2.4) ALTERNATING SETS

We have sean thad the maimum eror i the minimax polynomial pY reaw o occw 042 himay with
au'emoi\'ng sign f §-p*.

Def Let 4e Cla,b] and p be o pdupomial approcimalion. An ablemating set /altemant & f,p 4
lngth n is o tequence df poinds X, ..., Koy Such that
) aS xo <X, <. < X, S

9 §lxd - pla) = CI'E - foe 120, 001 vhore et E= [ f-pll o E=-[f-plla
xample:- Lat Hi)=x? on [-], 11 and plxi =%

ST f T TG Hee ve b Wfopllasy

, P ' The poinds 11,0, 17 fom an alternaking set & Lngth 3, with

| Z / ! E= l”"””"’= ‘/2

| (——> gw&ll see thod Hus impl'»ei thot p=% is the minimax d.l.grem-l

Bl 0 | poynomial.

Befm we con prove owr genernl resuld (that moximum erdr 1w minimax pobmw\;ai alvays qi‘fmakea), we naed
some preliminany results.

Def”:- Lot fe Cla,b) ond p ke o polynomial A non-utifow altemoding s §f leaghh n 1 @ Sequarce d poinks
xo,...,‘(ﬂq SUCh H\O‘l
) aSxe<X,<... < Xoy S b
DY) - plei) = (1)'e. for 120 ..., -,
whoe the 2's ae eithes all Posi-l«'vc or all nagodive..

Example:: fa)=wton [-, 1] and pl)=% + 5

l\ T ¥ 1%, Now 3-1,0, 17 is a mon-um’[:om. altemabing set & leaghh 3
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The -fouowir\j result lets w bound |H-—p|L‘ if we con -fmd. a swiable mn.wu'-Foww a.unzmoi{ng set.

Thm 22 Let {G. C[a,L], clﬂea and P:' the. mirumax pdﬁmd Q’ «iﬂjvta n {u ‘F on [a,b).
(dala Vollde Roussin) Tf f, 9+ have o non-unfom altemating set & length (n+2) then

|H:_P:\k“eo 3_ min le"J. \cri‘l\'ca‘
L€ [, n+]

AN . .
~We sa that this holds in the above example, where De la Voltan R’:’j"‘%;; '“;":m
mnlei = % and  NIF-p*|l=% famous o poing R
‘e 2. Nusbes  Thm.



PlO’E"' (bg condrodichon).

Assune thad “— - Pf“‘,o < min ]leu'l.

ie (ol

let X=9xp,.., %] be the non-unifow altemating set for §, 9a-
ne
ralxl = Pulxl — qald € P
= (;lx)-q,(x)) - (F(xl— p;'(x))
S0 Talx:) has the same Ssign as f(x;) - ‘1-(’(") L"d
Buw then =, changes sign n+ | hmes, which i a contrmdiction. /)

If we don't know :P,f' we con we Thm 2.2 fo erhimate the emx in P‘ by chaoa'ns a swikuble G-

E)(_ampk-'- Let {'(;()=ex on [01] oad 4.1 =0.9 + 16x.

L~

) 9
§-q, ilr\an%u sign fwice u [0,1) ond [0 0S 13 it & non-unifom alkemaking
| set, with

( f(0) - g,(0) = 0.1

' f(o:s)- g,(051 = - 0.05
% H - g.(0 =022
Herce by Thm 2.2 we have
If-PFll, = 0.05 W [o,11.
\ﬁ; con"alro get an upper bound using the fack that I -pHll < It-9.l,. We need t find
{—c’_ 9, = e*- 09 - Léx = ‘F"?.’= e*-|.¢.
Tuming point is ot x = La(1¢).
Ve have

fo) - o) = 01, Flaalig)- q.(La(1.6) = - 0.05, fl-q,00 = 0.22,
so f-q.l,=022

Hence

005 s [[§-pt)y s 0222 ®

We can check this using ow resudt fom last lecthue,
prix) = 0.99% +1.3%x.

Te madimum evor bas at x=0 s Nf-ptll, = ll-o.%%l = 0.106 — condistend with @ .



