon" , PhD 2024

Ihm If PcAI has mutually intersecting faces and mij16,

(2025] then p is one of 24 polytopes ,
and 11

It is one of simplex or
truncated simplex
pyramid H9 #



H Hyperbolic Coxeter polytopes 4. One recent result

More info
,

tables
,
links

on the

wespage !



H Hyperbolic Coxeter polytopes 4. One recent result



H Hyperbolic Coxeter polytopes 4. One recent result

-
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# Quivers of finite mutation type ·2 ·
⑳

⑨
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QuiversIt of finite mutation type ·2 ·
&

· Ruier-oriented graph
finitely many vertices

, o , of C
·fo : ot

no 2-cycles no loops.

· Quiver mutation : - reverse all arrows
incident to vertex k

Ma
#

- ⑨ ⑤

9 u %9

· -- 8

[Fomin
,Zelevinsky' 2000] P , q30 n = pq- r

Quiver Q is of finite mutation type
if there are finitely many quivers obtained froma

by iterated mutations,
EX : o How to classify?



· ⑤

I Quivers of finite mutation type po
·
P , q30
·: pq-r

Ihm [F
, Shapiro ,Tumarkin'08] Infinitely many grivers

built from 5 blocks

Let a be a quiver of finite mutation type. associated
to small surfaces

Then either a has 2 vertices
,

or R comes from triangulated surfaces-
or a is one of the following 11 quiversi



· ⑤

I Quivers of finite mutation type py a·: pq-r
compare :

Coxeter diagram [signature (1)] Quiver [mut
, finite]

? polytopes to build 5 blocks to build

-ey many examples oly many examples
↑

Lanner subdiagrams Minimal subquivers !

[minimal non-elliptie] not decomposable into blocks

Upside-down technique
Upside-down technique to list min

, non-decomp quiverswith Coxeter faces (a;)

completer search for completer search for

adding vertices one by one adding vertices one by one



⑤

I Quivers of finite mutation type B⑳
o ·: pq-r

Classification of quivers classification of
of fin mut

. type hyperbolic Coxeter polytopes
worked did not

Why ?

· Integer labels only - ~ any label-1

on arrows ⑤ --

·Small number of & Many basic polytopes
blocks from surfaces - to

G lue from
(classified) (not classified)



· ⑤

# Quivers of finite mutation type po
·
P , q30
·: pq-r



· ⑤

# Quivers of finite mutation type po
· ·: pq-r

= By Sergey Fomin

#



#
⑨ ⑤

#I Hyperbolie manifolds from quiver mutations 9 ofe
· ·: pq-rP , q30

Idea - Take a quiver Q

- Forget directions of arrows
- Get a coxeter diagram of a Coxeter group

G

* mutate & what happens to 6 ?

(It changes ,
but one can fix this

]
by taking a quotient.
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⑨ ⑤

#I Hyperbolie manifolds from quiver mutations pof
· ·: pq-r

Construction [Barot-Marsh '2011]
· LetO be a quiver mutation - equivalent to AniDn or E6

,
7
,
8.

· quiver Q - group G(Q) :

· If R = An
,
Dnor En then G is the corresponding Coxeter group

asa has no oriented cycles).



#
⑨ ⑤

#I Hyperbolie manifolds from quiver mutations pof
· ·: pq-r

Construction [Barot-Marsh '2011]
· LetO be a quiverMutation- equivalent to An e

·-Marsh'2011]
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#I Hyperbolic manifolds from quiver mutations pof
· -- 8

P , q30
n = pq- r
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#I Hyperbolic manifolds from quiver mutations pof
· -- 8

P , q30
n = pq- r
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#I Hyperbolic manifolds from quiver mutations pof
· -- 8

P , q30
n = pq- r
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⑤

#I Hyperbolic manifolds from quiver mutations p
⑳

To ·: pq-r

Ihm [F-Tumarkin' 14] (Manifold property)
Taking the quotient does not introduce singularities

manifoldsCie if the Coxeter groupGo acts on a S
then G(Q) also does

corollary : can cook hyperbolic manifolds
with large symmetry groups.
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#I Hyperbolic manifolds from quiver mutations p
To ·: pq-r

- *



#
⑤

#I Hyperbolic manifolds from quiver mutations p
⑳

To ·: pq-r

· One can build similar groups
from other guivers of finite - mutation type
(not only from Dynkin quivers)

· So that the groups are mutation-invariant

· However - we don't know what groups will arise
(after taking quotient) /

- we can NOT prove the Manifold Property



#
⑤

#I Hyperbolic manifolds from quiver mutations p
To ·: pq-r

Is there a webpage

collecting hyperbolic manifolds ?

/



Quie

⑳ mutations

I & * appg)
I

Coxeter
- Hyperbolic⑧ polytopes - manifes⑧polytopes->

/ &⑧ ⑨


