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This evening: “careers Q+A” 17:30

‣ Straight after the last lecture, in the Mathematical Sciences & Computer Science 
Building (up the hill…)
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What is MHD?

‣ Magnetohydrodynamics (MHD) is the standard continuum model for an electrically 
conducting fluid in the presence of a magnetic field.

‣ applies to liquid metals and plasmas.

‣ main variables:

— velocity field [m/s] or [cm/s]
— (mass) density [kg/m3] or [g/cm3]
— (fluid) pressure [Pa] or [Ba]

— magnetic field* [T] or [G]
*technically “magnetic flux density”

‣ key assumptions: 
‣ sufficiently collisional [for fluid model to make sense] 
‣ single fluid [neglect electron mass] 
‣ speeds are sub-relativistic [neglect displacement current…]

‣ one-line summary: two-way interaction between magnetic field and fluid motions.
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Applications

mreclipse.comM.Rempel (MPS)
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https://xkcd.com/1851/

“Magnetohydrodynamics combines the intuitive 
nature of Maxwell’s equations with the easy 
solvability of the Navier-Stokes equations.”
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This lecture

‣ Deriving the MHD equations

‣ Solving the MHD equations

‣ Deeper properties of MHD
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Deriving the MHD equations



The hard way: from kinetic theory

‣ Distribution functions for ions and electrons each satisfy Boltzmann’s equation

‣ Define fluid variables by integrating over velocity space: PDEs in 7d space :(

‣ Derive fluid equations by “taking moments”.

— bulk velocity

— number density

e.g. integrate Boltzmann equation with no weighting:
by various assumptions…

multiply by m
continuity 
equation

Divergence Theorem (no infinite v so f -> 0)

[write out the components…]
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The easy way: from macroscopic physical laws

1. Maxwell’s equations

(solenoidal condition)

(Faraday’s Law)

(Ampère’s Law)

neglect the displacement current (valid for sub-relativistic motions)

2. Ohm’s Law

electric field in the frame of the 
moving fluid

conductivity — assume constant but really depends on temperature; 
for T in [K], Spitzer conductivity is

We can eliminate E from Faraday’s Law, then use Ampère’s law, to give

— called the induction equation …
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3. Momentum equation

This is the usual Navier-Stokes equation with an extra Lorentz force term:

mass (per unit volume) 
* acceleration

force per unit volume

4. Continuity equation

This corresponds to mass conservation — integrate over a fixed volume:

mass in V outflow rate of mass 
through boundary

cf. force on a charged particle

— neglect Coulomb force for 
sub-relativistic speeds

The material derivative is the rate at which a quantity changes as you move with 
the fluid, given by
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5. Energy equation and equation of state

To close the system we need a relation between     and    .

Sometimes a fixed function                 is assumed.

heat conduction radiation other heating

polytropic index                      (e.g. 5/3 for full-ionised hydrogen)

To see what this really means, note that internal energy of an ideal gas is

But for plasma we usually need better. Typically we assume an ideal gas,

T is temperature
mean particle mass

Boltzmann’s constant

and the energy equation may be rewritten as

and impose another evolution equation for energy conservation:

ohmic heating

e.g. “isothermal”               — then cs is the (constant) sound speed
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5. Energy equation and equation of state

To close the system we need a relation between     and    .

Sometimes a fixed function                 is assumed.

e.g. “isothermal”               — then cs is the (constant) sound speed

But for plasma we usually need better. Typically we assume an ideal gas,

and impose another evolution equation for energy conservation:

To see what this really means, note that internal energy of an ideal gas is

and the energy equation may be rewritten as

polytropic index                      (e.g. 5/3 for full-ionised hydrogen)

— simple adiabatic equation

Boltzmann’s constant

mean particle mass
T is temperature

heat conduction radiation other heating
ohmic heating
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Summary of the MHD equations

+ the extra constraint

[follows from the above equations if it holds at t = 0 ]

9 equations

9 unknowns
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Solving the MHD equations



Solution as an initial value problem

‣ Idea: solve the equations with initial conditions for                   at t = 0.

‣ usually we ignore the mathematical issue that a smooth solution is not 
guaranteed to exist for all time (same issue as Navier-Stokes)

‣ essentially a hyperbolic system [see Goedbloed book for more detail on 
characteristics etc]

‣ Usually there is no hope of solving exactly and we have to resort to numerical 
methods - solving discrete approximations of the equations.

‣ still problematic: tendency for very sharp gradients to form; have to resolve 
widely varying length and time scales

‣ for this reason numerical solutions have to be treated with care!

‣ finite numerical resolution prevents us from choosing “realistic” parameter values 
for most astrophysical situations

‣ nevertheless numerical simulations are often the only way of doing 
“experiments” in astrophysical systems
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Some example computations

‣ Geodynamo — direct simulation that exhibits field reversals.
Glatzmaier & Roberts, Nature (1995) 

‣ uses spectral method, expanding variables in Chebyshev polynomials (radius) and 
spherical harmonics (latitude, longitude).
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Some example computations

‣ Origin of solar coronal mass ejections — simplified “magneto-frictional” form of 
equations; flux emergence and large-scale surface motions lead to formation and 
eruption of twisted magnetic flux ropes.

Lowder & Yeates, The Astrophysical Journal (2017) 

‣ uses finite-difference method on a “staggered grid”.
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https://ui.adsabs.harvard.edu/abs/2017ApJ...846..106L/abstract
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Example of an exact solution: Parker’s solar wind

[see also lecture by Yardley…]

‣ The solar wind was predicted theoretically by E.N. Parker (1958), and confirmed by 
direct evidence from 1960s onward (e.g. Mariner II, Voyager, ACE, WIND, Ulysses).

Chicago Tribune

Parker Solar Probe is 
named in his honour
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‣ Assume the Sun’s corona is axisymmetric, isothermal with no magnetic field and a 
steady flow

‣ The (M)HD equations reduce to

momentum eqn continuity eqn isothermal 
equation of state

‣ Eliminating      and      leads to the ODE

‣ Integrating gives the implicit solution
where the “critical radius” is

‣ Only physical solution [subsonic 
at Sun and no pressure at large 
distances] is C = -3.
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More sophisticated model…

‣ Eclipse prediction using state-of-the-art MHD 
model with boundary data from SDO. 

‣ The time-dependent equations are integrated 
until an equilibrium is reached.

http://www.predsci.com/corona/dec2020eclipse/ Möller/Vanur/Pasachoff 
https://sites.williams.edu/eclipse/2020-argentina-chile/

MHD model

Observation
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MHD equilibria

‣ We can also attempt to solve for static MHD equilibria directly:

When is neglecting the left-hand side valid? lengthscale on which solution varies

so

Alfvén speed

Consider typical values

~ sound speed

[conversely, this must be the rough speed that magnetic-field driven motions go at…]
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MHD equilibria

‣ Gravity can be neglected if 

gravitational scale height

‣ Pressure can also be neglected if
plasma beta

— magnetostatic equilibrium

— force-free equilibrium

This is equivalent to saying that j and B are parallel:

If                   (constant) we have a linear force-free field.

Otherwise we have a nonlinear force-free field (NLFFF).

The special case              is called a potential field and has          .

Taking the divergence shows that

so      is constant along magnetic field lines.
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Example: the PFSS model

‣ Widely-used model for the magnetic field in the Sun’s corona (neglecting currents).

Laplace equation

Infinite exterior solution

source surface

“Potential Field Source Surface” solution with 
outer boundary

Neumann boundary condition:
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Example: modelling magnetic clouds

Kilpua et al., Living Reviews in Solar Physics (2017) 
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https://link.springer.com/article/10.1007/s41116-017-0009-6#Sec9
https://link.springer.com/article/10.1007/s41116-017-0009-6#Sec9


‣ Assume a linear force-free field that is 
cylindrically symmetric:

(Bessel equation for n=0)

— Lundquist solution
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Example: NLFFF models of solar active regions

‣ Several numerical methods exist for 
computing NLFFF extrapolations from 
observations of B in the solar photosphere.

‣ The calculation is not trivial since 
‣ the equation is nonlinear and uniqueness 

of solutions is not guaranteed; 
‣ the real photosphere is not fully ionised 

and B is not actually force-free on that 
boundary; 

‣ not all components of j can be 
measured…
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and consider this as to be the most representative ap-
proximation of the real values.
In order to make the computed quantities of the two

di↵erent ARs better comparable, we also calculate in-
tensive quantities. We define the normalized helicity
as H̄V/�

2, where � = 1
2

R
S(z=0) |Bz|dS, i.e., half of

the total unsigned magnetic flux, �, across the NLFF
lower boundary. Often employed proxies to quantify the
non-potentiality and eruptivity of the considered mag-
netic configuration are the form of the free energy ratio,
ĒF/E, where E is the total magnetic energy of the input
NLFF fields, and the helicity ratio, |H̄J|/|H̄V |.
All mean values are presented and interpreted in con-

text with the spread of the four values obtained for
the individual physical quantities, where we define the
spread as to be bounded by the two estimates which
deviate the most from the respective mean value.

3. RESULTS

3.1. Coronal magnetic field structure

In agreement with previous works, we find the coro-
nal magnetic field above AR 11158 on February 14 at
⇠21:00 UT in the form of a low-lying magnetic flux rope
aligned with the main polarity inversion line and sur-
rounded by the large-scale field associated to the strong
westernmost positive and easternmost negative polarity
patches of the AR (Fig. 1(a)). Similar model results
have been presented and discussed in, e.g., Jing et al.
(2012); Sun et al. (2012); Inoue et al. (2013).
The coronal magnetic field configuration above

AR 12192 on October 24 at ⇠19:00 UT appears in
the form of a low-lying weakly twisted flux rope above
the main polarity inversion line of the AR (Fig. 1(b)),
bridged by the large-scale magnetic field associated to
the dispersed magnetic field surrounding. Similar model
results have been presented in, e.g., Jing et al. (2015);
Sun et al. (2015); Inoue et al. (2016).

3.2. Extensive quantities:

Magnetic flux, free magnetic energy, and helicities

3.2.1. AR 11158

Upon emergence, AR 11158 exhibited a considerable
increase in the total unsigned flux (Fig. 2(a); black line),
starting from late February 12, which corresponds to the
time when a pronounced filament was emerging, as ana-
lyzed in detail by, e.g., Sun et al. (2012). Parts of the fil-
ament erupted during two eruptive flares, an M6.6 flare
(SOL2011-02-13T17:38) and an X2.2 flare (SOL2011-02-
15T01:56).
The corresponding evolution of the mean free mag-

netic energy, ĒF, is shown in Fig. 2(c). The spread of the
energy values deduced from the di↵erent FV methods is

(a)

(b)

Figure 1. NLFF magnetic field of (a) AR 11158 on 2011
February 14 at 21:00 UT and (b) AR 12192 on 2014 Oc-
tober 24 at 19:00 UT. Field lines outlining the large-scale
magnetic field are colored turquoise. Sample field lines in
the centers of the respective ARs are color-coded according
to the magnitude of the total current density, | ~J |. The gray
scale background shows the vertical magnetic field compo-
nent at a photospheric level, saturated at ± 1 kG.

shown as gray shaded area, and is bounded by the results
from the FVDeV KM/FVCoul JT method at higher/lower
energies. Two distinct episodes can be distinguished.
First, a considerable increase of ĒF, co-temporal with
the strong flux emergence, resulting in a free magnetic
energy of ⇡ 0.8⇥1032 erg early on February 13. Second,
notable decreases of ĒF are observed around the two ma-
jor eruptive flares (the M6.6 and X2.2 flare, marked by a
vertical dashed and solid line, respectively). The trends
just discussed compare well with results previously pub-
lished in literature (e.g., Sun et al. 2012; Jing et al. 2015;
Tziotziou et al. 2013).
The time evolution of the mean magnetic helicity, H̄V

(Fig. 2(e)), also reflects the emergence of the magnetic
flux rope, with H̄V increasing from ⇡ 0.1⇥ 1042 Mx2 to
⇡ 3⇥ 1042 Mx2. The response to the occurring eruptive
flares is reflected by a response similar to that of ĒF,

Thalmann et al., The Astrophysical Journal (2019) 
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The Lorentz force

‣ Using vector identities we can rewrite

“magnetic tension”

magnetic pressure - outward from 
regions of strong B

‣ So magnetic field lines behave like “stretched strings”. 

‣ This provides the restoring force in Alfvén waves [Morton lecture…]. 

‣ In a force-free field the pressure and tension forces are perfectly balanced.
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Deeper properties of MHD



The induction equation

‣ Assuming constant conductivity, we can simplify:

— magnetic diffusivity

‣ Compare the size of the terms:

magnetic Reynolds 
number (Rm)

So for high-Rm flows [most of astrophysics], diffusion is small.

Taking                       gives the Lundquist number

Alfvén speed
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Magnetic diffusion [low Rm]

‣ We have a diffusion equation:
field gradients/currents diffuse away on a 
diffusion timescale

e.g. time for a magnetic structure to decay in the solar corona purely by diffusion

cf. Alfvén speed
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Ideal MHD [high Rm]

‣ If             we have ideal MHD with

[mathematically analogous to Kelvin’s Theorem in fluids, with              (vorticity)]

‣ Alfvén’s Theorem: in ideal MHD the magnetic flux through any material/comoving 
surface is conserved.

 

14

Xtysttdt.IE
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Hannes Alfvén, Nobel Prize for Physics, 1970 

For his pioneering discoveries in MHD (Alfvén’s Theorem; Alfvén waves; Alfvén speed…)
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Proof of Alfvén’s Theorem

Let St be a material surface, with boundary curve     .

 

14

Xtysttdt.IE

The magnetic flux through this surface is

Since the surface is moving, we have

change at original 
position

due to movement 
of surface

Stokes Theorem
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Frozen-in magnetic fields

‣ Magnetic field lines are material lines (“frozen into the fluid”) in ideal MHD. 

By Alfvén’s Theorem, A and B must keep 
their (non-zero) magnetic flux, while C 
must keep zero magnetic flux.

Consider an infinitesimally thin material tube 
that starts around a magnetic field line.

 

Iggy

title

B E T

toSince                   it follows that A’ and B’ 
must remain connected by a field line.

Example: the Parker spiral

Solar wind outflow - e.g.

Sun rotates every 27 days, so angular velocity

Hence magnetic field forms a spiral pattern

At 1 AU, spiral angle is
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‣ The Sun’s magnetic field is generated by a dynamo — plasma motions create a 
magnetic field through the induction equation.

‣ A key part of this generation is ideal “winding up” of a north-south magnetic field by 
the Sun’s differential rotation to create an east-west component:

‣ Also need to complete the loop and regenerate north-south field (via turbulence…)

Example: the solar dynamo
37



‣ A simple kinematic (i.e. specified v, solve for B) simulation of the process:

Yeates & Muñoz-Jaramillo, Monthly Notices of the RAS (2013) 

‣ In reality, there is a back reaction of B on v through the Lorentz force…
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Turbulence

‣ Ideal MHD flows are typically turbulent on small scales. This is a challenge!

Current structures in MHD turbulence simulated by Bogdan Teaca 
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Magnetic reconnection

‣ The lower    , the more likely the magnetic field is to build up sharp gradients.
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Magnetic reconnection

‣ The lower    , the more likely the magnetic field is to build up sharp gradients.

e.g. relaxation of a braided 
coronal loop

Yeates, Russell & Hornig, Physics of Plasmas (2021) 
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https://ui.adsabs.harvard.edu/abs/2021arXiv210801346Y/abstract
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‣ At some point,         will become [locally] so large that           dominates and field 
lines can change their connectivity.

— called magnetic reconnection [see Wyper talk…]

in the plane y = 0
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Magnetic helicity

‣ In highly-conducting plasmas, the global ideal invariant called magnetic helicity 
tends to survive even under reconnection:

where is a vector potential.

‣ H is independent of the choice of A if  on the boundary of V 

‣ In ideal MHD, (for the same boundary condition)

‣ Interpretation: H is the net (pairwise) linkage of magnetic flux:

1

3

+

2
+

+

+

e.g.

Gauss linking 
number

all pairs of flux 
tubes i, j
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‣ Why is helicity conserved under reconnection?

Essentially because local changes don’t change global topological properties.

e.g. linking can be converted to twisting:

Wright, The Astrophysical Journal (2019) 

Helicity Dissipation 18

Divide a flux tube (diameter D)
into N flux elements of width
d = R

�1
m D. Two crossed tubes

have N
2 crossings. After

reconnection N crossings are lost.
So,

•Each new tube acquires half a twist.
•Loss of helicity is at most

����H

H

��� = 1
N
⇠ R

�2
m .

M. Berger 
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[see Prior talk…]

‣ In solar physics, we often use the relative helicity which is simply the global H 
for an external “closure” of B with no source currents.
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Conservative form

‣ An equation of the form

is said to be in conservative form because the Divergence Theorem gives

e.g. we saw mass conservation
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Conservative form

‣ We can rewrite the ideal (adiabatic, no gravity) MHD equations in conservative form:

‣ Applications: 
‣ simple to derive local or global conservation laws, 
‣ jump conditions at shocks, 
‣ numerical algorithms.

Reynolds 
stress 
tensor

Maxwell 
stress 
tensor

[mass]

[magnetic flux]

[momentum]

Poynting 
flux

[total energy]

internal 
energy
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Summary

‣ MHD provides a powerful tool for modelling the interaction of a plasma - treated as 
an electrically conducting fluid - with magnetic fields. 
‣ May be used to model: 
‣ solar interior 
‣ solar atmosphere 
‣ global properties of solar wind and planetary magnetospheres 
‣ …and more (e.g. laboratory plasmas) 

‣ In the following lectures, you will learn about: 
‣ MHD waves and instabilities [Morton] 
‣ Magnetic reconnection [Wyper] 
‣ …and you will probably see other MHD models!

Further reading
‣ Magnetohydrodynamics of the Sun, E.R. Priest, Cambridge. 
‣ An Introduction to Magnetohydrodynamics, P.A. Davidson, Cambridge. 
‣ Introduction to Modern Magnetohydrodynamics, S. Galtier, Cambridge. 
‣ Magnetohydrodynamics of Laboratory and Astrophysical Plasmas, H. Goedbloed, R. 

Keppens & S. Poedts, Cambridge. 
‣ Physics of Space Plasma Activity, K. Schindler, Cambridge. 
‣ Essential Magnetohydrodynamics for Astrophysics, H. Spruit, https://arxiv.org/abs/

1301.5572
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