2.3) MINIMAX APPROXIMATIONS

idea gees back to Poacelet (182S) and Gm%yfh.ev

« (13S0s).

&r_n_:- Fnd a Poldmmzal P..e?,\ that minimises the maxumum enpr “'F‘Pn”oo.

Nete: Thm 2.1 +ells ws that || f-pall, Con be mada o.Ap#mn'(o swall for n lage enough, bud in
packce we must work Wil Ainuted n.

Exomple:- Find the wminimax constont approximodion pre B 1o e* on [0,1].

0% Ve vord to minimise [le*=poll,, over all constords po. Nouw

"e"_ Po ILO = max Ie"_?ol = MQK?IQ—PDI ll—P"l?,
'P: x€(0,1] ‘

Nohce that the emr changes sign sO we minimize the maximum enor by
( loo.lar\c&nj tha enor at both ends, ie.
b e-pt=-(-pf) = pr-2H

Cln.alb F:' ir w\.c'u.z

Example Find the minimax linay, apporimakion PreT +o e on (011,
Let P = o + bx A

We wvort do minimite max le"- (a-»lox),_ [ ¢
xe(0,1

Lol maxima otcw of theea placer,
X=0 x=6, x=1

The maximwm evoe will be miniwised i} the |
3 maxime ove equa.l:
x=0= ¢e°~ (aa0)= E
X0 > e®—(a+bf)= -E
x| — e '(Ou_],): E.
We get a fowt: conclifion fom tha fack that the ewse hos o tuming poind ot x=6, so
g'z(e"- (aJLx))L__g:O = =1
Then
ond = l-aze-a-b = L=e-| = 178
> = Lok
ond = ee—a-LQ = -2+a4+b = a= El(e-LS) ~ 0.994
So tha minimax S‘fru;jhi lina is :
Prl) = 0.99 + ). g x.

Wew\'llcaa_hnu‘l-o’:mve thad the evae 0 P:‘hm"oak}eﬂu'bt}nﬂyl L‘kaﬂug} a vdk o hou
calculate ?,’.' More Q.'H\'C;Q/r“ﬁj.

Actuolleg ve con aleody do it vhan J i o polynomial .



Recall that the U\nlogrl'lah pOIdmoMAOJS Tl = cos(norcoos () have Hhe property thak
”-Zl—"rm |’,° € vl for xel-1 1]

Where u,,, ir any monic degrez a4l polyromiod  (Tha 0.3)

Hou con wa wuse this® Let F(,() = x™y 0, x" 4., + a, be o monic Pobl\&'\ia‘ 4’ ato.gfa. ntl.

o
Prld = Flo - 57T, 1)

A nota : x™! cancels.
Then

I£-etle = e Tl < flaw I

‘:Dr oy monic Po’ﬁmfﬂiﬁl Wnyy .

Snce £ is monic, Hus implies that
-ttle < NE= pall e aw pc®

E:(amp';ﬂ-i- Find the winimax leg'\Dm‘al P:‘G?n 'fv’ f'{x) =x¥taxt+ bx +c.
We compute  T3(x) fom the recuwence :

To('() =

T (x) =«

Talq) = 2xT,(e) - Tolx) = 2y2- )
Tl = 2xTal) ~Tyf) = G- 3«

So the minimax appeximation & dige Z +o § is
Pl = fl - =T
= x¥+oxt+bx +c - X7+ %x
= ax?+ (b+%)x + c.

This con be extendad +o any 'f-eﬁﬂ using the fadt that xpf(x) ir the minimax o«ppromai\‘m
o o



