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Loxeter polytopec in S and M

@ SMAQNQ(M | = E%aﬁ@/@m ® H%T[D@/%//c
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Coxeter O/z\dgmm
o Nodee < Sacote & of P

if f; is parallel to f;;
if f; and f; diverge

and lie at distance p;;.




Coxeter polyfopec n S, and M
Thm [\///)g@fg /1%51

Let G = {g;;} be an indecomposable symmetric matriz of signature (d,1) with units on
the diagonal and non-positive off-diagonal elements everywhere else. Then there exists a
convex polytope P in d-dimensional hyperbolic space H® such that the Gram matriz G (P)
of P coincides with G. The polytope P is unique up to isometry of H®.

if 4fzfj — 77?7;3';
if f; is parallel to f;;

if f; and f; diverge 20.04.1934 - — 205, D20
and lie at distance p;;.
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o Wide \/@/’/@J@ @/( wmpad/ ond Finite \/Q@MQ /@9@7@/9@

— Any number of facets

|
A\Z — Any complexity of combinatorial types
| — Arbitrary small dihedral angles

o Thm Compact polytopes: infinitely many in H¢ for all d < 6.
[ 4//06(’/!( ‘057 - Finite volume polytopes: infinitely many in H® for all d < 19.
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o Widp \/@f’/@tcf 0,( wmfwd/ ond Finite \/Q@MQ W@%/ﬁé{

— Any number of facets
— Any complexity of combinatorial types
— Arbitrary small dihedral angles

<

° lhm Compact polytopes: infinitely many in H¢ for all d < 6.
[ Allcock ‘057 Finite volume polytopes: infinitely many in H for all d < 19.
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T Pe® is compact, Hhen d=23
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1f Pc#{d s compact, then d<29 ¢ ;Dc#/é//g o Finite volume,
[ V/‘ngé/ﬁ '8y |  hen A< 9%

knoon dor of<© | [Prochoroy '€5, Khovarsi)y 6]
Unique Fx in d=&  [bugaenko 92] | knaon or

o< 18 [Vindeys, kaplinstaya 7]
d =21 [ Bopdcherds /7]
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1, By dimension
@ o/}mxgz ZP@M@MQWWQZZ Zo@bécﬁ(/’)vzs

o dim=23 [ Androev’ 7 | necescary angd sulficient 6@7/7%7%/7
for  dihedral &hg/@ﬁ

& WO

a+B+y>m a+pB+y<m a+B+v+90 <27

o dim-y ?



WO{ Hg[@”g@h Coxeter PQQ{W‘EP@S Bits we  know.
4, By dimengion
2. B@ numbor of Jacefs Minimad  non-effiptic Ogmé/ﬁ@ms

e n=d+ 1, simplices [Lanner'50]: d < 4, fin. many for d > 2.

d:1 k l d:2
A 1,1
oo st i<l

m

o o o o o Ij ﬁ ® o o o o o
e o o o E E ® o o o o @
el 1T e




| WO( H%Puga(k C@X@@( PQWP& Bits  we  knoeo.,

1 By dimangion
2 B@ mamgu (% ool

e n=d+ 1, simplices [Lanner'50]: d < 4, fin. many for d > 2.

o n=d-+ 2, AkXAl
— prisms [Kaplinskaya'74|: d <5, fin. many for d > 3.
— others [Esselmann’96]: d =4, A% x A?, 7 items:




4, By dimaension
2, 846 Wm@u 0‘? oot

e n=d+ 1, simplices [Lanner'50|: d <4, fin. many for d > 2.

o n=d-+ 2, AkXAl
— prisms [Kaplinskaya'74|: d <5, fin. many for d > 3.
— others [Esselmann’96]: d =4, A% x A?, 7 items:

e n=d+ 3, many combinatorial types
Tumarkin'03|: d <6 or d =38, fin. many for d > 3.

e n =d+4, really many combinatorial types...

FTO5 A ST, [ouotl dou ~aue pelgon
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By nuner of Jacek

1) proofs are similar
2) use previous cases




Hy ;auM?é Coxefer  polylopes Bt

e Right-angled polytopes [Potyagailo, Vinberg' 05]:
d < 4, examples for d = 2, 3, 4.

e (Some) polytopes with angles 7/2 and /3 [Prokhorov' 88].
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4, Bg dimension Hope ! e VorYthing Cas 5 Gleod

_ * | from  +hom
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4 By wumbee of difted odgec | LT e

e p=20, [F,T'06]: Simplices and Esselmann’s polytopes only.
d<4, n<d+2.

e p=1, [F, T'07]: Only polytopes with n < d + 3.
d<6and d=2_8.

e p<n-—d-—2, [F,T,'07]: finitely many polytopes. Algorithm.

— Implemented the algorithm for d = 4:
nothing new.
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Coxeder  Sacec

Elliptic subdiagram
without A,, and Ds

e [Borcherds'98]: —  Coxeter face

e [Allcock’05]: Angles of this face are easy to find.
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\a det(X,v) — 1 = Zdetgv
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s[4 One recont resalt

) typerlete Coushor o

&: = Cr O 8 & www.maths.dur.ac.uk/users/anna.felikson/Polytopes/polytopes.html 67%
Hyperbolic Coxeter polytopes

« Disclaimer:
This is an attempt to collect some results conceming classification and properties of hyperbolic Coxeter polytopes.

\
This page is under construction. Any corrections, suggestions or other comments are very welcome.
« Arithmetic groups: Ore l n 0 ,

For a detailed discussion of advances in the arithmetic case see the recent survey by M. Belolipetsky [Bell.
See also the webpage on arithmetic hyperbolic reflection groups by Nikolay Bogachev.

+ Why "hyperbolic": spherical and Euclidean Coxeter polytopes are classified by H.S.M.Coxeter in 1934 [Cox]. g / / Q
Basic definitions (see [vin1], [Vin3), [Vin6], [Vin7]): ta a ) ’ n

« Definitions of Coxeter polytope, Gram matrix, Coxeter diagram.

+ Faces of Coxeter polytopes.

» Existence and Unigueness of a polytope with given Gram matrix. O/n C
Absence in large dimensions:

U weépage |

do not exist in dimensions dim>29 [Vin2];

examples are known only up to dim=8, the unique known example in dim=8 and both known examples in dim=7 are due to Bugaenko [Bugl].
« Finite volume hyperbolic Coxeter polytopes:

do not exist in dimensions dim>995 [Prl], [Khov];

examples are known in dimensions dim<19 [Vind], [KV] and dim=21 [Bor].

Some known classifications:

By dimension (dim):

« dim=2: there exists a n-gon with given angles if and only if the sum of angles is less than rt(n-2) [Po].
« dim=3: see Andreev's theorem [Andl], [And2], [RHD]. See also [Pog].

« dim>31: non-zero dihedral angles are of the form 1t/m with m<=6 [Br].
By number of facets (n):

« n=dim+1: compact simplices (Lannér diagrams [Lan], dim=2,3,4) and non-compact simplices (quasi-Lannér diagrams [Ch], [Ko], [Ch],[Vin7], [Bou], dim=2,...,9).
e n=dim+2:
Products of two simplices:
« Simplicial prisms exist in dim=3,4.,5 [Kap], see also [Vin3].
= Other products of two simplices (exist in dim=4 only): Esselmann polytopes [Essl],[Ess2] and the unique non-compact polytope [Tuml].
¢ Qramids over a product of two simplices [Tuml], dim=3,...,13, 17.
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AMR

™t ASSOCIATION ror
MATHEMATICAL RESEARCH

Home Lectures and Events Publications Resources

Webpages for Research in Mathematics

General Mathematics

Conference Listings/Mathematics

Research seminars

MathMeetings.net, list for research mathematics conferences, workshops, summer schools
AMS Mathematics Calendar

The On-Line Encyclopedia of Integer Sequences® (OEIS®)

Cut the Knot Interactive Mathematic Miscellany and Puzzles, by Alexander Bogomolny
Online Mathematics Textbooks list by George Cain

Research Guides, by University of Michgan Library

The Erdds Number Project, by Jerry Grossman

Math Stack Exchange

MathOverflow

Mathematics Genealogy Project

MathWorld from Wolfram

DLMENIST Digital Library of Mathematical Functions NIST Digital Library of Mathematical Functions
Mathematics and Areas of Mathematics on Wikipedia

Digital and digitalised publications

arXiv, Mathematics

ICM Proceedings 1893-2018 and ICM Videos 1998-2014, maintained by IMU
EuDML, European Digital Math Library

World Digital Mathematics Library (WDML), by IMU

AMS Digital Mathematics Registry

MathSciNet, AMS Mathematical REviews

Numdum, the French digital mathematics library, set up by Cellule MathDoc
DML: Digital Mathematics Library, by Ulf Rehmann (Uni Bielefeld)

crmmada e e el Blat ol

| PN B e Bl Lo A cee BB bl e A B 2

Akl e e Pl oA

Logic

« Directory of links on logic and foundations of mathematics by Sylvain Poirier
Machine learning
e Machine Learning Mastery by Jason Brownlee

« Analytics Vidhya Data Science community
» Network Flows Bibliographies by Joseph Malkevitch

Mathematical Biology

» Mathematical Biology Bibliographies by Joseph Malkevitch

Mathematical Physics

e String_Theory Wiki
e Solitons at Work, informal network
« International Society of Nonlinear Mathematical Physics, non-profit Learned Society

Metric Geometry

» Hyperbolic Coxeter Polytopes by/Anna renkson

amfgthmetic Hyperbolic 2afee®i Groups by Nikolay V. Bogachev
e Geometry Dy Aririd Felikson

» Ptolemy Relation and Friends by Anna Felikson

Number Theory

e Number Theory Web by Keith Matthews

e The L-functions and modular forms database (LMFDB)
e Markov numbers by Anna Felikson

» Continued fractions by Anna Felikson

e Conferences in arithmetic geometry by Kiran Kedlaya
» Conferences in number theory by Johann Birnick
L

Motivic stuff Cohomology, homotopy theory, and arithmetic geometry, by Andreas Holmstrom

Numerical Analysis

» Numerical Analysis Digest, a weekly newsletter

Operator Algebras
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Quiver representations

Frieze patterns
Dilogarithm identities

Root systems
\ / Supersymmetric gauge theories
Coxeter groups /

\ e Conformal field theory

Cluster algebras
(Fomin, Zelevinsky, 2002) T eeesem L KB

Teichmuller theory // \

Triangulated surfaces

Hyperbolic geometry ——

Mirror symmetry

Poisson geometry

Combinatorics of polytopes
Integrable systems

Tropical geometry



T Quvers of Site i

Cluster Algebras Portal P A

This is a collection of links on cluster algebras and related topics.
Papers

e arXiv

e arXiv full text search (math)

» Google Scholar

» MathSciNet (requires subscription)

e ZzbMATH

» Book chapters, lecture notes, surveys, and expository articles

Conferences, summer schools, and lecture series
| » 2003-2010 (49 events)
» 2011-2020 (89 events)
» 2021 and beyond
» Seminars and working groups
» Courses
» Software and data
» Thematic programs and research labs
» Publicity and awards
» Andrei Zelevinsky, 1953-2013
» Other

p/ N\ ﬂ‘(; p
A Y\
P, g,>0 r' = pqg-"r

N r

» |ACR International Association for Cryptologic Research
* SIAM Society for Industrial and Applied Mathematicsociety for Industrial and Appliel

Category Theory
e Logic Matters by Peter Smith

e nLab collaborative project
e The n-Category Cafe A group blog on math, physics and philosophy [Category The:

Classical Analysis and ODEs

Combinatorics

Cluster Algebra Portalby Sergey Fomin
: ons by Jon McCammond

e Frieze patterns by Anna Felikson
e Combinatorics of polytopes by Anna Felikson

e Squaring_the square, by Stuart Anderson

e Encyclopedia of Combinatorial Polytope Sequences..., by Stefan Forcey
e Graph Theory and Combinatorics Bibliographies by Joseph Malkevitch

e Links to Combinatorial Conferences, by Douglas B. West

Commutative Algebra
e commalg.org, the website for the commutative algebra community
Computational Geometry

» Computational Geometry Pages, by by Jeff Erickson
e Geometry in Action, by David Eppstein
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Consdruction |Barot - Marsh “2011 |
o Lot Q be g quver mudatio ~Wm/@ﬁ7‘ to 4,9, ortyye
@ C}M/}VCI‘ Q R graup G/@/: e Generators of G — nodes of Q).

e Relations of G — (R1) s? =¢
(R2) (si55)™4 = e
r27
mij = g 3,
|00, otherwise.

(R3) Cycle relation:
for each chordless cycle 1 -2 — ... 5 n—1

o T4 Q:Am{bv\@p‘l’im then G s the wﬁfégpdndimﬂ ﬁox@/@f 419



Consdruction [Parof - Marsh 2011 |
o Lot Q b o quiver mutation-eqgiialer! to 4,9, or Ly

Theorem, | Barot~Marsh /Z@ME Given a quiver () of finite type,
G(Q) is invariant under mutations of @, i.e. G(Q) = G(ux(Q)).

e In particular, G(Q) is a finite Coxeter group.

o If Q2 = ur(Q1), s; - generators of G(Q)1), t; generators of G(Q2),
then

/ {SkSiSka e ¢ in (1
?::

Si, otherwise



, , : B
Example: ()1 = A3z = >0——=0 2, QQ:A -

G(Ql) — (81,82,83 | 8? — (8182)3 — (8283)3 — (5182)2 — 6) I

finite Coxeter group As, acts on S? by reflections, 24 elements: S

&
N




1 2 3
Example: Q1 = Ag = e—>e—>e 1% QFA

G(Q1) = (51, 52,53 | 57 = (5152)° = (5253)° = (5182)° =€)

finite Coxeter group As, acts on S by reflections, 24 elements:

G(Q2) = ( t1,ta,t3 | t7 = (t;t;)° = (t1 tatsta)? =€)
e ey

G — affine Coxeter group 12[2, acts on [E? by reflections.

N/ \/\/ \< (1 totsts)? =2

t1 totsto - translation by 2 levels

(t1 tatsts)? - translation by 4 levels

JAVATAVAVA
VAVAVAVAY,

/N /N A



1 2 3
Example: Q1 = Ag = e—>e—>e 1% QFA

G(Q1) = (51, 52,53 | 57 = (5152)° = (5253)° = (5182)° =€)

finite Coxeter group As, acts on S by reflections, 24 elements:

G(Q2) = ( t1,ta,t3 | t7 = (t;t;)° = (t1 tatsta)? =€)
e ey

G — affine Coxeter group 12[2, acts on [E? by reflections.

V \/ \/ \/ \< (t1 totste)? = e = transl. by 4 levels — Identify!

G = Go/NCl((tl t2t3t2)2) — Identify! Identify!

1

TAVAVAVAVA
G = G(Q2) acts on a torus T2,
VAVAVAY,

/N /N /N
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G

(Ve i the (pxetes 9ray 6 ack o9 a maassel j
Hen G alp 1A

Example: Ay = oe—>e =o = i

diagram of hyperbolic simplex

= Hyperbolic 3-manifold with action of the group Aj.




IO Hyportelic manikelds dom guer  rudefon

TABLE 5.1. Actions on hyperbolic manifolds.

(

W Q @ Wl fdmx| e | T | x(x)
7 e— .—*<I 5! 3 |W| - 0.084578 5
Ds .—< Z 23. 41 3 IW) - 0.422892 16
Ds .—.—< »-<> 24. 51 4 IW| -0.013707 10 2
EB| T -—-<:: 927.34.5 5 IW| - 0.002074 27
B | T ——<:> 210.34.5.7| 6 ||W| -2.962092x10~¢| 126 | -52
B |7 .—<:: 214.35.52.7| 7 ||w]-4.110677x10-5| 2160
) SIS ﬁ»+<q 8! 5 70
1Y R oy >—~—-<> 27. 8 6 IW| - 0.002665 1120 | -832
TABLE 7.1. Actions on hyperbolic manifolds, non-simply-laced case.
.

Wl ¢ 6 | Wl |am@)| o7 | oo | (X aven)

Byl sltaan ﬁ 23.3! 2 8w compact -4

Bi | -2t .24 24 . 4! 3 |W| - 0.2Y1446 16

Fy VPR (R 2I:I2 27 . 32 3 [W]-0.222228 | compact

SIM/J [ices

evenr

pyra mids

o product of 2 simplicts
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