2) MiNnimAX APPROXIMATION

2.1). WeliersTRAass APPROXIMATION THEOREM

Thm 21— Lot fe ClO,I). Ther for ay £50 there exish a polynomial p such that
(Weiesstrass 1885)
’— aged 70 "{"P“u<£~

- For amy other intevad [o, L) we can jurt change vanables. W
- This is stronges thas ows previows ewor bounds (eq. F
Taylor's Thm or Lagrange interpolatios) becamse i
doesnt require d;ffertiobilily § §, only conhinuity.
We will give Sergei Bemsten's proct (ca. 1910) which provides an explicd sequance. (* converging
pdynomigls.
The n'* Bemstewn polynomial for 4 is definad as

B.If,x) = gﬁ(“/n) @ (1)
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So Bn(f,x) aft W PO\I’\j’ X € [0,|] iTa W&SW avesnge d} -H'[g_ n+l ‘F‘,\d\m val‘m .F{k{‘)
e.g. the fmchons by (el = (1) X(1-x)"¥ for n=(:
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Example- Agproximate {l) = |x- 4] on (0,17 vith Bemstes pobynomials. R,
nsl Bl = 0 [u) (-0 4 fy ()< = 10-4) 4 dx=
n=2: Ez({lx)r.]lw)(_‘z)(l-x)i 4 H:',_)(lz)x(l-x) + Hl){:)xl

Ti-x 4 %

L vaefaencz ir sow (=0 at x= 3.
This slow convergence males Bamsten approxmadion impradhcal.



K"-ﬂ idea o Bemrfein's P% - the weights b,.,k(z) become moe and wmore locolised arowd v =% o4

ho oo.
We will uge the -"-qd thod b"/“ b = (';:_Jx"‘(l-,()""‘ it the PmbabiHb masr 'f\ud\'m d he binomial
distabuhion — ie. the probobility f getting ke sucasses  n tial, each with Pmbabil;iy X,

—the mean perhial it £(%)= x  and the vadance is Vou (%)= x“;n")
Since Vw(kﬁ) shnnly as n 9rous, eoch d.‘:fh'Luj\'on custen more ‘l\ghtlg armund x=w/,\
P_'_Vd'_clh Thm 2.1 —
The eror i /“—/;' .

1= Balh ] = | 2 bolel ) = Z-(kliox)™ ) |

< Z#0-3(%)] bywlx),

Nou divide the sum inko % near x (major wondwbudion) | say lx-"%4]s§ ad those with Ix-%)>s.
The fint post ir ’
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Wa simply choose § small enough o that |f(x)--]7(5()}<t/z whanever |x-%l<§

The second sum is

, ond Balf ) = ¥%)

lx;’ lsf(o-w“m bawld € MZ buyls) whee M= I fd- %),
i kewl>g
e

We hope that for n lage enough we will have S <€ 2%,]— This is rearonable sinee bnulx)
it sizeoble over o navowe domain m n  incecses.

To prove i n:jomwb we can We

Mnshay'r Imo,u_{y— If X ir o disaete mndom vadable wifh mean El) and
Vaione. V() the '
Pl IX-Ea| = s[lb) | < 57
Here é(%(]: X, Var(% )= X(‘-y) o S ir the Probalgi[j-b %’ being more than $ from
the mean.

To enswe S €5, Chabyshey wowld do it i s1=z—M so

Wl <5 = SAITE = o Wl
Thus it vordu Jor n lage 2nough.
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