(), PIECEWISE POLYNOMIAL [NTERPOLATION

Ky idea:- Avoid crcillaions by using lots & lou-dagree palynmmial interpolands.
—useful if you aen't fres to selack the ponds, but sacifas smoothness.

let s be o funchon which @lerpolotes fc Clal) at the knots x,<x,<.< Xn, Consishng of
h polynomials sx) @ each itenal [xy, %in]. Than slx) is called Spline & degree N if i is
N-1 fimes cordhnuously differerhakle.

This moans that the pecs Sod\'r[')j e {-oﬂowing ma.ick;ng condihons at the intenor hnots:
—> 5, (%) = sil)
owdomadc ,

Sely) = s/l)

o
inforp .
lequ;ewu/\.fm . {“ =15 al.

Sg;”(x.') = Sf" 'n(x;).
In other words, spL'n.es have a cactoun dasrea 4%' snoothness,

Remork -

- Splines are useful in compule cided design (eg. car o agropase bedies).

- Of\;g'lna‘b (o] dJQP,'SMan'g”SPlA'Nz" was o j’np (% %lﬁWUI LlO'Dd/mﬁ-“uJ Md % Peﬂs
and traced by hand 1o produce a smooth curve

1.1). LNEAR SPUNES (N=1)

This is simply piecewise- lineoy inkerpolaion, with no dervodive condutions.
A The requiremants are just

; Solwo) = fo,  slx) =¥,
S, (%) = Fi, sl = k,

{»(KL )
S (x"-l) :‘Fn-l, SA-I(Y'\)= ;n.
This wuqvaly defnes eadn S\-fx) L&
Siba = g4 (i‘;:%i—‘;)(*-xi)
and hence
sly) = { S.{x)) X< XE Xy,

Sn-lb”, Xaq Sx< X .

By tolting more and move points, funchons it C?[a,b) can ke approsimated aditraily well by

lneor splines...

Thm 1.1 Let f€ C'q,L] ond slx) be « Uneas spline that interpelates | ot tha Kaots
XeC...<Xn. T h= lmax(xf_x(\-_,) then
I§-slle < 5w )37,




Proof - In each inteval [xi, x41) s is o line interpolont, so by Thm 0.1,

$o - S\(Y) valv) ’f”(;) Jor some e [vi,xu ]
= el E2
So "
560 - 5] € [l T2 = i - ) L2
< (x; +Xi ]( ’(."l'X-'-n) H”““
< 2z %) Xam T/ Tz
= T"_' (Ym"(.')l wl
Hence ' 7
L I$-sllo = g b I§)., . ?

Cleody fo miamize e we showld add more lnotr where e ﬁmd\oa has |a:3ui' secondt desvative.

Lineas splines are the ' Hattest” among all funchons inferpolating § ot a given sef Jf Uoks in the
sense thot the avernge slope Is/Il, is the smollest

Thm 1.2 - |_e+ s be a me S LM ir\Xerfdaxl'ng -Y€ er,L] aH‘na. lts Xo<... € Xq. Thzn

Isll, < I1§]))..
=~ dates bacll o T.C. Hbl’ado\ﬂ ‘n 1950s.
Protf:- Nete that ] L
5= 5117 = $ 15 "o

1|

LG -2¢s + (orfex
= IS+ sy = 2§08 ay
=I5l - Ishe - 2 S"(f'—s')s'dv-

So
IFIE = IFos llE + Usll? + 200 (e s7) v
I+ © vanishes 4han we are dong @
Ini'e_gmi'xz by parfs
= S {(f s)s 3d>< - X s)s” dx. lsplnL ifo sepaats whenals

= z S [(4-sds)ax - ZS - g)@ax
-Z{({ S/ | ey = (§-50)s¢ Ix”}
=0 Inmmte s,.(x;) = ) and si(xis) = §lxin). 7




