2.5). CHEBYSHEV EQuIOSCILLATION THEOREM

Thm 2.3 - Llet feClal]l. Then paef) is @ minimax polynomiod & degee n for F if ondl anly
if §, P have an altemoting set o leagth n+ 2.
2

f}°__+ a mon-wuf'olm

aduwally vos fully /I;mvtd by
al*e.mad\'nj set.

Kirchberger (co. 1902) in huir PhD

thesic unde Hilbert.
Proof -

(€) Surpose that f, pu have an allemaing sef § length a42, with
[$6et) = palxd) | = 1E] = [F- pnllos.
Then De la Vollie Poussin (T 2.2) = I - P:I)"")/ lel.
But ,H:—P:f I, < IE] by definitiw & p¥, oso If-nll, = IIF- pilly s P is @ Minimox

felyromial
@ We will assume that ¥, p. have no alkemabing sek  length n42, and shou that p. comnot ke
e bt approximodion.

let E= "{-Pﬂ"u, ond assume [“-1-0-3-) that the leftmost estremum has §-p. = -E.

Then there are numben ¥iy.. sy such thot q<x,<,,,<xk<b wit, k< o Such thak
1) Fxd-pala) < E fo xelaxJuba,x]uly, ;1 ...
2). Hx)= palx) >-€  fov xe bt du D, g J U

2.9. here T can find suifable pointr x., x, x; (k=3):

E —ll ————— - F ;
- P'\
o(af)enolr I N % Xe ,:/(_/
on £ L L
[ A\ ' : wix)
|
—E R A

—— ———

only only +¢

+E

allowed allowed

Now let  wl) = (%-x)(xy- x) --- (xy - x).

4ol = pale) + €wl) will be a bete “apprimation fhan p- fv small eough £>0
(becamta alk & the extrema will be reduced). Henca . cannot be mirnimax.
P

.

[ Note: if thoe we an altamating set of length 042, we cowld fnd %, xoy, 50

Wlx) wouwld have dl.area. n+l. The o would ot be i Pa oo the ogumart would
]('au' — ie. we wold naed o ’\.jku Mjnu Pob!\om‘.a.l + do bette .



Note: The minimax Polaaf\ow'al may have dagree <n, and may have an altemating ced of
leagth > ny2.

E&Mf&‘- 1[(\() = coslx) on ["‘“, "V], findk minimax Polgno:n;ai & degrez n. /7c
There i an chviows altemoting set & length Za 41 when Paly) = 0.
By Thm 23 we murt have Pl = 0.

Corolla;yiﬁ-- The minimax polynomial P:"e?,, for fé C[allo] i unigue.
(lA_I\ia'un.MSr,

Froof. Lot both B7 g be wunmax pdynomials. Then
- _p¥ - t

- B, = BB s < gt + gt = IE-rtl
2. '*E(Pn* +9¥) ir o minimox Polﬁﬂoﬂ\iod.
B\'j Thm 23, thoe ae n+? auemod\nj PD(\*I ot which :ll{'F'P'?t + 'llf-‘i:) = "F-Pf"w
At each d thare poink, f-PpP* and }-9% are both II-F- pXll, o both - nf—_p,.*]]w.
S F-p and -{-zﬂ agres ot n42 pouinks, So

(f- Pﬂ*)‘ (F-?.\') = ﬁ:-P::O at thare n+Z pondr.
Sine q¥-p € Fo, we murt have 9t -pr =0. 72

Revark - Minmoax ogproximation are not used much in prachice, daspite being nice v thaon .
Note that 2.q. Chebyshay interpolonts may do Lebtes ok most location.
eg o= lx-% o [-1,1]
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