Quadsatic splines are less used w practice (o nice vasiational Properi_‘y), SO we move 10

I.2) CuBlc SPLINES

A cubic sphne (N=3) is made up & cubic pieces
Silx) = a; 4 bix + ;%' + dix* (=0,.. n-I
that satisfy the following condifens :
). Interpolation ot the bnots
S; (x) = i } Joo 1=0,...,n-1. ——> 7n conditions

)

Si (%isd = §iw
2) Madching first devadives o inkedior Knots :

s, (x) = s‘./(x,-) fov 1=l 0.1 —> n-l conditions
3). Matching Second deivalives at intedor knots:

5;:/, (%) = Si-” \<.~) -Fn izl -l —> n-1 condihons

We have bn udinowns (o, bi, ¢, di) but only 4n-2 conditions, sowe neod 7 exdra
C,ondﬂ\'Of\S‘, whafeuer ‘H’\!Z value AY n.

There are several wowys & chovsing the extra two condrions — some POpu.loJ one ore:
- Nai'uru] WL'IC Sfi.&'l\_.@ : S:(\(o) = Sn,-ll(\(n) = O

—Complete /clamped _cubic spune {Sé({,\ = fl(x.,))
Sn-i(%a) = 4 (%

= Not-a-knot cubic spline : I' s&(x) = 5" (x,)

sr::,'l. (Yﬂ'l) = S;I:Il\(ﬂ-l).

Unbla the lLineos spline, the different s; are now coupled and comnot be computed
indapendently. We will show how o formuate o linear system (vl also lek w decide
evistenca and wuoyaﬂMSY)

let Mi=5"(x) — called the momends o’]’ the cubic spline.
Sinca s is cubic) s is linear, so 0 [, is,) we can wnite '

sibd = l’(“'k: ’()Mi + (x;;x")Mu. , Whee b= xgox X
Note that we have imposed the condition that the second denvabive is conbtirusus:
Now integrate twice :

sild = {——Y‘Zh:")zl\/?f + (xé-h\;(i)] M, + oile-x) + Bilwis —x).

To detewune ; and ﬁ we con o.Ppb the ir\ieqoo|ad-;m condibons :



=

% = silx) = gh M; + L\;ﬂ. &:5“&7“":
$orm

(X\-n) CL:‘MHI + l‘l\'O(.' o = ;'\'-H - %’L\: M{-n
he
We shll have to ogply the fist clasvative condition. For eadn piece, we have

s/ («)

'(4— ) (" )()
xzh.XM * Mo + ot = £

- -(%.'Z'hx) V] (x Y\ M-’H + L—i(¥*+'-¥;) * %hi(Mi_ Vlm).
Cha/\jmg the indx g“"ﬁf

ool R) Bk - M),

Mo+ l-f) ¢ g (- M) = -2—‘:;|\/|; ¥ %({H-‘H s (M -m,,)

S hiMey ¥ 20er M+ WMy, = (B E ?-“1‘:-- ) beisl e

Togethor with the nofwak spine bounday condifors M, = M,, =0, this gives o tidiagonal
sysl’em of linea 2quations,

SR N AT,
b 2hoth) b O M, '
0 h, 2(l~||+h.‘_) h, . M| = b,
' Z(hn-1+hh-|) l\1\-| M..-; bn-l

1\ O oL O ] _Mn ] i O ]

The system is diagonally dominant sine 2(hi,+ hi) > b+ h; so has o wique solution.
[ A madeix A is shichy diagonally dominant if ag) > S ol et ous i
Froof that evey s.d.d. makdx is non singulay -

Suppose not. Than there exish 6 vedtor §#0 sudh that A= 5, and U hos some
elament u; § laget magniude.
We have

J_Za.-jub: 0 < awu; =- %%uj

= au=- %(t—t)au

S o =[]yl < 2layl — codtradichon. @
IF =T



Example R o natwal cubic sfine though the data (0,0, (1,1), (2,9).
Here %20, x,=1, %2=2, ho=h,=I.

In fO,I-]
So(x) = (1-x)* M. + C,M + otx + o(1-x)

TM' +oGox 4+ foll-x)

J Mo=0  (nadural c.spl.)

and

50= So()(o) = 0= go ,

F.=5(x) = 1= GLM- + =2 Sy = %M, 4 (I__IGM:)X
In [1/2]:

3
s,(4) = (MM 4 ("6') M, + o lx-1) + £(2-) ) Ma= 0

_ (2- x)M + o, (x-1) + A(2-x)

and ‘
= s, > |=M, .
fl S. \(|) = T + p\ - S|{\() - (2 3() M + %{x— |) ' (l —GM‘)(Z_)()
§‘L = S‘()(.l) = 8: o<'
Finally the it danvadive condition gives
S,’()(') = S.I()(,l
= ?—Z:M. s (1-m)w =
= ‘L_MI+I—-‘I-M| = -TI'M|+74-‘LM|
= ?gf\/l. = ¢ = M =9
So sw natuwal cubic sp[inn— is
s(x):?/x——;x Jor O<
F(2-3% + Bx-1) - 2(2-4) Por |

-(2 )()M + g—l-o--gM

Observe that ows spine is not sl =3 wf‘hm,«kHudara wmfrun (y) = x°, i2.
+his leads Fo o lower

natwal oubic splines do et reproduce wbic {w\d\ms ks tomergets
ﬂ\cu\ eq comf,lzb. C. S‘r!
This is becamse ‘f(x) X’ does ol saks sTy the end condibions  §'lx.)= §” (xﬂ) =



Thm 13, Let s be the nadwad cubic spline inferpoloding fe C2lal) at the Maok xo<... < %,
(Holladaﬂ) Then
IIstll, < | %", .

s 1 V/ .
-ie. s gives the smollest value o the ini'ejru.l ( (L I5(ldx) ™ e the class  admissible funchbns-:
t is the * smoothest” \)\)mrfolwd-. ‘)( ch'

—Physica ird‘e.rpm‘,t«'l\'on -
| y"
The focal _curvatwe § a groph y=(x) is "=l . |

k= ® whae R:r‘aoljwrf‘ auvotwe

The tofal intemal shoir enagy stored & an elashic beam i propodional to Sk‘dx, s if

lyl e small, tha shage d mpimum ehegy wll minimise ("), 12, Will he o cubic
Spline.

Froof & Thm L35 As in Than 1.2, stort with
IS s )7 = S5 sl ax
= Sollpr—280sm + (s Fde
= I8+ Usel = 2 50§
= I = )t - 252 e st dw
Ow tosle is 4o shouw that the lnt form vanishes

" L RN = < x.""' " ” "
S:(‘f -s)s"dx = % Sx‘- (§"-s")s! dx A bonstont i <ach 5]
n={ )(;“ . - Xy, /
= Z X)(. [({I—?\'l)si“] ch - Z Sx. (fl" s(‘)sl\{' dx
\z0 . R\O,_‘\f_’—/
© @
Now ! Xin "
O =3 (F'(xl-s‘f(x))r.'“(x) = (Flx)-st(x) s (%) = (Fxe) = sof(,(,))so (x0)
izo -\M\/ )(.'
i-r\})enfr nodes =0 fw natuad  cubic :pl.'/\.e ( si(2,) = 53xo) = o)_
Laaving ot ‘.
@ = %A( Sx.. (f— Y{) dx br, iMQ;?olod\-m cgv\d,-]\o,‘r
J\ = Zo A\z (F(’(:-H) = S,’(xH |)) - (‘HY'.)— S"()(.'))f ‘—é O 7z

I foct, the natwal cubic splive ir the onky Junchor thadt achieves 1§ s*Il; = O--
Sinca the indegrand in S: (F-s") dx is non-nzgahve ard Conhinmous, we must haw
(-5 =0 = fr=s
& Sk = s+ ex + d.
The end conditions  slv) = fio) nd S(xa) = §lx,) shou had c=d=0 so only the
natwad aubic spliie  achienes |H:"”2 = s, .



