Thare are vaious ways 10 avoid the Buige phenomenon \han agproximabing o funchon by polynomials:
). choose the nodas corefully
2). usa splines

3). Use wunimax or Least Sgoves inmkead Q inierpolod\'on.

0.1) CHERYSHEV INTERPOLATION  (Sill revsion & 2H Mumescal An alysis)
Recall thok the o.nra |n po lynomal inferpolodion safisfies

Il §- P"I Mgl « E(nu)

(n+l)'

We can't cordm\ §@ (desvahives 6 tha ongjinol funchon) but we can chonge the esor polynomial
Waplx) = Tr (x-x%;)

by moving the '\odﬂ.s‘ X;.

nom; ol
Talx) = cos (n asccos(x) )
K fom Fench tansktesho, “Tehebischaff™ (1950s).
To ses that this is a polynomiad, let B = arcos(x) o

Tal) = os(nf) = RQ(*’-MG) = 2(e®+e 0 = 32"+ %) Lhoe 2=20 o"i’""u"m“i*é‘ﬁ?ﬁ”
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::;I:(omu shou that o good sef & nodes are the Chabyshov nodas, defined o moots 4 tha Chabyshev

Now

L-;(Z + Z-.)(.zn » 2-") = TI;(Z““J» Z—n-l) + %(Zn-
2x T;(“) = -rn-;-l(s() + Tn-l(x).

Tn-n(X) = 2><Tn{\() - T,-, (\()

e,

o)

By induchon eadh Tolx) with n2l b a polynomiak & degrea exadly n, vith leading  coefficient 2"
The oot & T"l’f, ore e.q. n=§ 6,_:%: 91':&": 35
hej = (j-‘)w_ “"uf j=|,...,ﬂ e:—_q—:o 082= H.
= ')\(’)' = Cos (TE‘ (———j-lf\)'t) j=|,..,,r\, 0(='.|—-:.'°il JPS'= %
X[ % %y X X5 X, =

Nohcze that the nodes cluster neas the end-PW\h X=%l. I

Lemma 0.2:- Suppose p. € ? infespolates ‘Y-e Ch“’[—l,l] ot tha Cha,Lnshnv nodes X.,...,X,. let W

LXY) be the
evor polynomial fo these nodes. Then
Wan () = ?TM,(:).
Proo«?'.- Since T:\-H and G'...,,, both \wlong ) ?iﬂ ond have ni! roohs (d ;.,...,)2‘,.], there ira ce R such
thot T, = cWpy .
|_ Buwt the leading OobHidQJ\f CW Tamis 2" and o’t Gy, I8 l, so c= 2"

Now we con shou that tha Chabyshav nodes are o good choice.



Thm 0.3 Suppose pe® interpolates fe C'[.11] ot the Chobyshev nodes %,...,%.. Let W, be
the avde pdynomial for thase nodes. Let xe,..,x, be n+l arbitay, distindt nodes with esv
PO‘UNOMJC\J Wa - Then

|G lloe < Nl

e, interyolating ot Chabyshas nodas will minimite |y, lles

Proo{:- Suppose. there exist noder o, ..., x. such thot |Senlly > |Iway ll .

TLW-’\ 9:= \:;!Hl_ wmh Ldongs +° ﬁ

Now the uFWVM & Tos ocow ot
U.i=005(:f,) =0, ,n+l

ond -ITH-](gj) = ('l)'!.

Moreover  W,,, = E'TT.\.“, 50 the maima Jf |Gl otow of these poindds, with
\:;n.pl ('ﬁi) = -‘ZL"—('l)J

By assumphon we must have Iu,.,,l < I»‘:.'ml ot these rm‘nk/ )

qfﬁ"spoi{jwﬂ%

| st
<O "f ) odd. n:l«\aaégens
By the Intemadioli Valuwa Thm, g must hae n4l mots. She 9€ ?\, we must hawe 1:0.
-
| 1 -
-E’K'CLMN—@:- _}(’d = I4+25«, xe (-1, 1] 0.9 //\\
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Remar:- In fack, polyomial intespslants in Chabyshau ponits convege even if | is not u C*' — for
example if £ ir only Lipschite condinuous (Trefethan).
But smoother f leads o more rapid Convergene. (loy Tha 0.1).



