I.3). B— SPLINES

An abtemative oppraach for compuhing  cubic splines is to wre basis functions called B B - splines
which are themselves cubic splm& but with compact SufPO‘t B for ‘Bas's (couuzd by

Sckoenbag in 194€).
for Sim':ljr.'rb, assune onstant o} spacing h.

The wbic E—Spli.a centered ot x = 2h has the -form
x?3 for 0sx<h,

_ | %¥= blx-h)’ for hSx S2Zh Bilx)
Byl = x*= 4(x-h)® + Llx-72h)° for Zhsx <3
(44\ -v)? fo 3h€x g (H-,
0 elsevhore
//

We can check that this is rr.allﬁ a cubic spL'r\z:
f), szhnw‘ly (% Kz at k.hD'I'S-'
b(=0 b=, b4k bysh)= 1
" bylk)= R by (=4 by (k) = K
i). Continuuty St By at the Wnols:
b0)=0, b/W=3w  bilzh)= 1ZW-12k=0  by(3h)
b= 3k by(m)=
iii). Contuily df BY of Hhe Masts -
L' =0, b'lN=0Cn,  by(2h) = 12h -2h= - bi(3k) = 18h - 48k + (k= ¢h

bi(h)=¢6h,  bl(zh) = - I2h by (3w = Ch
Hence Bi€ C'(wo,) agnd so is o cbic spline.

by(eh)=0

= 77h - 4ght4 I8h? = =3k by(w)= O
b, (3K) = -3k

b, (W)= 0,

The idea is thot any cubic spline can be written as a lineor combinahon

n+

S = 2 agilx)  where  gild) = 5 Byl xo ).

t=-

eg. n=73

The et basis fusdhons . @,,, oe needed to
incorporzite boundary conditons.

Example- B} 4 natual cubic spline #\rouﬁl« the dadu (0, 0), (1,1), (2,2).

He.:t h=l ard n=7 5o wa nead P, 80,0, G, @z, We have %o=0, X,z1, %= 2 and
=-l, Xa=-2, X g -:.-3



The basis —J;md\'ons are -

Blx) = Bylx-x,) = [(¢-x—3)3—— (1-x)* i (01]
0

w [p2]
QO{X) = ‘EJ(X'X-z): E(x #2332 L(x41? + &x? i [0,)]
2-%)3 m [1,2]
B lx) = By [x- v, = { (+)7 - 4? w (o]
(x40 7= 4?4+ (-1 ia [12)
@,6d = Balx-x,) = {x3 in [0, 1]
o (¢ w (22
#.(x)= B, (yw.) = go n [01]
(v-1? w0 2],

h foct, 4o find the coeffrciends o; we jurt need to know #(x;) at the lnokr x;.
The ini'p_rpolai\'m tonditons gve

oy Gy (x) + o Folx) + ot & (x) + & Bl + XJW = =0

X_l%) + °(o¢nl)‘|) + °‘|¢| [X,) + L& }X-ll)(.) + dg% = 'Eu = |

o, 04 le7) + JOM + oL, & ()(1\ * ooy ¢1{K1) + o4 ¢7(\(1) = {2 =8
To cWwse the system we have Hhe nefuol bowdan condibons:

") = 0. > B %) + oo Bllx) + X, B (x,) = O
¢ 4 V4 é V4

- —~— Jom above

s" (x1):o = %, ﬂl“()('l.) Yoo ¢7_”(X1) F ooy ¢7"(>(;,) = O

é’/ _ 7 /
So the Uneor system is iz ¢
-
€ -12 ¢ O O o, 0 o, =T
1 %= 0
I 0 O oo 0 o =Y
O 1+ 4 1 0w T
! = I — olq = s
1
0 0 1 4 || g 7
0O O ¢ -7 &)« 5 ‘= 4.
Thus
s(x =Iﬁ'(|-—x)3 - n-T',(x+l)3+'-._,x:' + Qéxz = %, - Y x w [o0,1]
Bl U R PR TP L I N BTN )

— agrees wih ow ommes  previows lecture .

Why are B-splines impor‘fw\i?
- There is o geNZm‘ -fomnula d.q—.‘r\jng +hem Jfo/ cbﬁzmj oden d Sf)l‘n.e [Dze Problem sl'\eﬂ_ﬂ
- There is a fout algotthm o evaluahing tham (de Bow, 1992 — see SIAM adicle]

They ove widely used in computes dasign (e cos, wircroft) os welk ar for wherpootag data.



