APPROXIMATION THEORY

key idea: Replace o omplicoted -_F.ucl"mn by o simple function.

eg 1} mo— 3k

3 Juschion §k) — fangent §'fx) ,/ﬁ:—*

3}. iund'iln %{g] —_ Tnﬂlnr rnhnamd\ im- sinful
:iﬂil::_.'}‘“ \%\\ %

®
|

7
8 AU of scena fengammng measwemanty — finde precision.

-Eosier 1o store [ diserete rapretentadion — eg. mp3 or jpag compression)
- Eosir to evaluate,

- Easier o compute with (eg. diffarenticle | find rpofy, efc).

We am to rq:unf.nt a complicaled funchan FI'::] by a simpler funchion & (x; 8p,...0.) whare G, ..., 0, are
poromaten choten to gire tha bart approximation & I

Conman HaHs to do Hus ave:
|,1 E_u'po'n:ﬁm- choote the a; ro that
Blx;; a,..0.) = f[x;]n o o prertibed et * Fp]n:h' T |.‘-q,...’ﬂ‘
2. Least- Squoses opprovimation - choose the a; to Minmuie

15 = oll, == (§10- ol aq au ). T e e et e

3 Minimax approxmeation — choote tha a; o mimice

1$-wlly = max [fla- o6 ey, an].

Cougse OUTUNE

0) Revision & polynomial inferpolation.

). Recawise polynemial interpolation (splines)

2). Minimax appmximodion,

3). Trgaomdtic itepolohon. (discrete Fouser fmnsform).




0) Revision of PorynomiaL INTEgPOLATION.  [ZH Numsrical F'Lnabdsir].

Mai poinds= (1) Given fe Clab) and n4l disbnd poinlT asx,<x < <¥, €b thae isa UG
pdunmal P.,e‘P md-.{imt pabal = M) for 120,

@ ‘fnhﬂm‘l‘hhw:mﬁltﬁﬂhrnﬂfr ore placad,
The proof § exishenca ic by construchon wth Logmige polynowials.

€9 n=|
f‘ﬁ:,m plx) =H!‘- + H},
$a
-~
¥a o, "
In Bmurnl.
palvl = Zf Ll whae Ll = TL- : : are the Lagronge polynomials.
You showld howve szen the ewnr fﬂml-tlm:lm
T'I'Rm let f€C™' (o] and ascwm<x,c, ex.sb Let peTr ko such that palel = Jiy) for 1=0.
U' M-Fhluaysrifn,h] ir o 3¢ [ak]) dapending o ¥, sweh Hhot
- pall = a0}
(s 1}!
wihare "
Waaile) = T [w-x;) s Hhe e polyromial.

- Disadvontage : can ouly opply tis fowmula if § ir sweoth a-mjl-
= Can use this fo put o wpper bound :
(F-plly = Bealla 159000 T = e 50
{ns1]
Suppose we taka equally- spaced paints %= a -I-l:"'?a"}j oo j=
would, Lke [lf-pjla= 0 a2 n— es.

0.,n. As we increase the rerolubien n, we

Rroblem~ Tha sequan@ 1p,] mag not converge to f becaute bl 1 F 5911 may hend fo e forter than
{nan)!,

A fomous example is due - Ewgc {lao1):
Crampla: §l) = 725 xcl1, 1),

This Juachion ir well- behoved with all dedvadives |
Codkinuour ond boundad, yet pa diveger for T = o Pl
“}w"’ﬂ' spacd PW!. i

25

Ramourk - Hc.l'mu._-, # doer coneRe naos x= i A %, _

Mm*rdupdmﬂjmuhdhhishu-ﬂdw okt T

(eg 6*) finika differenca methoda fos solving PDEF. t\;m
-0.8 o

i 05



Mmmmmurhmmdhww whan ogproximating o -ﬁ..\c.lum by polynemials:
). choore the nodas :aufull_, .:-:l-:g_-.,
2). usa splnas —— 5o

3. uummme;ﬂwnmhad q nfcpa[odnm

0.1). CHEBYSHEV INTERPOLATION (gl reysion & 2H Mumesicnl Analysis).

Recall thak the amrov in pﬂbnpn..ul mim;.nln:hm !ﬂ.h!’iﬂ-h
1Fe il < el hEw ) S |

(ns i)! I $ga Hhat tmogthey fenckow Wl ke easder to inda poicle , ip opEndr

We can't i:urdr-n'l §000 ( duivadives & Hu: engginal tunction) but we can change the essor pelynomial
Wanl = TH.: %)

L!,nnhnjﬂu_mdnrx

Heﬁu.iwawngm&sdd}mh:mh%&uw,hﬁmdmmh¢luCthg;Lw

Talx) = cos (n asceos(x) J
L fum French transltersbion “Tchabischalf (150s),

To ses that this s a Pulﬂmrn.;u.l, let B= n.rc:aosfx}‘_ 5o

Tald) = cos(n) = Ra(e™®) = L(enPro-i0) = La s £  hoe z=e® P il

2
v z-dznsan) = 430 77 5 Lem ) b azl @—;"

e,
2x T;[YJ = -I:l-lrr[!fj + Tn-q r‘.]
= Tl = 2¢Tale) = Too [,

?g il'ﬂ-td\h, each Talx) with n21 b a prlynomial :ﬂ'd-g'almaﬁ n, with lﬂﬂkﬂ_ﬂ coefficient 2~
The rovtr & Tulx) are -
G, = fj-'{]t {w - eq. n=f

= X = ':m(“'—b'l‘h) o 3=l

Nobice that the nodss clssher naar Jhe end- -poinbs x=tl,

Mo

Lemma 0.2:- Suppose po€ B intapolates Fe C™L1] ot Hhe Chabyshev nodas X.,...,%. Let @, be e
emor polynomiol for thase nodes. Then
'ﬁq"[\d = ?TMl{tl-

Foot:- Swea T, and u..,\.'l.uﬂnkdmﬂ'h ot ond have nal rooh (of ¥,
that T, = cliny, -

ﬁdihnhﬂdinsmffdufﬂ"ﬁ"wE“MJQE";H'“¢=2*. B

o %), e ira c &R sudy

Now we con shou thak the Chabythav nodes ore o good choice.



Thm 0.3 -

Suppose pyeT, indepolates fe C™[1 1] af the Chebyshay rodss %,...,K.. Lot &, be

the aroe pubmml for thase nodes. let ... 3, be n+l ani+mg, disind nodos wth ane
Pdgmnl g - Then

IGasille < Mlw,, ..

ie. inferpoloting ot Chabyshas nodas wil minimite Ny [l < 17 77 7 o T

dered ¥ T e gl fed

H-nof'.- Suppote there exist nodas s, ..., x, such that [Gunlly > |[way, .
Then g:= Npyy= W, Lelnngt b R
Now the extreme values & T.,, oeow of
gj=fﬂ5(ﬁ% =0,...,n4l
and  The, (5)) = (1)
Moreows, Uy, = 57 T,
;'m ly;) = 't'Tf-llj.
By omumphion we must have |wn,| < ]C."“.i ot thase I“"[“k, 5O
4(5) > 0 i ; oven
<0 i j odd f "

1, © tha maima I [Gaul otow at dhese points, with

+1 =i
r.hmg:s

By the htewedioli Valwe Thm, g murt hae nsl mobs. Sne €T, we must haw 9,=0.

)
I 1
Exampla~  §f) =375, xel-l, 1), "
With Chabyshay points tha Kunge phanomenon is absert- oap f A
.|: J.-"; \
ﬂT — 035 0 k] — __‘:'-

Remaski= In fack, polyomsal inderpelarts in Chabyshau povids convee ewer if | is not u ™' — for
exampla if  ir only Lipschite condinuous (Tre fethan).
But smoothar f leads to more mopid conegence. (by Thu 0.1)
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1) PIECEWISE POLYNOMIAL (NTERPOLATION

_[6_'1 idea:- Avaid cwcillotions by wing lob q‘ lcu-d.qgr!n palynomial iﬁiﬂ?d&njs.
—useful f you wen't fres fo select the poinds, but sacafies sweothasss.

Lzl'sfglbzafuadm which inferpolates fc Clat] ot the hnots x,<x, <. < Xn, Consiskng of
h pokpomials Slk) w eadh indanal [wi, %), Than sfx) is called a spline q__dqren N o #is
N-1 fimes cordinuously differerhialle.

This meoar thot the F-emnﬂwf‘jh{-dﬂnmg rm.ich;nﬂ condchons ol the infedor knots:

a-.:tma;_# 5,,[1]-5[-,(-]

From . . '| =
ok - fi; 5{[1{.] el o
mqmmmi . LR
[F‘I‘I[ ] - ﬁ.||l&‘]

In other words, SPL‘MS haove o cacloun dnjrm -:\’ smoothness, |
Mh:‘_ _7// L*’_-:/7
- Splines ae uirF.l.l " mmpuiﬂ: oided d.n'sisn {:.5 car of mﬁm Lad'.aer} 2]

- Originally o dsoffsman's “spline” was o srip 3 Heeible umd,-"ml'u.l h.t.ld hg peﬂs
ond troced by hand to produ a smooth curve, > il

1.1). UNEAR SPUNES [N=1)

This is simply piecewite- lineay interpolation, with no denivadive condutions.
’ The requiremants are just

Selve) = fo, sy =§,

Stz g, sba)=

5»—1{"--] =fay  Sa- [r-.:' Y.
This uiqualy defines eadn 5;lx) by
HIYER (x:... u m][” x)

and hence
sm:{h_fﬂ, € XS %,

Saal] K T S ¥,

Eg h“m_g more ond move PG‘E"L*!, *Mdiw " Cifa,'n] can be n,Fprmﬁmutnd JlT'“'L-'l"'ﬂ'-’-[ﬂ well I%
Thm 1. 1= Let $e C'[a, L] and slx) be & Lnear spline thed iniwpulatu {ad the kaots
NS <xn. I h= maxfxp.g,_,} then

lg£i£a
I5-slle < 3]l §)..

—



Proof |n each inteval [x, %4) s is o linew inferpolant, so by Thm 0.1,
Tl - s = “‘M‘E M) fo some Fe lvi,xinnl.

= fﬂ-x Vo= ]&L}‘

So .
13 - st | < |[x-m'll'.-.-w;..'l|m = (x-x)otcnn™ %) "tzm'

Ix= - AT
h{[ +KH.I_¥1‘.)["H- i k) T

=z

= 4 b E

Henca

i -5l < b 150 "

Cleadky o minimize emr we should odd more Mot vhare the funchon l-nr. largest second dasvative.

Linear splinas ave tha “Hadest” among all funchans inferpolating § ot a gven sof &f knoty in the
sense thot e averoge Slopn Is’", is the smollest

Tln'n |-2 - LEF 5 ba a Lm 5 I_.n.: in.tw'fnlmnnj %E ":rﬂ.,L] af ﬂ'.-. kﬂﬂ+’ Mo, <Ky, -n'wﬂ
Isll, < 15|l

~= dates back to T.C. Holladay w 1950s.
Prott:- Nete thot

I5=s Il = Solp-sax
= 5.{60 - 285 + (e ]ax
= 1507+ s - 25
= M‘”: - "”": = ES:H'- sgs"dw.
rﬂ e T 2z IJ
W= UFos I+ Ush? + 200 (5 5) svd
I+ © vanishes fhan we are done. ®
Integroke by parts:
@ 50 {H: 5)5 3‘{“ - 5 [‘{‘ 3 d* 1 'SPL'i' indp ﬂFwniP \F'L+Q.Mﬂj-!‘
= Z 5014595 ax Zj - ﬂ@d*
_Z[-G ﬁl:‘[ {f s{']s |x=wt}

=0  hbecause :.-I:;J = tha) and  silxi,) = $lnia). %)




Quadstic splnes ore lesr used w practice (a0 nice vaiahional properdy) 5o we move to
I.2) CuBlc SPUNES

A cubic_splne (N=3) is made up & cubic pieces
S = a; 4 bix + x4 di® i=0,.. n-|
that satisfy the following condifions:
) |ﬂfeq:nlnfm of the lnots
s; [x) = } Yoo 1=0,...,n-1. == Zn condifions

S¢ (xisd = Fiwm
2) Madching fist deivahves o inkedor Kaos :
s, (x) = 5:[,;] e 121, ,0-1 — n-] coadibions
3) Matching Second demwadives al intedor knotr:
5:,{‘-1':] = S:fw;} {w izl n-l. —= n-1 condikons
We have &4a ultowns fu.uL & d:l Lu.‘l'mlu -':l-n 2 r.nnd.d\ml S0 we md ?-t';d'l"li
conditions, whatewer the value 15" 5o we cont img i oty Kok
There are saveral uagsﬂ' chovsing tha extra two conddions — sum:z.papu.dm onzs gre
- Nnj-""m-l c.ubh'. séf‘f P Sy f\ﬁ-:' = an [\(...:l =

~Complete /cloamped_cubic spine: fs;rm = b .
Sci(xa) = ()
= Not-a-knot cubic spline: [ s (x) = s/"(x,)
gr:!‘l.. ESi'n-I:i = 5::|[\t‘a-1 ]
Mnhbuwspl-m the differert s; ae now coufled and canot be computed

indapendently. UEMUﬂmhmhfmeﬁhoLms}jﬂaﬂ fu-l..lnlml-awdmd.v
mﬂmmmdumqnwﬂ‘l

leb M= 5/(x) — callad the momends o the cubic spine. =
Sinca 5 is cubic, s!ir linear, o v [, %i,) we can wite /‘:—\‘\_/
sbd = [BH2XIMe 4 (555 )M, | vhee s i %

Nole that we have impored the condition that the second dosvabive is continusus
Na. ‘lrdejﬂll‘.l twice :

1
5{[1{}: [’r'_zhjlml + {!GL:&]’ Mi" + o~ i) 4 ﬁ[ii“ "'"J.

To detemune ®; and Ig we con o.H:B tha inhrpnlrka conditions :

et lcal Tplng anos ore



ii = Ei[’“] = —él‘? M 4 hiﬁf & = 5 - I-..H.:‘M‘-
== N
i'ih: i[x“'] = %HMEH + l'n-;ut‘,—

oy = Eﬂl - 'lrh: M{il
h:

We shll have to aply the first dasivabiva condition. For eads piece, we have

S;EKI = -{K;z'____:;'“]‘ M, + “11:1] Miu t o - .Igi

= =¥ai~% t - :1 L -
- E"_EJ.ELM. + {%-Tr.! MEH + hi{%“*"F:l + 'Eh.'(Mi- Mf-ll.]-
Changing the indsc gives

Sild = -y g hz.::.'.r Mo+ o b=+ b (M, - ma),
Dsif,fmh si(x)

h? . . \
= 1’::. Md’ + Ef{.“{lﬂ] + il‘l.’-:[“i-."ull.} = _%Mi + E{{“p%‘.] ‘I'_IEI'I:{“"_MHJ
S hiMey + 20 k)M 4 My, = ¢ (B de o o Ea) e e

—

i

by
Togethsr with the natwah spline bowndary condibons M,= Ma =0, thus gives o tndiagonal
system of linew 2quations,

Lo o o U_\ [Mo 0
ho Zhoth) kO M, b,
0 h, 2(hshd h, . Ma| = [ba

zﬂh-f"ht-r] L--1-| Hq.-l b -

1 0 o b [Ma) 0

Tha system is diagorally) dominant sine 2(hei+ hil > hii+ b 50 has o wique solution.
[H matix A is sticthy_diageaakly dominant if las| > zlﬂ;jl foc alk ows .

T
Froof that eveny 5.d.d. matdx ir non singulas -

Suppose not. Than there exish a vector §#0 such that A= 0, and & hos some

elament u; § laget magnifudo.
We have

oy = i =-S5
J.E“J“J 0 = a;u; ;#'.a']uj

=2 Q== g(:_:lau




Evampla* Fi o natwal cubic sfine though the data (0,0), (1,1, (2,8)
Here %,20, .21, %,=2, ho=h,=1.
In [o1]:

s = EXP, 4 XM, 4w+ A1)

= %H’h + ﬁ“ﬁ' + pu“-!]

¢

J Moz0 (natunl c.spl.)

and|

Jo= solwel = 0= 4. 0 1

Fo=%l) = 1= M+, = Ssbed = G M, + (l";M:)x_
ln [1,21:

1
Sll:y] = ‘rﬂm 4 [KEH M, + « (x-1) + FJ{‘Z-g} EM:T{]
= (2 "]M + o (x-1) + f(2-%)

and

fi = 5.!‘1(.,} = J' 'IEMl + ﬁ;
']:1 - g.{*q,} = B= o,
Finolly the fist dasvative condition gwes

Solx,) = 5'[x,)

= 5= X (2- <V M, + Blx-1) + (1=%m)(z-0)

1
= ?_:.Lmu + (I_*MJ)“I = -MM + g-i -l-'lcm.
= J;M.-I-l—IIM.:'TM.*?*-';Mu

= IM=(¢ = M=9
So sw natwal cubic spline. is

Ef-t]:FE'K~1x for 05 x2,
%(2-07 + Bx-) - 2(2-4) for I sx<2,
_:’f
51
b
i
. X
L

Observe that ow spine is not slx=x" enven though tha date come from ) = «7, ie.

bl o s do el rpnben sl fuion. bt e

Hﬁm &, mflch_ [ 5}\‘
This is because fix)=x* does ael suhisfy tha nd mndrhm H-c.l §lxw = 0. ’



Thw 13 Let s be the nodumd cubic spline inderpoloding feC?la k) af the Maok xo<.. < %,
[Hul\lio.j:l Than “ I < “%"”
st \

e, s give e snolled volua o Ha inke ff Ifml‘.:z}" o e dast o adwissible Funchons
i is the * smoothast " u}updm.i‘ ';" ﬂml _ plinas * 'F"V'

~Physical intespretaion -

The focal carvatwe § a goph y=4bd is = nn_»,l‘l’ﬁ Y= & whae R= mdia  cavehire

The fohal intemal st <nagy stored @ on elahic beam i popodional fo § ¥, s if
Lyp!;mn.u the s’ha.fe *’ﬂunﬂmm -ﬂlﬂgﬂwll Minimjse Sl:‘d “Jide, te. Wil bhe a cubic
ﬂ'_mlf_tﬂ"lﬁn_ﬂ:- As in Then 1.2, stod with
1§ - 5" ”: = 5: 1§ 5" dx
= Seflp7=2%sm + (s dx
=I5 + sl - 255 §5max
=I5 - I - 25, (- 575 de
Ow tosle ir o show dhot Hhe last fom vanishes o~ Some joaa s The 12
R it A oot ot 5
S [l5-se)st ) de - ZS (§' -513" dx
-..__________‘___,_____.--”

© @
News o
D= '}___ (F'tel s&;]ﬂ'x,l' = (Fla)-shixd)sel) = (Finad = s¢v))salx.)
\-._..-d—;..\____._,.-r' ‘
kerior nodas = 0 Jor natuml cubic spline (i...fi,,]'-!‘. f¢¢}=ﬂl
leaving »
@ =3 N Ve 5 @ Whoyoloten conhn
L 'ZAE{HKH] S{H-HH - ‘Fl{)f! T[:{]I i D 77

I foct, the notual cbic spling ir the ol fuschen thad achoves [1§= s*|l; = O--
Sinca 'f‘ﬁnunitgwd mS" Fos") dx s non -n2qative ord Conhmuous, we must haw
(-5 =0 o oo
& 5= s+ ex + d.
The end tondibions slx.) = = flwol ond 3(xa) = flx) shou thod c=d= 0, rnml‘-jﬂxz
nafwal abic splia achieses 15, = Is*ll, .



I.3). B- SeLINES

An altemative approoch ¢ compuhng cubic splines is T we bosis funchons called B ) - sglings
HI""'L-J" ore H‘Lﬂ'l'li'dﬂe'! c""hc Srbﬂ.ﬁ! L""' M.H" Wd :uﬁ:dff Efﬂ"haaﬂs .{E-nm.!d hu

5¢|-.uub¢3 in 194L)
Fex smpbub, assume constant  fenot spacing h.
The cubic E-:plin._t*. contered o x=2h has the form
w3 = by for D5x<h,
B.ly) = X—f*-fﬂ-h]: for hS¥w $2h ‘Vk
s = - 4(x- Iq]’ + L[x ?L.]’ foo 2=~ 1531-
['q.h#w]'l b [x) _.:'.; {-nr TheEx & “‘
0
J
We con check that this is really o cubic spline: k’“’H/

i} Contirwity & 8, at Haels:

b(0)=0, b=, b4 byfsh)= B b (w)=0

bylk)= KT by(2h)=6h? by (3h) = R

i). Continuity & By at the hngls:

bio)=0,  b/k)=3W  ba@= 2K 12k =0 bBy(sh)= 27ht-kghta Ikt = ~The  bilw)= O,

k=38 bimi=0 by (3n) = - 30

il Continuily of BY of the Madhs

b'(0)=0, b= Ch,  b/(&h) = 12h ~2h= - b3 = 18k - 48k + Ik = Ch by l4)= 0.

bi(h)=6h,  b)(qh) = - 12k by (3 = Ch
Hece By€ C'(w,0) and s0 is o Cubic splne.

The idea it thot any cubic spline can be wnhnnsnl;um combination

(T3]

s(x) = E:.E:I,{- ﬁ,[x] vhere  g.lx) = hg B,[w- K,-_,,]_

9.5. n="73
Tha exim basis fuchont @, @, ore needad to

hc.o:p:rnﬂi. bowndory condiions.

Example:- Bt o notwal cubic spline through the datu (D,0), (1,1), (2,2).

Here h=] and n,__?r o wae neeed ?‘-i,ﬁqﬁ.o’w W:?. We have ‘K..:DJ ¥z, ¥2= 2 and
ﬂ_l=-|j X—-:.="2_,;’_.l ?--'?‘,



Tha basis -F.'fldimi are: | |ook ot jha |
Blx) = Bylx- x4 = [t&--x-a

= (1-x) i (01]

0 w [pz]
Bolx) = Bylx-x,) = [IHTF - &lxa17 4 &3 in (o)1)
(2-%)? m [1,2]
E‘.I'wl= E‘_]I-l‘ V_J = [ ['nh I}?._ ’-l-,.': i fbp]
(s '= G® 4 L1 Ge [17]
ﬂif-g]': Byl - gg] = {x'!‘ i [0,1]
wewlx-0 w21
Ffd E,f}r v] W [ﬂ;l]

!:r—H’ m [12].

h foct, 4o find the coeffciends % we jurt azed fo kow & (x;) at the lanctr x;.
The interpoledian tonditions give

d-, &, fx.]l + ﬁ,ﬂ’pfg,] + o ﬁ,[w.] n -gpﬁ/,j—afa—«,,)!ﬂ = k=0

o @7, + -lgﬁuii] + oo ﬁ(xl + -r,ylt.r} + -f,/}!(} =4 = o

W 0,06) + oG] 4 & M’m . -rim‘l'n} +oa k) = fo =8
To close the system we have dhe aatiural Lmdﬂg r.m:l-hu-ns

s'led=0. = HLW fsr-,l' i--rqﬂf "fe) + @ (e, )= D

n’ (Y ——> jom aboe
()0 = ﬁ,‘*f,.-t} + ool r;,{xl:n + -r-,~ #la) =
t”
So the Lingosr system is e +
¢ -2 ¢ 0 0)[«] o %=
| 4 o 0O of'g 8] nf“:-a:"
O v 4 10 .| - | = ,; = ,’_‘:
o O | Loy olq g .: b
0 O ¢ -7 £)e D S
Thus
sld = f%f“-:c}’ Aleat e 507 4 %27 = - w fo
4 s 3l & % - Sl *Tfr-”.l = ET a0 ok 43 t,7]
B agreds wih ow oases  previows lechue .

Why are B-splines imporfand 7

- There is o gewal fomula defining them Jor dffarent oden & spline. [see Problem sheed ).
- There is o fout algoithn for evaluohing them (da Ba, 1992 — cee SIAM orficle]

Theﬁ ae widely uced in mruh_r dasign {H.ﬂ. cauT, n..rcrcpi-l_l or welk ar for H&nfdn‘fl:g doda,



2). Minimax APppoxiMmATION

Z.1). WeieesTRass ApprOXIMATION THEOREM

Thm 21 — Llet fe CL0,1]. Thar for any £>0 there exishr @ polynomial p such that
[Hﬁerhasg_lgli% %0 I§-ple<c

= For amy other intenad [o,b] we can jurt change vanables.

- This is stronges Thar ow previow evor bounds [eq.
Taylor'r Th or Lagronge interpolation) because i+
doesnt reguuire d;ffaml‘inhFﬂt-, ;h .‘L! only mrd\mﬂb

We will give Seme Bemelen's rrnr.i [ca. 1910) which proddes an -upli:i‘l sequance c.’[ Converging

pduynomials.
The n* Bemsten polynomial for 4 is dafined as
Bulf,x) = 2 4(%) () < (1-<)""*

n'|

usual Biromal coefficen (EJ = u!;'u-k]*.

X

Neke i{mj- r

b (T TE ol PP TR) L

se Balf«) at any pant x & [D,l] ira Hﬁﬂw avemge l% tha o+l \Fmdﬁm voluss {'[qs’n]
e9. the funchons byuld = (1) x(1-x)""* for n=

:: "-.II bg,alx) bigls/
i (S Nohice that each by lx) peaks neor a
b " diffewd poind § f01].
N I\"'-._I kel I’E"ZE.(,J'
3 ASE
Example: Agproximate flx) = |x- 4| on (0,1] vith Bemstes rnbmm:q]r. ‘ [ B, J
nzl: Bl )= gm[,)0-x 4 fy )% = 30-v)+ $x = % ) \\\ B, :
n=2: B,ff«) = Jo) (2] t1-x)* 4 H{j(}'],l’l-x} n Hrl(glx" i ; - !
Ti-w 4t -
Con i sl {# -'tq _Jt a 4 1 X
L W g W (=N ﬂi X=73.

This sl convemence malias Bemsten apprxmation impradhical.



E"“’ idea_§ Bemstain's M:' tha weights bn,uii'l become moe ond wmere locoized orowad ¥ =% as

Ve will e the Jadt thod byl = (§) 4 ()*™ i the pobabilhy mam fuchon & Jhe binamial
distibubion — ie. e prokobility o geting le rucastes G o tiak, eadh with probability € o o

~the maan pertial i £[%)= x and the vadance is Vel L)
Since Vorl%) shrinks as n grour, eoch distibuion clustan mare fightly armung x-.‘S;,f ad Ba(f'%) = HY.

H_ﬂ_fa Thm 2.1 -

Tha eror i€

“'f:r.’— Balf 2 | i |§; L.Fu[-d Flx) - é(ﬂgin*i}h—t fMJ ’

< & lf0-4(%] boula)
Nou divida the sum into % neor x (wajor condwbudion), say Ix-"% 15§ and thowe with Ix-%]>5
The ‘!:lrrf‘ pw'"' ir ’
= -
Z 15048 by )

Wa simply choose § swall enough o that |ﬁd-{fh}cffi vharever [«-"%l<§,

The second sum is

n,:.i'”:,,';“""%'bndﬂ T MZ buulx) woe M= | f-F50,
¥ ]>§
\___.V..——_,—'-";

S
We hope thal for n lage enough we will have S € 5. This is rearonable since by wle)

ir sizeoble over o nanDwer dowain Al n  iInCECEed .
To prove it rijamu.qb, e can We

gt_zbjghn'r |mﬂ‘{‘5— If X ir a dirgete rndom varable wifh mean Elvl and
vaiona. Varld then

Pk IX-E4)| > @] <

Hee € (%)= x, “"ﬁl:ii-_ﬂ, aagl S ir tha Fru]valaib‘l:,c" being more than § fom
the mean.
To enwe €4, Cabyhav uould do it if 377 55

s - ATE o s st
M{I-unriu-fmnh-,o_ enough. 7

5o

W §1l"l

e



2.2) Beziee Curves

Bemstein pal_.,m.ul: alro appeos i the parmmalvic -fumujae 'Fu- Bézier curves.
Pecalt: Bulf ) = 2§ {2k (1- ™™

I wa replace Fl%) by porthons Y€ Rt ond x by t we get pommedvic expreriont o Bémar cunves
eg Bil= (-D2 + 13
*” t-—I‘

a5 Thir 35 yurt Lnsor inkerpolodion, E.fh‘||= R, ﬁ.i”" %,

eg Bl = (1-t7'7 + 2003 + 7,
Whan £=0 B,W = %

s X,
e Rl=%, DR
V=
Goin: Ta twngeits af 2, ond Z, henectad %, 0,
T sez this, diffeshale urk. t: % B
/- -2-4)%, + 20- 2¢) %, + N, g
S0 the fongent direchon at t:0 i
Buol = 2%, + 27, = toged line Bl =%+ 2A(7,- %,
and od 1=l ir
Bl = -2% + 2%, = dmgent line Gl = %, + Zu(7-%).

Huh&'['hdﬁml'!md!a -4 ue gel H,zﬂ,-x”mﬂa tha indenecian povat,

e.q. B,iﬂ- (1-47%, + 3p(1-41"% + 34 - 432, + 1'%,

;o Again, Byl0) =%, ",.,.{r:--Tz
/S
, J msﬁmhhw&hﬁ,dlp:ww .mdﬂ'ﬂ-
Byt J fangent at %, theaugh ¥, .-
A /
X3

Properties

). ﬁﬂﬂuawcnluﬂﬂ:lmh%m{h mmxhul.!a‘rh.n Gm.‘hiptmi'l X:, becaute E,.H::' i
a wtighted awrage ¢ tha ¥;.

4

the Smollut comey el confminin g all & dha poinds

2) K the % lie ma cunve v, than B wil ovoge oy @ ns oo lof last lechue) .



3) Biver cuves have a vodadion diminishing property ¥ a stuight biwe ir drawm through the.
ﬂmhﬂﬂmkﬂtﬁﬂeﬂcdmaHHHﬁAMMUlllnqumﬂ'ﬂf-ﬁh n.mlnr
inkenechon with e condrol Fhljﬂbn {Pmcrf— omited)

Example - Fod tha parsmatric ev,njmﬂ'%ﬂmﬁeaqrmmndﬁm\ird pains fﬂu’.ﬁ (e %)
-1 %) -

We have

xlt) = D-tPo) + 3e(-1)o) + 30-D0) + By = +[(3 - 4t)

yl = (-7 + 200" (0 + 3 0-01lE) + ) = E(3- Cbe3+ 3 -%E7 4 41)
= k(24 24+ 3)

Nole thad the cume har a cup whare
x'[€)=y' ) =D

e -0 - =0 & t2Y
*(5)= %
yl%) =%,

Motz : Bézme cowey con olio hase
self- ndene chans, ey, a/—

on TR Tha wihodhds dLvgyihedg ProperTy

Applicotions -

- Bézier ouwes (ond rplnas) wiere doveloped ndapendontly by Fore Eéeiar (1910 -99) & Renault can
and Poul da Cadelign & Chden.

“Thay ot fudamednl fo omputss sidad darign ond manfachuing.

Crample - Bewer curvies ae used v salable {mh eg. TEF! wTﬂﬂ@pﬂ-M mdu
Adobe Postseipt. wed bacoute of da Cardeljouts ¢}

You can msllj daw cubic Bizer wies i pul"TU‘-Pf :"“'.'"""ii‘"'*' '-'-“-”-r'“":!'-'-"if ham,
g here ir a postreapt fla for the previow exomgla :

%'PS
nasspath
=+ WD M0 wovelo
" 4 40 €0 D EIDID cunveto
7, shoke z,




2.3) MiNIMAX APPEOXIMATIONS

- a0 goes bade fo Poncelet (1825) ad Crabyshev
f‘g’m_'- Fnd o Fdﬂnwnl F.&ﬁ that minimises the MoXKUMum 25 "F-Pn”... (1850c).

Nete: Thm 2.1 fells ws thod I f-pal|,, con be moda ﬂ.l'u{'fm'lb small for n lage enough, bud ia
pockea we must vork wih Lwited n.

Exp;#tp_{gi' Find the winmay consdond approximahon pfe B 1 e o [0,1].

g - — f.lt’-* Ne word to M Se ﬂl-u'PhHu ader ﬂu m*m'df pe- “ﬂ!..l
“E‘- u_ = x_ = - -
e =gl om | = macTleond 1ol

Nohce that tha empr clmnﬁa Sign S0 We Minimige tha mosimum evoe by
balancing tha emor at both ends, ie.

E*P-‘=-fl-p:) = pr- &Y

Claaky pt i urie. o

} ...
>
! »

Exomple™ Find the minimax lna, appocmation pFeT 4o e an (017,

Let pld= a + bx

We uant fo minimute max [e*- (a4 b,
®elo

-

Loeal mawma otcw of Hee placer,
X=0 a(.—__EI, =1

The maximum evoe will e minimised i the §
3 wmoximo o aqual: ~] . .
®=0—= ¢ [asnl=€ [} |
%8 = e®=(aild)- -E @)
¥sl—= e -(asl)= E,
We get o fowth condlition fom tha fack that tha amse hos o tuming poing of ¥=68, so
ﬁi?(e“- (a1k) J , s =0 = =1 ©
Than
Wed @ = laze-a-b = Lze.| = L7
% ©= Lk,
Dad @) = ®—a_ 10 - -e4asb = azz(e-18) ~ 0.894
So tha minimax slroughd lina ie :
4
Bilel = 099 + |.F1§ .

& €

—

thi“pu."muhfm*hdhm " Prhm!'ﬂd.ﬁmuliﬁﬂjluufhrj as vall o hou Ho

calenlote pY mow eM

Actualleg ve can abeody do i han i o polynonial .



Recall that the Chabyshau polyromials Told = corlnarcoos(e)) have tha propedy that
Tl € Hulle o xeloy 1]

Whare u..H i .sl.ng..;lmic degraa a4 | polyaomial  (Thm 0.3),
Hou con wa we this? Lot Fld = x™'sa,6"+.. +a, be o monic polynamial & dagren i ).

let
Prlbd = Fha = 35T lx) .
JKl'lw'n-_'-i.-ﬂr fn-” I:mCt.‘.T-
Then

"'F'P:hq = "?_L‘T;ﬂ "“ < """lh “u

FD! 00 monic ro{jﬁoﬁﬂi Wagy .
Sinee | ir monic, Hus implies that

-2l < I§- pall o any p.c‘ﬁ

Eggpb_a'-- Fnd the minimax Fnb&mﬁnl F,"EE for ) = %7+ axt+ bx 4 c.
We compule To(x) fom the recumence :

Tolal =1

T )=

'ﬁ,fn(j = 2xT,lx) —T.l'x} = Z2pl- )

Tl = ZxTald -Tfe) = G- 2«
S50 the [T qprmhnnﬁm d’d.l‘.rﬂ.- 2 "'ﬂ f ir

P la 'fl'x]' - #T,ﬁj

kK taxt + bt 4 ¢ — 7+ Yy
ax? + (b+%)x + c.

This aﬁn be extendad 1o any fE-‘EH u;s'.inﬂ hfv.d thal «ple) ir he minimax approxmation
b o



2.4) ALTERNATING SETS

We have sean thad the maximum eror i the minimax pabﬂnﬂiul pf s 10 ocowr n42 Nenas with
G“muﬁnj sign * {'-F*.

Def- Let 4€ Cla,b] aud p ke o pduomiol apprycimation. An altemating set /altemont & f.p d)
l_mg-ll-. n ir o teqence df pands %o, ..., X, Such that
) aSx, <% <, < ¥, 5 b
2 flxd - ple) = CIF'E for 120, -1 whowe et E=[foplla o E=-[f-plla
Example:- Lt He)=x* o [, (1 and plar =%,

N -f- - "'{ J Here we have [I§-pll =%
L\ P ' The poinds I-1.0,1] -ﬁam an alternakng 1t § Length 3, wih
L = Il—h (;hilt ces dhod Hus imphes Hhot p=4 is the minimax dnar:ml u

Before we con pove owr genernl resuld [that moscmum erdr b minimax pbnmn.lubng:d-hnml e nad
some preliminony results.

Def - e} fe Clo,L) ond p ke o polynomial A non-uifors altemoding s § lagh n 14 a sequarce df poinks
%oy ..., %o~ Suds thot

) asx,€x,<... € X, Sh
D Hxid - plai) = (-1)'e, oo 120 ... -1,
where 41 s ae gbther all Pnsﬂw'u: or all Mﬁad\'m.

Exomple:: Hyj=w o (-1, 1] ond plx) = T+ 5

1, ':;H i-1o, 1] is G non-unifom altemoting st 5 laaghh 3,

[}
=%, eri o=

Fl-

i
L e
Y .
-1 1

The following result letr ws bownd |5 -plly i we con fnd @ suibble non.unifom altemoting sel.

Them 2.2 LEJ‘{EE[a,LL qﬁEE mdpfﬂa.ﬁnhnarpdﬂmiul&d?mnfwafn,ﬂ,
(da la Vollie Poussin) If £, 94 have o non-unform altemating set & length (n+2) then

1§ - F:"u %_ min ie;l. \ eritical
LE[D ati] X

il = 1Tl = qal) | where X O The a-l.a. 5el

R B :
~We sm that ths holds in the above exomple, where D‘huﬁ;m“;ux;
malel= % and  Uf-pllanl fowas



Proof:- (by condrodichion).
Assume thad |§-p¥ll, < -;‘;‘.:;:.]‘“-"-

Leb X=Txo .., %n ] be the non-unifoms oltemoting set for §, 9.

rn{.‘l = P:{ﬂl - qn'f‘h'] & 1::'

= (Hx}-%[d) - (H{I - r.:fﬂ)
0 Talx;) has the sama sign as flx;) - qbed) by @
Bud then © changa sign ns1 4imas, which i o contrdichion. @

If we dont know p¥ we con ute Thm 2.2 fo etimale the ever in P* by choosing o swiklble 9.

Example - Let fx)=e* o [01] ond 9.l =09 + l.6x.
H §
I #
i fo) - q,(0) = 0.1
! fos]- q.l051 = - p.o5
L X Hu = q.00 = p.22
Hence by Thm 2.2 we have
If- p'll, = 0.05 W [o0,12.
‘1:; nm"ain gel an upper bound using the fact that IF-plll, < It-9.0l,. We nced o find
{.1_ 9, = - 09-1L6x = Flg'= -l
Tuming point is ot x = La(1:€).

We have
fo)-qudo)= 041,  Flaaltg)- 4.(b(10) = - 0.05, §li-q,00 = 0.22,
L1 !f-1.ll_‘= 0.22.

Htrll!l.

;-1'.,,;::“?‘ sign twica v [0,] and [0 05,13 i a non-unifom alkemating

005€ fF-p¥l, s 022 @
We can check thir using o resubt fom lasdt lechue,
pri) = 0.9% 4 1. 3%
Te maximum evoe war ot x=0, » DE-ptl,= [1-099 | = 0.106 — conticted sith 6.

_—



2.5). CHEBYSHEV EQuIDSCILLATION THEOREM

R

Thm 23 - Let feClalb]l. Then pae ) is @ minimax polyromiol & degee n for | if andt aly
it §, P hova on altemoding set o length n+ 2.
2

~ T
acvally vos fully‘proved by
nﬂ;:&‘:‘\n- ::tfum E;Rh’-ﬂ‘gﬂf (¢, HDQ} in hir PhD
7 I Husic uade Hibert.

P-nga-

Suppose that f, pa have an altemahing tet § length n+2, with

|'Hﬂr?*hffdi b IEI - "F—Pﬂ"q.
Ther De la Vollie Poussin (Thn 2.2) = IIf - ptll,, > IE].
But "'P- F:Iﬂg IE| Lﬂ d.tfrd‘l\'m “] P:' 50 'f'F‘-”. = “:-— p:“.u‘ 8. p, s @ Munimox
fﬂlj-nm.‘nl.
@ We will assuma that 1, p. have no altemahing set  lkngth n42, and shou thak p. comnof le
the bet approximadion,

let E= If-palle, and aums [whog) that the leftmost extremum has §-p. = -E.

Than Hhare are numben x.,.. %, such that acx,<...cxy<b with K< tuch thak
). Fxd-pala) < E fo xeladula, x]uln 1y ...
2. Hel= pale) >-E  fov xe CN T F % [V

2.9 here 1 con fmd suitnble Fﬁfdl Ki, Xa, X3 (=3 :

£ il ————— - F ;
- Pa

dapendr T INK1 Ke |

o E W ‘Ix‘ v - -
| ! ' y e wlx)
|

“EFHT = — -

ofilig Eh'lhj . | mlj +_E

E
. oligeed

Now led wie) = “""H!t- K} {xu ] le [r—

bd s 3o o ——
oluoiur add, womatung tha conesc

Qnle) = palt) + twld) wil be a Ld-l-.uf;iapmﬂmnh.h than p f small wuﬁk £=0
(becamsa all df +he extrema will be reduced). Hente p. cannot be minimax.

[ Note: if thoe were an abtamating st of lnghh 142, we could fod ., xuy, 50
W) wouwld have

cea N+l Then gn would Mot be i Pa o the agumet would
fail. — i2. ve wnld nad o highy dagres pobyromal + do beker .



Note: The munimax polynomial may have dagrea <n, and may have an altemabing ced ¢
leagh > n+2.

Example'-  {) = cosla) or [ar, a%), find minimas polynomial o dagree n. ,/f
There it an chviowa aﬂhnﬁngﬂ*‘ length 2a +1 when p.|[fj='ﬂ.
By T 23 we myrd have Pl = O, x

Coru“ag_fil-- The winimax polynomial prefh for fe Clab) ir unigue
[h_niq\mn.tn‘l

Pook. Lot both £ 45 b simar peynomials. T

Iy - B, = R e B« S+ AU gt = st
. 1ok + 9¥) ir o minima polynomial
By T 2.3 thoe ac 047 aldemating pondr at uhich 3 (F-p) + 2lf-42) = If-p¥|l.
At each & thaie poink, F-P* and - 9.5 ae both [1F. pXl, o Lok, “ - pHl) o,
So F-f and t-97 agrés ot n4 2 points, So
(F-p*) - (F-4%) = q¥-p =0 ot Hare n+2 ponkr.
Since qX- 9t € o, ve murt have 1,."-?? =0 @

Raviack -+ Miumax agprocmations are ot used much in prachc, daspita being nice i thaony .
Note that eq. Chebyshay infepolants may do belte ok most locabion.
eq. fla=le-%| o [-1,1]

1=

T T T T T T

- o - L [ =) - 1= o™

i i
1 4 + 0B 0.4 Lk L] 2 ‘7 04 7] LE. 1
x

f - 9100 (Chabyshew intarpelast)



2.¢). REMEZ /ExXcHANGE ALGORITHM

u"‘f""‘uﬁﬂh":] the Eruumﬂn‘lim Thw 2.3 doemn't tell us whod te munimo Fblnwu{u' Is.

Suppose we hove n=1, so pild =0, + a,x, and suppose we have an altemoding set Txe, X, X, ]
for £, 9% with |EI1I[—- tla. Then Hhe coofficiants oy, a, mrfj
fleo) - {a.#n‘x,] = E |
He) = (0o +0,x) = -E
fier) = (a4 a,4) = €.
d, + a,x, + E el
G+ Qix, - E = [f)
Gy + OuX, + £ = -Fﬁ:‘:].

-

Since. xi, flx;) ore Unown, this lneor system wauld give asa, €.
i the x ore dishindt, thoe wili be a wigue roludion,

Unfortunately, ve don't usually know an aliemading set to ﬁm with, m -dnact +s¢ Ew:/
Exd-mﬂc algothm is iterahive:
Step 1). Sobe the Linsar system oves o spcdied mfwm ret & n+? odered pmn..h fr}
Step 2). Lpdate the refumnie set by on excharge pocedwe, and rehum to Siep |.

Eqduhhr#wnﬂrmloo&fnr l‘-di}i =0,
'}Meﬂﬂhjmf Pn uﬂmaim 531 nn'i'hnﬂi

_.(-H-I) whaere

7:' | §s0) - ply)] = el ar w&%h Yi.
) 1l = plyd] > €1 Jor ok leask one ys:.

E:m.nﬁg , H-CJ e* on [ﬁl] o, f o) = 0,990 + | MG
To whdﬂnﬂhﬂ .'H'W‘f'm-{'l-. :,-.D x, _b; %a = 1

Sep I:- fag + E = f_bufl a, = 0.394g
a, +7a,-F e = a0 Her
% +ta +g=e = 01052

Step 2 Update tha reference sek.
A grod way o do dhis ir{'n-fw:l the pank ormam.'mum i -p] and swap this it the set.

Here,
fla -pla) = £ -0.9%8 - 1 T1@x
2 Sl fta -pba) = - 1 —— tuming point od «= Ia(19182) = 05413,
We have .
Fosut) - plosem) = -p.logz < <7 T e
Hi = pd1) = 0.10s2.

So we swap Xk fu ¥, =0DSME




5{3‘?_ I Nou sole

%t E =1 9 = 04941
Oo + 0H0a, -E = tn_im]' = a, = 1.7183
o+ O, + E = ¢ E=0.10%9 «— ‘-"—""W-f‘fjlu'ig

{nole: E har ]nmﬂd—ﬁimd becouts pe
bonlt the alf. ceb with moscimum E 1)

iﬁ‘,::j;ahdn:m algorthm i-ﬁuhmqg?}{kmﬁﬁ% smooth and the inifial refarence set ir
A common  way hufdab.‘fhanzmm}irh d all & the local maximo/minima of F- p., and tuke
o sret § thace hat alfevate i sign. F foi

eq. Mayans (2006) — olina atficle in T. Online Math. & Apps. — sex app & €9,

Best Polynomial Approximation

Sketch a Function:

' Clear

) Sketch

Or Select a Function:
oy - x|

iy = explx)3

oy =11 + sinpi x)}/2

Remes ILeration:

start |
MNext |
] e ) Degree (1 to 7)
Ln=1
s e e . .. Sme=2
L e s o i et oy T |
O =
i 3 . n=4
‘n=5
MNodes selected for iteration 5 Cine6
COEFFICIENTS n=7

D.06T62 o 1L.93033 Li]
-L.OG55T




3) TRIGONOMETRIC INTERPOLATION

Maay eal- Lfe funchions (eg mdr_:l pmad:c . m.eﬂmng
s 2n) = Fh VeR, — b el o convrt o ot peied o 7
Such Junclions ave well- approxmated by 'lnqumnm.cht PEBMWGIF

Palx) = Z [uk eoslkx) - b .r-r-“tx:l]
called niw if on or by ae the higher mon-2em coefficents.

Un.nﬂ Eular's idantiy E-:h:t: corlbd + {sinuhclr # i nicer fo re-wnibe rn[rd'= E!?q,nf'ﬂ]; {nr the
Comlae lgponia

quld = ?j{w iby)(cos(h + tsinlkn)

E_I[‘a‘ + ib ]E‘u = fc e‘h 7 r[""” + """"’Jh — explady uhy i & "F".fﬁ"““’j' ’
- . _

3.1) THE DISCRETE FOURIER TRANSFORM

Consides the problem & indepolating f of n equally-spacad points xj— e o i=0,..
i2, we wank

qalx) = §; pw j=0,..,0-1

This ﬂmzs
Zz: oy ik s i1
ke IS ;c.e A P éqmm: b ko W=
This is a system f 1 linear equations
uﬂ {J’ un P ow = un -l cl‘.‘l ] [ 'Fln .l
w' wowt w"! Ci fi
® l"‘f1 “'d- u'“l-ll C: - 'F't
. '-_ : fa. . . r.
‘ W |-d. [ u: ”. . I.nJh (Vi ]l fn-| . _{.-' ]
— —— —
F

Ll

Inverting wowld give the interpolation coofficiendr ¢ = F"{-’
The Mockrix F" wmu"d 'H'Iﬂ‘. M = MNote: booles d-ffm teaha Hhus ﬂug. Mt.{ud,.]h
Swop F, and F°'.
Oo
In M, fn! L] n-vechr i_, F..,"K* ir colled the discete Fouwdiers 1,“1,-]12 {E.-.Fﬂ ﬂ' .}’ ond
Fo 2 is the iverse DFT § %

the DFT matnw,



Nohce that w=e'* is 4 pimitive n* root & waily, so F, contauns mobr  unity.

moaller] pinger e K= | o o Wi L

[.3. n= E

Ry
e ul ut e e u:l L® l'-..'l. ut PR u: I fa]
—I L% u-l [Ealal u° ! w7 o fwenl
n :' Tt LT T T T w = ¢
I-.:' L:-l--ll uilﬁrll w-.h-lli l-.l:" I.I:}"'" u-'lﬁﬂl wi'h-ll‘ ﬂ P fa]
Ld"t‘hl u Th la-Nk
vt = flju, s ]
danote the k* mu of [
Diaganal entres )
i - i =1 - . A | [ ]
HER), = cFh. g = 7 Z 08 M = g w MM = w21 =1
kh I'b T iLso
Off - diagonal entries : .
| g = et —_—
F[E\Eﬁ}ju = S5l = TS oMM
D
L}
= %Emlhq“

So thare & a simple expression Jor the DFT madix Fi'



Exampla:- Find the DFT & the veelor %= (1,0,-1,0)7.

Let u‘=¢{1‘gharﬁrﬁ#&cq““rﬂn{‘q‘kﬁ"3-
Nee that w=e™ = 1.
The DFT gives e e w0 Wb . o | 0
-1 [ Ll =f . - I I =i = L 0 -
FH- ; -t £ t..'l' I.J_I u'r 0 _ £ L | L = Ii
w? Wt oyt et -1 =1 1 =1 =1 0
A L' ! Lt WY bio-1 =i Jlo i

Example:- Find a Iigonomatvic polynomial which inferpolates tha dats (0,1}, (% 0) (4 -1), (& o)
The complex inkerpolabing polynomial is
geld = g:fu E‘h
and e wetfidents are given by the DFT
¢ =R} = F‘:'[-GIJ - (g] from previsus example.
0 "
Hence
1ww %fﬂiu_'_ E?[xj
Lz[u:l’:d + :nrf??ﬂjj + %\"[‘ﬁn[ﬂl + Siﬂtj"d] .
Sinca the datn f ore ral, o real trigonomaic polyrorial which iderpololer the dads is
‘J' Puld = Ee fqhﬂ-ﬂ.f = "'5[:.:{'1:1 + mfol].

n u

3.2). ALIASING

mgmmd\q'c ink;pn[ﬂ-ﬁm ar dokinad so Fn.f ir aof unigue.

I the previous example, notica that cos(3x;) = ewrlx) of all fow nedes. So we casld also
interpolate the dado with

Pold = cosld,
This is callad aliasing, If there e n noda,
4= i 77 _ .
T e i) = ne) e
e III- i Polxi fﬁ ,-"I 1 = w{@k'} = ms(?¥ k) for all ]
\ \"'l. L :/‘l P i / K _+k z
! _-'-';\ II': f.\ / pecousle Ol | = o=l
- R\ % f' g eg. n=b: We sow that msf?#;'i = Eurfx_;,]
-05 \.\H .-“I f/ 1 These. ara aliams for n=t (k'=3, k=1) sine
\ I.I‘I __." /_, 3 _ i
3 . . x““:‘{" ; : . "E“'E*I.

6 1 2 3 4 5 B Othe, alioges would ko eqg. (DS(ExJ’ cos(Ax).



In fact, half § the expansion
A=
ne =3 (aucos(kn) — by sin(ke))
is a.lungx redundlont. For af %, we howe
cos((n-k) ;) = m(?“j_ Zak;
= tos(2m;) mrf’lfi] - sin[?rrj:lsin{%lﬁ}
““5{?"—;&” = th,]
and  similorly
sin([n-klﬂ_;] = sin {an - !J#-;J
= sinlen;) wos(*5) — cos(tn;) sin ki)
= = sin(kx; ).
Tharefore for n euen we e aluoys intepolote the doln with Hha sherte seies

an-d = ag .gll {fﬂq-f- ﬂn-l{}m!{kd - [_L.- Lq.ll.l!l'ﬂl'hlf}) + u"-ﬁcﬁﬂ\'{;x:’_
(and similas for n odd umfl' that thee is no ‘widdle" berm L= %),
Exampla- | the example above  ag + b, =0 a, +ib =% ay4 iby=0 ay+iby - 3.

l ° Polx) = (34d)eorle) = cosly).

This is the idas behind an important result : 2 S‘:L_,:?g,mm (1969), Ha fruda & infomatio theoy

Thm 3.2 — A band- Limited fuachion §0 e with a0 Fowier mml_:nn“-t’ q freqrerey k>XK)
[‘_“ uist- Shannon 15 completely deteminad by ir valuss §lx) for = 2B j= Q.. a-1, povding

(onvertelyy, for o gien n, e highast- frequancy fouses componed thatl can be pefachy reconstucted is
k<% This ir callsd the Nuguist frequancy.

Example:- i we had sampled fl) = osle) with n>6 poinks, we could ke swe thod Hhe signal
had no cos(3x) omponant.

Remark:- If the signal is “spase’ then it may le possible tp recover it fom fose samples fhan
required by Tom 32 — collad compressed senaing,

Soma physical examples 4' ﬂllarin_g :
). Meiré patlems w F”"‘{‘J fn'xdinmf images (scea “Abaring’ & Wﬂuruha].
2. Tha "Wagem -whael effect” in vidao (tempoml aliasing),
N eg. il: camars thifty cicu 26 fmes pur sesond gnd rrnlu.a posr velhical 20 tmae
po vewond, it lovks oo thoug. vhael is rofodng -4 himss per cecond ie bacads’

sin(20%) = sinfbx) fu =53, jm0. 28 =



2.2). THE FAST FOURIER TRANSFORM

The ubmrgl:’ Q DFTw i prud'it-l i becouse there iv a fost algoithm -F:w norrfl.dina tham .
Applying the DFT meam multiplying by Fa™! which has no nen-2e elaments so seamu to requine
Ofn?) floshng point cpesstions. ™ n muldiplicadion for each entny
In fack i is possible fo do the transfomation » o dever odes fo reduca the apemhion count to
Olnlggn) — called the Fast FRouwier Tronsfom (FFT).

= was known to Gouss, but redisworered by Cooley & Tuley (19¢S)

= led 1o rewolution in elactnic analyss, condnyd syfems and compresrion,

~in porficulas, can onalyse strean dats (on sama tmescale ar dato ocquired).

The key idaa is the foliowing faclorisation:

F:\ = I‘Il D.& I[ F““'t D F':. P importoad - ATLLM
I"Vl '_Dn,r: 0 Fn,i

whaere

1 0--0 o .. 0

. . 0 .
In4 = - ) Dﬂ"! = . wul- . .

l:; o o . M'H-I L & c.’. 2 eddh ou  cbuma

and F,.& iv the Founer matny rﬂ: sre 4% . The tHud madwx P is o permutobion matnx

Mkapun'h-rﬂnﬁmmgmchahhnﬂmtmpwh:

¢ o |
o €2 even entries
F:i Cy = Ch-1
: £
Cha c;:l odd entnes
Cauy
Exavgle: n=b = wag™=y

=y =1 4

N [1 11
= S S S IV (T :[ID] _[1 o (N
BRSNS RN 5 R




Froo} (in_gerasaal] - (osumes # = aven).
let w, = ™ (4o M*M*Mnumh% obaut
Tha ey & F=Fz is

A=t =1 j2k -1 {
S-i B uZH:kc“ - é“ﬂ G + 2wtk
=0 =

P o Causi
h.—I.n odd
. %
. . ik
= EZ: {“-.‘:"E Co + (w,) hZ' [ Caus
o EL

J w::{q‘l'n_g'r’r = €1ﬂ'£-"'|'lf'v=_| = E.J_,,Ft @—‘ l{zﬂ fn:.f that makes

%t S o % " it worl.
= E ""th Coun + (‘-’n}‘l Z.‘!‘:ﬁ-?.,lﬂ:I Cop s .
° . e hzo .
T = lown i a D
~4M'dd{2 e L e
Bctar” (1)

Nobng ot 5+ () = -4%0] = 0 v s bt o g
matrix factedsation .

The reduchion fom F o two Fo,’c cutr tha wok (almost) in half. Buk +o reduca it much fuhhar,
We con agply the -Fmibnra.‘l'im recursively, 12 replace oy by ho F 71, ek

F. [I.., D.,t][F-h o [c-,c.,a.,,..'
" Tu -Dw |1 O Ry |le,a,cs, ..

I Da . Lo Cu,Cg,..

[ F.-.,: O _ ]::‘D:; 0] r mp:;m D Et,C:.,c:_...
- I.,‘Duq F' € ,Cx,Ca,..
0 E“" 0 1% =Das, o ™ Fa L6, 6, €.

How many mulbiplicahon ore wsed?  Suppote n= 2" Withowt the FPT e needed n' = 4" gperations.
Now we have m shoges, fom 27 dow o 2° Fach sheoo hes "4 mulbiplicdhonr fo amremble the
oudpudy fnrw diagonal D%, (af |, ro mulkiglicokiou are nesdad s F, = 1)

Henca the opemdion cound ir

Em = %105’5,]

2q. lf az 2'°= ID’IQ{ ther n'= 779~ _J'M’
Whle Sm = Sl1024).

- The same idea Wodks for the ivese (ca Problem Shead 3).

-&q.dd(huﬂbfadhadmi'% C5 (ot o full reounion) is fo wite the aumben 0,...,n- &
bote 2 ard revene the ode § dhaic bitt:  (bit- revenal)
eg.a=b o Oo 00 ¢
€t 01 e |0 Cy

O1 e,
€y 1l IICJ,.



2 4). THE DISCRETE COSINE TRANSFOEM

Recall = Whes miupa'a.‘ﬁng n poinds x;= ?%l W [ﬂ,ﬂn] by o -Fw:ﬁm ﬂnl'ﬂ'g!u&‘h we gt
the DFT 2= F,7F  vhoe the motax F-' had complex endres, -
Ve con gef a makix & real entries f we interpolate o funchion e [0,1] (no longer nescs Jo ke periodic) ax
n equally-rpacd points
= w4 %), =001
Wil o furchon § the fom TN

palx) = JI‘-.Tnu + E%q,msl’ht}.

._.r

—— n=

The interpoladion conditions give
fi = ply) = Fa, + Ezﬂuﬂus(%‘fﬂ-ﬂ) for =0, n-1

i2. v
T}.: C,ﬁ' Hhﬂ kep s | = 7 —_—_—  kzA- -
[ wos(ff) ws(%h) - wslte) | o
¢ - J%_ % Cus(%f‘-::‘ﬂ cos (%2(2)) _ WF(‘%E]} j]'
J—Ii- w‘(ﬂ% cﬂs{ﬁ_vll!{%v_, < Eas

To fud 2 we need fo ivert Ca, ond the matix Cy'is called the dissete cosne fransfom (DCT)

Thm 3.3 — C, s orthogmal, ie. C;!' =C...T.—l

Em_:f::' We can awick o -1..;me :l"l’rfannﬂmd@ with an indiract flmf.
let An be the real symmabic ciredont matnix

=1

-1 2 =]
-1 2

0
We wil shou thad the

A, =

ﬁﬂ'}. y el

a2 -

= &l 1, ..

0

=1

-1 1
columna Tr'“'d.rr

)

Ca o the. cigewecdnr & A, This fhod
are Mi'ﬂm.‘l\icdlj mﬂmudj sinee A, ir real symmgkiic % L2 thay



So - .
I -1 0 110 o
=fph _ L W2 -l ! 0 s = ={n}
AT = = -1 2 - o= » AV -Ev
O - _1-I 2 '-| . . ﬁjwllﬂ
- L L 0 |

o eveny othar cobam, the componta ake fhe foo
vy = ./_m l"'u"hﬂ)
fe j=l..,n-2 o
(&1;“} Zfﬂ}m = - 42 o
"Emfﬁb 4) + 2eaBl5+4) - cor(9+%))
=E(- ={m+w; 8) + Zerloen) - Cnr(ﬂl:'_l“ﬂ-l-ﬂ})
Jr,,_( tosBeor0 - sinBsinf + Zeosk - orBorf + rmfr]nﬂ)
VE (2-20sb) cor B.
(2— Zmr{'!ﬂ) ‘ﬁ-""_
eigenvalusar.

1]

| For j=0 we have

0 = - ™+ [l asfte) - enfzal

V= (coslke) - cos(50 + B}J

= 1% (cosl20) - cosli6) o + sinlig) swd)

= 25ialiB) cos18)

n

rmr[‘lﬂj{l-msﬁ + Zm‘HBU
=I5 cox(46) (2 - 2B) ¢ 2l = 1-cord

= (2- ZeoelX0) v

Examne '

Siilarks,
(Wi = v 0 = 5 (cf6l0e9) - corftoe *au]J = (2- 2ear8) V¥

To uwidarstand where this comes fom, note thad the columes V9 are disoets approximations of

cos(kx) « tha pointr x;.
Ve lnow ot uld = corlkd sabsfie o differerbal equakon ~55 = I, e coslhd) is an
eigenvalue o the differential oparaatoe 5?1, wh eigenvalue |2



The matnx A, it a Fniﬂ-diﬂunm npfmtinﬂj"m b
(Hn-‘:)j = Ty, o+ Zuy - U4

= - kb!j-u - ;) - (“5 B uj"}]

0o s eignvectrs we disgete cosines.

T of eqally-spaced. ponh,

9. the coumu ¥© . 7% 4 C, -

—l— * p o " !
1 =z - Y B H
W ') b
'x.\ . i h! .
051 / 7
. . \
\ f \
\ / A
B i y f
0 l"-_ ' b
W Iy A
\ / \
\ / - »
05k 7 i
\ & N
L ! . b
LN f 3
i i 1 1 L - I"'l‘
0 0.5 1 15 z 25 3



3.5) IMAGE ComPeessioN
The DCT lies ot the heort df modem compression Techniquas -{-:u- images and audio [0.3. TPeG, mPEG).

For imagel, we hove a 2-4 gid d pivel values (greyscale of colow frd'wiﬁu], S0 we will noed the
2-d DCT. This is simply the |-d DCT applied in o dimensions, one ofte the obha,

—_— —

| T let X-= 'f""-']] be the madvix dy pixel valuas.
5T — _
PATI71 7] -Fint opply the DCT @ the x-direction:
i - "I—T;_T Co'X™ — resubking whum ore DCTr d Hha mwr § X (fad ).
ST 0T Y Now apply o DCT i 4he y-direchion -
* crlexm) = CoXE) = C'xe.
2. the 2-d DCT n"n mahix ¥ ¢ Y: C;'xcﬁ

Exompla'- Fnd the 2.d DCT o Hhe data

| I I
“[iss]

The n=4 molrix is

w sl &ﬁ(ﬂ f-'dff%’] a b e ¢

Cl‘-'I- = J'I;:_ -&_ EDFII-}" fﬂi['%r) O}f{-?‘"-J = a a € -a b

?i efF) ol GITE) a -¢ =a b

whare . a Eﬂifi&"] “rf";'l mr[‘%’} a -k @ -c

a=%, Lacosfi), c=cor(F).

The 2-d DCT is

a g a alft !t 1lfe b a ¢ 301 0

_ b e -c =L||1 00 oac-a-L|l_|00C00
y‘CuIXCu—ﬂ1 G -0 -6 G I Do o -C-a | - 1 -1 0

B c-bL-clfly 1 11]]a b a ¢ 00 0 o0

R follows that +he inee fonsfom s X = C,YC;".

Neto that i s st v
(€ = Baaslizit) whee g _?4‘-: -i =0
Hen

EZJ {C ].h Yue {‘C ]gj

22 Clyae Ci

= ;iz Yt Suay a:ﬁ(kwf{l-’gl)mi{ [J+-=|.JJ

-

al



In othes words, the Yy are inderpoldion c-)eolf;cim:h :h a 2-d tngonomatic pn[amwnl
Plxy) = 25 5 Yhe Sy co5( ) cas (ko)

izo |=o

for nodas g, yi) given by Xj= J(j+%) 4= T(is )

Exompla = The inferpelachon fuction for tha previows exampla s

1?‘&[‘:&‘_‘]} = 5[ % Yoo + %?Hul M{f] 4 ‘;;_Hmmgf&] ¥ ﬁ'ﬂh: 601.‘{'3"}

taynosly) + ycosleleasly) 4+ ypoZdeorly) + y,, w5l wsly)
FEyews(ly + yyoddeslty) + Yu or(ed eslZy) + 4ha tor(3x) wslly)
+ & Us, cor(3y) + 4y aorlx) @r(3y) + Y2 or(Ze) es(ly) + Yy @r(dcos (3y) }

= —?: + ﬁm;{fx:l + Tlﬁr.nl'fzﬂ] - %Cﬂif?#]mf(?_-j].

Cfn'ﬂinu-i dodm iﬂj’w‘pnlaﬁj Y
3 3

25 2.5

Z

=15 Ealh -
1 1
05 0.3
0 o
0 1 2 3 o 1 2 3
p S = "

So for, ths proceds is fuﬂg revegible and requires the sama amount n" rimae .[m n¥n matrix)
Tha reoson the DCT is wied is because it fends to concentrate the infamadion in on image indo
the +Dp=lﬂ-»|4 & the mabvisx Y — The human vrual IjS"FEm ir mote senrihive to Howe lou spodial
frequancies.
Basic TPEG
- s EBJ b1 ] ﬁ'LI'EI'
~In o greyscale image eoch pixel i reprecented by on integer in [0,255]
eg ChxLh region reguires Blle®) = 2" = 32k bk § dato.
~firs! subtract 128 fom each piel 1o contre awnd 0. "
- Apply DCT 4o each 3%8 block & pixels:
X—= Y= CGXCs.
(shU fulky invarhible)
= To compress,
() Rownd Y to neasesd infeger.



'-rz.l HH{\) -] HIUH-P\'JII' -FHUT e.q et Yue =0 {w ksl z 8 — halves I‘in-ojt
This reduces stomgp requirements while maintaining qualitedive visual arped'{’ & the block
nasd time
Remorks - )
- A more sophishicaled approach ir fo wie Hilbed qualdizcdion” rathes than lou-posr filteing.
- Too much compression [eads to Hode a.rfgjnd's
- AHhough sound compression is only kd, it ir hadar because fhe e is more ensitive fo block
arfefacts.
S MPE6 user o modsfied DCT whoe Blocks con overlop.

Exomple -
> ofbs basic JPEG

CRIGINAL g[;. raan COMPRESSED

Lkt oL CIRIGINAL LOW-PASS FILTERED




We can tea mﬁ*hnmitca]b H|~:] the DCT I,mq-pafr f.l-lm worls o well,
for simplicy contidar |-d, 5o the interpoloching trigomomatvic polynomial is
= [T 5% i ko,
s o), e 5145
wWhee @ = C.."-f.
Suppose we want b nfpmﬁmttﬂumddinm‘-ng{:wu‘bms.

Tom. 36— et 3= C.Tr? be the (I-d) interpolation coefficientt using the DCT od n pu‘ini'r.
(Leat-  IF m<n fhen the tnncated Migoomeic. polynomial

M i
property) tld =53 cumcennlbd it o
=

L
NG S25 .;a:,;{?—[bqf "‘Fj)i ﬂ" ‘HLI_ n ﬂ-ﬂd‘l HJ' "{ ﬂa=ﬂﬂ, C.:ﬂ.r s cp,,._| = Q...

L

Recall (EH Numencal F"Ina.b:':s] =
Suppote we vonk o find % o minimise lﬂl--ﬂ":_ whee A has more our thon ¥ har endnes.

9 (i U(;‘:}__ (%‘) — overdatewinad so cont o

This i equivalesk to minimising  (AZ-L)(A%-E) = XTA"AZ - 22 A0 + T7L.
Ths ir a ron-aagedive. quodatie fundion %, so o miimum @dsts gnd ir fomd by sefting the
porfial daivadtires % b e, givng

AAZ=RTE — nomel eguadions

'[F A i uwr“m?nnli then A= A" 5o thete reduvee b %= ﬁTI:

o T 3
We are trying to solve C.2=-'f wth G, othogmal and Ze R™ 55 the Ie#}l‘!r.lm
o jE sirnplg
N .

Evomple: Interpdlate Hhe datn (F,1), (,0), (&-1), &,0) wibn the DCT.

We have j
s s o= o2 ] [
3= CG'F= [T costy) o) wol§) sl || 0| ~ [ 0923
| orlE) wil$) (%) edly) || - !
(%) i) or(E) w4 L O | -0.3927 |



So the inderpolont is
f‘q.l'ﬂ = ;_ﬂg + ﬁu,mn’tl + #q, wrllx) + # a3 (34
= ﬁ[mm cor(x) + cor(Z0) - 03923 :n.rf?g]).

Thw 3.6 imples thot the lanf‘f'-rapms approimation using the bosis |, corlx), cor(2d is
Pl = € (09839 cosle) + corl2)

Alsp tha lm—i'—fq.mm approimation using only |, eorly) is
Pl = 7 (0.9239) cosly)
and wing anly o conutand ir

plx) = 0,
1
— M
1 :__h“““-nh p3
e 2
e \"'
o5F L
0.
My 3
b "
\ ¥
i . . ”
b f
L
-a5F A }{rq—
N e
N y
1 e :




