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The surface flux transport (SFT) model

Radial magnetic field on the solar surface behaves like a passive scalar.

Leighton [1964]

‣ Large-scale flows include differential rotation and meridional flow.

‣ Small-scale convective flows are parametrised by (uniform) diffusion.

‣ The source term (emerging active regions) is imposed rather than determined 
self-consistently.

e.g. “butterfly diagram” showing longitude-averaged field



Focus: predicting the polar field

‣ The end-of-cycle polar field is often quantified by the axial dipole moment:

‣ For this application it suffices to solve the longitude-averaged equation:

‣ Rest of this talk:

1. Flow parameters 
2. Source term 
3. Physical justification



1. Flow parameters



The importance of meridional flow

‣ More realistic large-scale fields are obtained 
if a large-scale poleward flow is included.

e.g. Sheeley [2005]

‣ This term permits non-trivial (almost-)steady states:

DeVore, Sheeley & Boris [1984] 
van Ballegooijen, Cartledge & Priest [1998]



Axisymmetric steady states

‣ The latitudinal profile can be computed directly.

‣ The amplitude cannot be computed directly as it also depends on the source term.

- Peak flow

at

T. Whitbread et al.: Parameter optimization for surface flux transport models
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Fig. 1. Three examples of the meridional flow profile in Eq. (3) for
v0 = 15 m s�1, p = 2 (cyan), p = 5 (magenta) and p = 10 (black).

the true functional form of the observed meridional circulation
is uncertain, particularly at high latitudes.

In order to define the initial conditions, we use the profile of
Svalgaard et al. (1978):

B (✓, 0) = B0 |cos ✓|7 cos ✓, (4)

where B0 is left as a parameter to be optimized. Figure 2 (red)
shows a crude fit of this expression to the observed profile from
1910 CR (blue). Whilst the observed profile is asymmetric across
the equator and reveals some activity present at the equator, the
prescribed profile represents a typical cycle minimum and en-
sures that the choice of initial profile is not hindering the opti-
mization process, but rather aiding it with some flexibility. With
this form of initial condition we can also be consistent across all
regimes. Optimization runs performed using the observed initial
condition show that the choice of initial condition in fact has a
negligible e↵ect on the optimal butterfly diagram.

2.2. Ground-truth data

As ground-truth data for optimization of the model, we use
radial-component magnetogram data from US National Solar
Observatory, Kitt Peak, in the form of full-disk images. Prior
to 2007 CR, these came from the Kitt Peak Vacuum Telescope,
while from 2007 CR onwards we use Synoptic Optical Long-
term Investigations of the Sun (SOLIS) data2. To minimize noise
in the polar regions of the map, we correct the butterfly diagram
by calculating a cubic spline interpolation at each latitude of an-
nual average measurements of high-latitude fields (poleward of
±75�) which were observed with a preferable solar rotation axis
tilt angle. A combination of real and interpolated data is used
for the regions between ±60� and ±75� (see Petrie 2012). The
resulting butterfly diagram is interpolated onto a uniform time
grid at daily intervals. This is averaged over periods of 27 days,
smoothed using a Gaussian filter to bring the unsigned flux down
to a comparable level to the simulation, and finally sampled at
the resolution of once per Carrington rotation. It should be noted
that recently the SOLIS magnetograms were uniformly repro-
cessed and recalibrated. The butterfly diagram used here was
made after this reprocessing.
1
https://dataverse.harvard.edu/dataverse/solardynamo

2
http://solis.nso.edu/0/vsm/vsm_maps.php
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Fig. 2. Comparison between initial magnetogram (blue) and the profile
given in Eq. (4) (red) with B0 = 8 G.

2.3. Optimization algorithm

To search for optimal parameter sets where the model matches
the observed butterfly diagram, we use the genetic algorithm
PIKAIA 1.2. It was written by Charbonneau & Knapp (1995)
at the High Altitude Observatory (HAO) of the National Center
for Atmospheric Research (NCAR) and is publicly accessible3.
PIKAIA is an evolutionary algorithm originally written in

FORTRAN-77. It is particularly e↵ective for multimodal opti-
mization problems, taking advantage of crossover and mutation
operators which can induce jumps in parameter space, allow-
ing for greater exploration and reducing the chances of getting
trapped at a local maximum which is not the global maximum.

The algorithm generates multiple random parameter sets,
each entry within a user-defined range, and performs a model
simulation for every parameter set, or “population member”. The
population are ranked by “fitness” according to a user-defined
“fitness function” which, in the case of model optimization,
would usually be a comparison between a real reference case
map and a model-generated map.

The highly ranked population members have a greater
chance of being selected for the crossover or “breeding” process
whereby sections of corresponding parameter strings from two
members are interchanged to produce “o↵spring”, with the aim
being that an individual will be produced with desirable features
of both “parents” and become the fittest in the population. To
increase variability and hence the likelihood for population im-
provement, random mutation is included, though this is a much
slower process than crossover.

The crossover-mutation process is run over a user-defined
number of generations. Whilst PIKAIA is inherently stochastic
and so finding an “acceptable” fit is never guaranteed, a large
enough choice for the evolution period should ensure that the
combined e↵ect of the crossover and mutation operators has
enough time to discover su�ciently fit population members.

For a more detailed introduction to PIKAIA and genetic al-
gorithms in general, see Charbonneau (2002a,b).

In order to reduce the duration of computationally in-
tensive optimizations, Metcalfe & Charbonneau (2003) created
MPIKAIA , a freely accessible implementation of PIKAIA 1.2 in

3
http://www.hao.ucar.edu/modeling/pikaia/pikaia.php
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e.g. Yeates [2020]

where

- Almost-steady state solution 
[decays only due to jump at equator]



Parameter optimization

‣ Recent optimization studies have explored the parameter space of both (meridional) 
flow speeds and profiles as well as D by fitting to observed synoptic data.

With observed sources for Cycles 21-24: Whitbread et al. [2017]

With synthetic source (1d model): Petrovay & Talafha [2019]

With BMR sources for Cycle 21: Lemerle, Charbonneau & Carignan-Dugas [2015]

‣ Optimal flow profiles are consistent with observations.
A&A 607, A76 (2017)
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Fig. 11. Axial dipole moments calculated from observed data (blue),
the parameter set in Table 1c (green), and the parameter set in Table 1d
(brown).

(MDI; Scherrer et al. 1995). The data were supplied as coe�-
cients of the following parametrization:

v (✓) =
⇣
C0 +C1 cos ✓ +C2 cos2 ✓ +C3 cos3 ✓ +C4 cos4 ✓

+C5 cos5 ✓
⌘

sin ✓. (10)

The meridional flow measurements for each Carrington rota-
tion are shown in Fig. 12 (blue curves). The observations tend
to follow either a fast or slow flow, highlighted by denser blue
areas, indicating the dependence on time and that the flow tran-
sitions between the two extremes throughout the cycle. Addi-
tionally, for a small number of Carrington rotations an equator-
ward counterflow is observed at high latitudes, though it should
be noted that such a counterflow was not visible in HMI data
(Hathaway & Upton 2014). The choice of flexible profile in
Eq. (3) does not allow for this phenomenon.

The optimal profile using the parameters from the 1D op-
timization in Table 1a is shown in purple in Fig. 12 for com-
parison. Whilst the observed and optimal profiles are similar in
shape, the optimal profile is too fast and reaches its peak at a
slightly lower latitude. Moreover, the observed profiles tend to
extend beyond ±75� but the optimal profile chooses to go to zero
throughout the polar regions, giving a possible explanation as to
why many SFT models incorporate this feature. Furthermore, the
1D optimal profile remains almost completely within the bounds
given by the observations, excluding at its peak in the northern
hemisphere for which asymmetry in the observations can be held
responsible.

The green and brown profiles in Fig. 12 represent the optima
for the 2D model excluding and including exponential decay re-
spectively. Both profiles are fully contained within the observa-
tional limits, except for a small section of the brown curve in
the southern hemisphere which is due to a lower than average
maximum velocity. Of the three optimal profiles, the 2D regime
without decay matches the average observed profile the clos-
est, whilst the decay-enhanced flow is slightly slower (though
Hathaway & Rightmire 2010, observed speeds of 8 m s�1 at cy-
cle maximum). It does, however, continue to latitudes poleward
of ±70�, almost emulating the observational data. One limitation
of tracking magnetic features to measure the meridional flow is
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Fig. 12. Comparison of various meridional flow profiles: observed for
each CR (blue), 1D optimum (purple), 2D optimum (green) and 2D
optimum with decay (brown).
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Fig. 13. Comparison of average observed (blue) and fitted (red) merid-
ional flow profiles.

that it is not always easy to distinguish between the e↵ects of the
meridional flow and the e↵ects of supergranular di↵usion. For
this reason, flows derived from feature tracking tend to peak at
higher latitudes (e.g., Dikpati et al. 2010, Fig. 1), giving a possi-
ble explanation as to why the observed curves in Fig. 12 tend to
peak at higher latitudes than the modelled curves.

We use a non-linear least-squares fitting method to fit the
parametrized form of the meridional flow in Eq. (3) to the aver-
age observed coe�cients given by David Hathaway to ensure it
is actually possible to match the observed profile. The average
observed and fitted profiles, shown in Fig. 13 (blue and red re-
spectively), match closely for v0 = 11.3 m s�1 and p = 1.87,
and slight asymmetry in the average observed profile is con-
firmed. This value of p is close to that of Muñoz-Jaramillo et al.
(2009) and is within the acceptable ranges for p in the above
2D regimes, but is outside the equivalent range in the 1D opti-
mization run, whence we infer that the 1D model requires the
maximum velocity to be closer to the equator than is observed.
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e.g. Whitbread et al. [2017]

observed flow profiles from 
magnetic feature tracking 
(D. Hathaway)

optimum BMR model

optimum model

optimum model 
with decay



Parameter optimization

‣ Recent optimization studies have explored the parameter space of both (meridional) 
flow speeds and profiles as well as D by fitting to observed synoptic data.

With observed sources for Cycles 21-24: Whitbread et al. [2017]

With synthetic source (1d model): Petrovay & Talafha [2019]

circulation profile chosen above and only u0 and ηR as free
parameters. We cover the whole domain with 10,000 solutions
and obtain the two-dimensional landscape illustrated in
Figure 8.

The maximum fitness obtained lies 1% lower than the
original 0.45max

2c =- , due to the use of a slightly suboptimal
w = 8 in our final surface flow profile. Nonetheless, a clear
peak rises above the 93% max

2c- ring, within the intervals
u 10, 16 m s0

1[ ]Î - and 250, 500 km sR
2 1[ ]h Î - . These

values both roughly correspond to those found in the literature,
though ηR does not include the 600 km s2 1- used in the
reference case and typical of many studies (e.g., Wang
et al. 1989b; Mackay et al. 2002). The acceptable combinations
of the two parameters form an elongated ridge, already
noticeable in the equivalent plot of Figure 5, now with a much
higher linear correlation of 0.81. This positive interdependence
illustrates the aforementioned delicate balance between

advection and diffusion. In fact, a faster latitudinal flow gives
less time for cancellation to occur between opposite polarities
of the BMRs before they reach the poles, thus requiring a
higher diffusivity. Similarly, mid-latitude flux strips will keep
the same width with a higher diffusivity, provided the flux is
transported more quickly. This balance is also required at the
poles, where a stronger flow would squeeze the magnetic cap to
higher latitudes if it were not for a higher diffusivity.
The best linear fit to this final restrained region gives a slope

of 0.037, such that parameters u0 and ulog 0.037R 0–h are
nearly independent. As a final numerical constraint to those two
parameters, we have u 120

4
2

= m s 1- and
350 70 10R

u0.037 120( ) · ( )h = - km s2 1- , with an overall range
of [250, 500] km s2 1- for ηR. These intervals correspond to a
magnetic Reynolds number R 24m

6
5

= .
These numerical values overlap with results obtained in

analyses of advection–diffusion-based SFT simulations by
Wang et al. (1989b) and Wang & Sheeley (1991), who found
values of ηR = 600 200 km s2 1- and u0 =10 3 m s 1-

to to be required for reproducing the evolution of polar field
strengths, dipole strengths, and large-scale open magnetic flux,
as well as values of ηR = 600 km s2 1- and u0 = 11 m s 1- used
by Baumann et al. (2004) as a reference case. However, their
latitudinal flow profiles are to be excluded by the interval of
optimal profiles described above. On the other hand, Wang
et al. (2002b) found ηR ;500 km s2 1- , with a surface flow
profile (see Figure 1) that fits the optimal constraints detailed in
Table 1, but an amplitude u0 ;20 25 m s 1- - that is definitely
outside our fitted boundaries. Alternatively, random-walk-
based surface flux evolution models tend to lead to smaller
diffusion coefficients (see, e.g., Schrijver (2001) who found ηR
;300 km s2 1- , and Thibault et al. (2014) who used ηR ;
416 km s2 1- ). Furthermore, for the lower range of u0, our result
for ηR overlaps with indirect measurements by, e.g., Mosher
(1977) and Komm et al. (1995), who obtained values in the
range ;100 300 km s2 1- - (see also Schrijver & Zwaan 2000,
Table 6.2 for a compilation of published diffusion coefficients).
Last, but certainly not least, our optimal meridional flow
amplitude is in agreement both with the tracking of surface
magnetic features by Komm et al. (1993; u0 ;13.2 m s 1- ) for
cycle 21 and with Doppler determinations of Ulrich (2010;
u0 ; 14 16 m s 1- - ) for cycles 22 and 23.

3.6. Variable Meridional Flow

In Section 3.4 we explained how even our optimal solution
does not perfectly reproduce some of the polar surges and mid-
latitude flux strips observed for cycle 21. While we have
already explored in detail the possible latitudinal variations of
the meridional flow speed, one explanation for the discrepan-
cies could come from some temporal variability. Such time
dependence of the flow is in fact observed (see, e.g.,
Ulrich 2010), both in amplitude and shape.
We use our optimization procedure to test for possible

improvements to the best-fit solution by allowing for temporal
variations of the meridional flow amplitude. We opt for a
piecewise-continuous representation of the flow parameter u0,
by successively separating the cycle into M = 2, M = 4, and
M = 8 contiguous segments of equal duration, each such
interval having its own value u m0, . As in the previous W21-2
analysis, we keep the initial condition (B0), decay time (τR),
and meridional flow profile (parameters q, v, and w) fixed,

Figure 8. Fitness 2c- as a function of parameters u0 and Rh , from optimization
W21-2. Thick black lines indicate the position of the best solution. Thin
vertical blue lines indicate the parameter values where fitness reaches
93% max

2c- , such that any solution above the blue line or inside the blue ring
is considered acceptable.
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The Astrophysical Journal, 810:78 (18pp), 2015 September 1 Lemerle, Charbonneau, & Carignan-Dugas

With BMR sources for Cycle 21: Lemerle, Charbonneau & Carignan-Dugas [2015]

‣ Optimal flow profiles are consistent with observations.

‣ There is a degeneracy between flow speed and D.

e.g. Lemerle, Charbonneau & Carignan-Dugas [2015]

‣ Fit can be further improved by varying the flow 
speed between solar cycles (or even within a 
cycle).



2. Source term



Contribution of an individual bipolar magnetic region (BMR)

‣ Since the SFT equation (1D or 2D) is linear, the polar field is the sum of solutions 
for each individual active region source.

10 Duncan H. Mackay and Anthony R. Yeates

where ⌦(✓) and u(✓) represent the surface flows of di↵erential rotation and meridional flow, re-
spectively, which passively advect the field, D is the isotropic di↵usion coe�cient representing
superganular di↵usion, and finally S(✓,�, t) is an additional source term added to represent the
emergence of new magnetic flux. Figure 2 illustrates two numerical solutions to the flux transport
equation when S = 0. Both are initialised with a single bipole in the northern hemisphere, which
is then evolved forward in time for 30 solar rotations. The simulations di↵er only in the tilt of
the initial bipole: in the left column, the bipole satisfies Joy’s law, while in the right column both
polarities lie at the same latitude. The e↵ect of Joy’s law has a significant impact on the strength
and distribution of Br across the surface of the Sun and, in particular, in the polar regions.

A wide range of studies have been carried out to determine the best fit profiles for the advection
and di↵usion processes (see DeVore et al., 1985b,a; Wang et al., 1989b; van Ballegooijen et al.,
1998). The parameter study of Baumann et al. (2004) demonstrates the e↵ect of varying many of
the model parameters. The most commonly accepted values are the following:
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Figure 2: Evolution of the radial component of the magnetic field (Br) at the solar surface for a single
bipole in the northern hemisphere with (a) – (c) initial tilt angle of � = 20° and (d) – (f) � = 0°. The surface
distributions are shown for (a) and (d) the initial distribution, (b) and (e) after 15 rotations, and (c) and
(f) after 30 rotations. White represents positive flux and black negative flux and the thin solid line is the
Polarity Inversion Line. The saturation levels for the field are set to 100 G, 10 G, and 5 G after 0, 15, and
30 rotations, respectively.
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the model parameters. The most commonly accepted values are the following:

(a)

(c)

(b) (e)

(f)

(d)

Figure 2: Evolution of the radial component of the magnetic field (Br) at the solar surface for a single
bipole in the northern hemisphere with (a) – (c) initial tilt angle of � = 20° and (d) – (f) � = 0°. The surface
distributions are shown for (a) and (d) the initial distribution, (b) and (e) after 15 rotations, and (c) and
(f) after 30 rotations. White represents positive flux and black negative flux and the thin solid line is the
Polarity Inversion Line. The saturation levels for the field are set to 100 G, 10 G, and 5 G after 0, 15, and
30 rotations, respectively.
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‣ Active regions which are more 
tilted or closer to the equator 
contribute more to the polar field.
cf. “rogue regions”:  
Cameron et al. [2013]; Nagy et al. [2017]

e.g. Yeates, Baker & 
van Driel-Gesztelyi 
[2015]

Source of a Prominent Poleward Surge 3197

Figure 7 Longitude-averaged
Br in the three simulations of an
identical region emerging at
different latitudes. (Yellow shows
positive, blue negative flux.)

Figure 8 North polar flux
[!NP (t)] and axial dipole
moment [b1,0(t)] as a function of
time for the three simulations of
an identical region emerging at
different latitudes.

choose the strong-flux region emerging in CR 2107 (i.e. in the third column of Figure 5).
Figure 7 shows three butterfly diagrams obtained in such single-region simulations, when the
complex is placed i) at its observed latitude λ = λ0 ≡ 24◦N, ii) at λ = λ0/2, and iii) at λ = 0.
For the same three runs, Figure 8 shows both the polar flux [!NP(t)] and the axial dipole
[b1,0(t)] as functions of time. The latter can be compared to Figure 6 of Jiang, Cameron, and
Schüssler (2014) and Figure 4 of Wang and Sheeley (1991).

From Figures 7 and 8 we see the following behaviour:

i) The polar flux does not (in general) decay to zero, but reaches an asymptotic steady state
after about six years, which is symmetric between the two hemispheres. (This results
from a balance between equatorward diffusive transport and poleward meridional flow;
DeVore, Boris, and Sheeley 1984.)

ii) Placing the emerging region nearer the Equator leads to a higher asymptotic value of the
polar field. (The exact latitudinal dependence is determined by the chosen meridional-
flow profile and supergranular diffusivity.)
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Dipole amplification factor

‣ For a BMR (bipolar magnetic region) source, the dipole “amplification” is 
approximately a Gaussian function of emergence latitude.

– ratio                 

Jiang, Cameron & Schüssler [2014]
In the present work we focus on issues (1a), (1b) and (2a).

Issue (2b) will be dealt with in a companion paper.

3 Calculating the ultimate dipole contribution
of active regions

The dependence of the asymptotic dipole contribution factor
f1 on latitude was first considered by Jiang et al. (2014a). In a
series of numerical experiments with one particular SFT model
they found a Gaussian dependence on latitude:

f1 ¼ A exp ð#k20=2k
2
RÞ: ð7Þ

In what follows, kR will be referred to as the dynamo effectivity
range of active regions.

Let us consider whether this conclusion holds generally for
other SFT model setups. In Figure 2 the results of a similar set
of experiments for different model setups are shown: in addition
to Jiang et al.’s original setup, the other SFT models used were
those of Lemerle et al. (2015), Lemerle & Charbonneau (2017),
Whitbread et al. (2017) and Wang (2017). It is apparent that the
Gaussian dependence identified by Jiang et al. (2014a) holds
generally. Indeed, even in an SFT model where active region
shapes are determined by assimilation rather than fitted with
bipoles, Whitbread et al. (2018) still found a Gaussian. In all
these cases, however, the width and amplitude of the Gaussian
are different. It was indeed already found by Nagy et al. (2017)
that the dynamo effectivity range in the case of the Lemerle &
Charbonneau (2017) setup was significantly wider than
expected from the results of Jiang et al. (2014a).

In order to understand the dependence of kR and A on model
parameters we determine these parameters on a large grid of
SFT models. Our model grid is essentially identical to the grid
considered by Petrovay & Talafha (2019), except that here we
limit ourselves to models with effectively no decay term
(s = 1000 years) as the effect of s has already been separated
in the exponential factor in equation (4). Four types of flow pro-
files are considered (cf. Fig. 3).

Flow 1: a simple sinusoidal profile

u ¼ u0 sin ð2kÞ ð8Þ

Flow 2: a sinusoidal profile with a dead zone around the
poles

u ¼
u0 sin ðpk=k0Þ if jkj < k0
0 otherwise

!
ð9Þ

Flow 3: The Lemerle & Charbonneau (2017) profile
peaking at high latitudes,

u ¼ u0
u%0

erf ðV cos kÞ erf ðsin kÞ u%0 ¼ 0:82 V ¼ 7 ð10Þ

Flow 4: A profile peaking at very low latitudes, considered
by Wang (2017):

u ¼ 1:08 u0 tan hðk=6&Þ cos2 k ð11Þ

For each of the profiles, u0 was allowed to vary between 5 and
20 m/s in steps of 2.5, while g varied from 50 to 750 km2/s in

steps of 50. From numerical runs like the one plotted in Figure 1
the values of kR and A were determined for each model.

Experimenting with different simple combinations of the
input and output parameters we find the clearest relationship
in the case plotted in Figure 4. Here,

!u ¼
1
R
du
dk

""""
k¼0

ð12Þ

is the divergence of the meridional flow at the equator.
The finding that the single parameter combination g/Du

determines f1 for all but one of our 2-parameter model grids,
irrespective of the choice of the meridional flow profile is an
impressive and somewhat unexpected result which calls for a
theoretical interpretation.

Fig. 2. Dependence of the asymptotic dipole contribution factor f1
of bipolar sources on their latitude in various SFT model setups.
Solid lines are Gaussian fits to the numerical results.

Fig. 3. The meridional flow profiles used in the paper.

K. Petrovay et al.: J. Space Weather Space Clim. 2020, 10, 50
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Mathematical justification: 
Petrovay, Nagy & Yeates [2020]

‣ Width depends on the transport parameters:

‣ Derivation works by noticing that: 
1. Net flux across equator is key; 
2. Near equator we can use a Cartesian 

approximation where SFT equation can 
be integrated exactly.

‣ This determines which active regions are important for the global dipole.
Concept of “ARDoR” (active region degree of rogueness) – Petrovay et al. [2020]

Generalised to non-BMRs by Wang, Jiang & Wang [2021]



Effect of non-bipolarity

‣ In reality, irregular-shaped regions may have different dipole amplification.
e.g. asymmetric polarities Iijima, Hotta & Imada [2019]; delta-spot regions Jiang et al. [2019]

Study comparing HMI/SHARPs 
with fitted BMRs Yeates [2020]

  119 Page 14 of 19 A.R. Yeates

Figure 8 Dipole amplification by the 10-year evolution for (a) the BMR approximation, and (b) the
SHARPs, shown as a function of absolute latitude of the initial region. A least-squares fit to (a) is shown
in both panels. In (b) there are a small number of extreme outliers not shown: the actual minimum value is
−343.8 and the maximum is 75.3.

Figure 9 The four regions with largest disparity |bBf
1,0 − bSf

1,0| in the predicted asymptotic dipole moment,
showing their SHARPs (first column), approximating BMRs (second column), longitudinal averages (third
column) and predicted evolution of their axial dipole moment (fourth column). In the third and fourth columns
the red line shows the SHARP and the grey line the BMR.
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Fitted BMRs SHARPs

‣ Fitting BMRs with matching dipoles leads to 24% overestimate of end-of-cycle dipole.



3. Physical justification



Derivation from MHD induction equation
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(i) Assume photospheric field concentrated 
in kG flux tubes:
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1. Assuming ur = 0, first term gives
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2. Simple conservation laws imply photospheric B is approximately radial:
van Ballegooijen & Mackay [2007]

Inserting expression (2) into equation (1) yields the equation
for the magnetic helicity density

@

@t
A0 =B0ð Þ þ:=

!
A0 < (v0 < B0 þ E0)

$2!4B
2
0:"0

"
¼ 0: ð4Þ

This is a conservation equation; the quantity in square brackets
is the helicity flux. Unless magnetic helicity is injected into the
system through the side boundaries, the total helicity H0 &R
A0 =B0 dV is conserved. Therefore, expression (2) is consistent

with the conjecture by Taylor (1974) that the magnetic helicity of
a high Reynolds number plasma should be approximately con-
served. Our approach is also consistent with the results of Berger
(1984), who obtained strict limits on the rate of helicity decay in
an isolated plasma and found that the timescale for helicity dis-
sipation is much longer than that for energy dissipation.

Note that the hyperdiffusion term in equation (2) has no effect
when "0 is constant in space. Therefore, hyperdiffusion describes
the relaxation of the mean magnetic field toward a linear force-
free state (Taylor 1974). Such a process is believed to occur on the
Sun (Nandy et al. 2003), but the corona does not actually reach a
linear force-free state, because there are other processes (such as
reconnection due to photospheric flux cancellation) that drive the
corona away from constant "0. In fact, solar flares appear to be
associatedwith regions that have a high gradient of"0 (Hahn et al.
2005).

Hyperdiffusion is needed in our simulations to prevent the
coronal fields from becoming too twisted during the decay phase
of the active region. In an earlier simulation (Mackay & van
Ballegooijen 2006a) we used a standard isotropic diffusion !i to
achieve essentially the same goal. However, magnetic helicity
may not be conservedwhen isotropic diffusion is present (Berger
& Field 1984); therefore, we replace it with hyperdiffusion. One
problem with this approach is that there is no well-developed
theory for computing either the isotropic diffusion !i or the hyper-
diffusivity !4 in the corona. We suggest that hyperdiffusion may
be driven by random motions of the photospheric footpoints of
coronal field lines. This implies that !4 scales with the step size ‘
and correlation time #c of the random motions; on dimensional
grounds, !4 ' ‘4 /#c. However, the numerical constant in such a
relationship is highly uncertain. Therefore, in the present paper
we simply assume !4 ¼ 1011 km4 s$1, constant in space and time.
The timescale # for the effects of hyperdiffusion to be comparable
to those of subsurface diffusion is given by # ¼ !4 /! 2

2 ¼ 3:2 days.

3. COUPLING BETWEEN CONVECTION
ZONE AND CORONA

For magnetic fields of active region scale, the photosphere is
effectively an interface between subsurface and coronal fields
(Longcope&Welsch 2000). Figure 1 illustrates themagnetic struc-
ture of this layer. In the CZ (height <0) the magnetic field is
concentrated into kilogauss ‘‘flux tubes’’ that are surrounded by
nearly field-free plasma; the magnetic filling factor f T1. Let
B0;cz($;%; t) be the mean magnetic field at the top of the CZ, then
the filling factor is given by

f ($;%; t) ¼ jBr;0;czj=Bmax; ð5Þ

where Bmax ¼ 1500 G is the typical field strength inside the flux
tubes.Assuming that neighboringflux tubes are roughly co-aligned,
the actual field inside the flux tubes is given by Btube ¼ B0;cz /f .

The flux tubes expand with height, and in the upper chromo-
sphere and corona (height >1 Mm) the magnetic field fills all
available space. Let B0;cor($; %; t) be the mean magnetic field in
the low corona. Now consider an imaginary box (Fig. 1, dashed
rectangle) with its lower boundary in the CZ and its upper bound-
ary in the upper chromosphere or corona. Continuity of magnetic
flux requires that the mean vertical field at the top of the box
equals that at the bottom,

Br;0;cor ( Br;0;cz: ð6Þ

Furthermore, in equilibrium the forces exerted on the box at the
top and bottom must equal the force of gravity,

Z

cor

S = r̂ dO$
Z

cz

S = r̂ dOþ mggg ¼ 0; ð7Þ

where the integrals are over the top and bottom surfaces of the
box,m is the mass within the box, ggg is the acceleration of gravity,
and S is the stress tensor

S & $ pþ B2

8&

# $
' þ BB

4&
; ð8Þ

where p is the gas pressure and ' is the unit tensor. The horizontal
$-component of equation (7) yields

Br;0;corB$;0;cor ¼ fBr;tubeB$;tube ¼ Br;0;czB$;0;cz=f ; ð9Þ

and it is similar for the %-component, where we take into account
that the flux tubes cover only a fraction f of the bottom area of the
box. Combining this with equation (6) yields

B$;0;cz ¼ fB$;0;cor; B%;0;cz ¼ fB%;0;cor; ð10Þ

i.e., the horizontal components of the mean field in the CZ are a
fraction f of those in the corona. This is a key feature of ourmodel
because it forces the mean field to be nearly radial at the top of
the CZ (van Ballegooijen 1997).

4. NUMERICAL MODEL

A numerical model for the evolution of!-loops is developed.
Only the decay phase of the loops is considered; the earlier rise
of an !-loop through the CZ and its emergence into the solar at-
mosphere are not considered. In the following we describe some
of the key features of the model.

Fig. 1.—Magnetic stress balance at the photosphere.
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Derivation from MHD induction equation

Assuming                         on the photosphere, and using                  , gives
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Additional “radial diffusion” term 
missing from SFT

3. The diffusion term leads to an additional radial gradient term:
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2. Simple conservation laws imply photospheric B is approximately radial.

1. Assuming ur = 0, first term gives
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Effect of the missing radial diffusion?

‣ This term can have either sign, depending on         and on the shape of the 
subsurface magnetic field.
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T. Whitbread et al.: The need for active region disconnection in 3D kinematic dynamo simulations

Fig. 6. Snapshots of magnetic field lines from simulations using the KD3 (top row), quenching (second row), MLT (third row) and constant
(bottom row) di↵usion profiles. For the first three profiles, the left-hand column shows the case where the region is connected to the base, and the
middle column shows the simulation with a disconnected initial condition. The black dashed line is the top of the domain, above which is shown
a potential-field extrapolation. Right-hand column: evolution of magnetic flux at the surface, compared to a 1D surface model (green dashed line).
The bottom row (constant ⌘) compares the e↵ects of potential (blue) and radial (red) boundary conditions but using the same connected initial
condition.
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‣ e.g. if active regions remain connected to the base of the convection zone, 
this slows diffusion of Br at the surface: Whitbread, Yeates & Muñoz-Jaramillo [2019]



Effect of the missing radial diffusion?

‣ This term can have either sign, depending on         and on the shape of the 
subsurface magnetic field.
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‣ e.g. if active regions remain connected to the base of the convection zone, 
this slows diffusion of Br at the surface.

‣ The crudest model is a uniform exponential decay.
<latexit sha1_base64="UFMwbpqk9xYAoX9CbcKRjHzL+vc="></latexit>

�Br

⌧

Proposed to fix long-term drift of polar field: Schrijver, DeRosa & Title [2002]

example, discuss the differential effects of solar and geomag-
netic contributions to the 10Be concentration in arctic and
antarctic ice cores; these effects significantly affect the rela-
tive amplitude of the signal on the timescales of interest, fur-
ther modulated by local climate patterns). Furthermore,
there are uncertainties in the solar activity model and in the
choice of an exponential flux decay profile that preclude a
good fit on timescales of just a few years. We therefore test
results after boxcar-averaging with a 15 yr window to
smooth out the individual sunspot cycles.

The heliospheric field is derived from the simulation out-
put by a commonly used potential field extrapolation in
which the simulated surface-flux patterns are extrapolated
out to a spherical source surface located at 2.5R! (Schatten,
Wilcox, & Ness 1969; Zhao & Hoeksema 1995). At this
hypothetical source surface, the field is assumed to be purely

radial and to connect to the Parker spiral formed by the
open field of the heliosphere. This open flux typically origi-
nates from the polar-cap fields and the largest scales in the
lower latitude fields; which of these dominates depends on
the phase of the sunspot cycle. This technique has been suc-
cessfully applied to approximate the heliospheric field and
associated wind streams (e.g., Wang, Hawley, & Sheeley
1996). Note that we do not extend our comparison into the
Maunder minimum, because the source-surface model or its
parameters may need to be modified then; we focus on data
from 1700 onward.

The correlation coefficient for fits of the model helio-
spheric flux to the 10Be ice-core data increases substantially
with !d. The optimal value is found for !d ¼ 2:8 yr at a cor-
relation coefficient of#0.73. That case, however, results in a
toal flux over the polar regions that is too low compared to
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For a single cycle, whether it is needed depends on the model:  
Petrovay & Talafha [2019] vs. Whitbread et al. [2017] or Yeates [2020]



Effect of the missing radial diffusion?

‣ This term can have either sign, depending on         and on the shape of the 
subsurface magnetic field.
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‣ e.g. if active regions remain connected to the base of the convection zone, 
this slows diffusion of Br at the surface.

‣ The crudest model is a uniform exponential decay.
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‣ An improved model is to assume uniform diffusion (no flow) in the convection zone.
Baumann, Schmitt & Schüssler [2006]

Spherical harmonic modes with higher wavenumber decay faster.
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⌘ = 100 km2s�1For                             the largest scale mode decays in about 5.2 years.
I. Baumann et al.: A necessary extension of the surface flux transport model 311
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Fig. 2. Evolution of the north polar field (average above 75◦ latitude) for a sequence of synthetic cycles with the flux emergence rate taken
proportional to the sunspot numbers since 1700 (full line) and 1750 (dotted line), respectively, for different values of the volume diffusivity, η.
The top panel (η = 0) shows the strong drift of the polar field resulting from the secular increase of solar activity during the last century (see
also Schrijver 2001). Finite values of η reduce the secular effect and lead to more symmetric variations, as observed; the volume diffusion term
also largely removes the dependence of the results on the initial conditions (difference between full and dotted lines).

starting from 1750, represented by the dotted line. In the case
η = 0 (no volume diffusion), the long memory of the system
leads to a drift of the polar fields in the 20th century due to the
secular increase of solar activity, so that the oscillations become
very asymmetric, in striking contrast to the observed evolution
of the polar fields. Finite values for η of the order 100 km2 s−1

lead to more symmetric oscillations and a suppression of the
unrealistic drift. The amplitude of the simulated polar field in
the last cycles for a value of η = 100 km2 s−1 is roughly consis-
tent with the published observational data, which indicate am-
plitudes for the field strength of 10–20 G (e.g., Wang & Sheeley
1995; Arge et al. 2002; Dikpati et al. 2004; Durrant et al. 2004).
Comparing the two runs with different starting times (full line
and dotted line), we find that the long memory of the system in
the case η = 0 leads to a significant difference between these
two runs. For η ! 0, on the other hand, there is almost no de-
pendence on the initial condition after a few cycles.

5. Polar field reversal times

Having shown that the decay term prohibits drifts and an un-
realistic long-term memory of the polar fields for values of η
of the order of 100 km2 s−1, we now consider its effect on the
calculated reversal times of the polar fields and compare quan-
titatively with observational results.

5.1. Synthetic cycles

In order to illustrate the effect of the decay term on the reversal
times, we consider synthetic cycles of equal strength and de-
termine the reversal times of the polar field in dependence on
the value of η. In addition, we also consider the averaged (un-
signed) field over the whole surface, Btot, and the maximum po-
lar field during a cycle. The absolute values of the field strength
are arbitrary; here we are only concerned with the dependence
on η. Figure 3 shows: Btot for cycle maxima and minima, re-
spectively (Fig. 3a), the maximum polar field (Fig. 3b), and the
reversal time in years after the previous flux emergence (activ-
ity) minimum (Fig. 3c), all as functions of η.

While the average surface field during cycle maxima varies
only slightly with η, there is a somewhat stronger decline of
the values during cycle minima (Fig. 3a), similar in proportion
to the decline of the maximum polar field with increasing η
(Fig. 3b). This results from the fact that, during activity min-
imum, both the polar and the total field are dominated by the
dipole mode, which suffers from enhanced decay due to vol-
ume diffusion. A strong effect of the value of η on the polar
reversal times is clearly visible in the lower panel. For increas-
ing η, the reversals occur earlier after cycle minimum, varying
between 5.1 years for η = 0 and 2.8 years for η = 200 km2 s−1.
This results from the stronger decay of the polar field from the
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Fig. 2. Evolution of the north polar field (average above 75◦ latitude) for a sequence of synthetic cycles with the flux emergence rate taken
proportional to the sunspot numbers since 1700 (full line) and 1750 (dotted line), respectively, for different values of the volume diffusivity, η.
The top panel (η = 0) shows the strong drift of the polar field resulting from the secular increase of solar activity during the last century (see
also Schrijver 2001). Finite values of η reduce the secular effect and lead to more symmetric variations, as observed; the volume diffusion term
also largely removes the dependence of the results on the initial conditions (difference between full and dotted lines).
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leads to a drift of the polar fields in the 20th century due to the
secular increase of solar activity, so that the oscillations become
very asymmetric, in striking contrast to the observed evolution
of the polar fields. Finite values for η of the order 100 km2 s−1

lead to more symmetric oscillations and a suppression of the
unrealistic drift. The amplitude of the simulated polar field in
the last cycles for a value of η = 100 km2 s−1 is roughly consis-
tent with the published observational data, which indicate am-
plitudes for the field strength of 10–20 G (e.g., Wang & Sheeley
1995; Arge et al. 2002; Dikpati et al. 2004; Durrant et al. 2004).
Comparing the two runs with different starting times (full line
and dotted line), we find that the long memory of the system in
the case η = 0 leads to a significant difference between these
two runs. For η ! 0, on the other hand, there is almost no de-
pendence on the initial condition after a few cycles.

5. Polar field reversal times

Having shown that the decay term prohibits drifts and an un-
realistic long-term memory of the polar fields for values of η
of the order of 100 km2 s−1, we now consider its effect on the
calculated reversal times of the polar fields and compare quan-
titatively with observational results.

5.1. Synthetic cycles

In order to illustrate the effect of the decay term on the reversal
times, we consider synthetic cycles of equal strength and de-
termine the reversal times of the polar field in dependence on
the value of η. In addition, we also consider the averaged (un-
signed) field over the whole surface, Btot, and the maximum po-
lar field during a cycle. The absolute values of the field strength
are arbitrary; here we are only concerned with the dependence
on η. Figure 3 shows: Btot for cycle maxima and minima, re-
spectively (Fig. 3a), the maximum polar field (Fig. 3b), and the
reversal time in years after the previous flux emergence (activ-
ity) minimum (Fig. 3c), all as functions of η.

While the average surface field during cycle maxima varies
only slightly with η, there is a somewhat stronger decline of
the values during cycle minima (Fig. 3a), similar in proportion
to the decline of the maximum polar field with increasing η
(Fig. 3b). This results from the fact that, during activity min-
imum, both the polar and the total field are dominated by the
dipole mode, which suffers from enhanced decay due to vol-
ume diffusion. A strong effect of the value of η on the polar
reversal times is clearly visible in the lower panel. For increas-
ing η, the reversals occur earlier after cycle minimum, varying
between 5.1 years for η = 0 and 2.8 years for η = 200 km2 s−1.
This results from the stronger decay of the polar field from the
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Outlook

‣ The SFT model is one of the success stories of 20th Century Solar Physics!

‣ Some outstanding issues:

‣ More accurate models of convection? 
cf. Worden & Harvey [2000], Upton & Hathaway [2014]

‣ Importance/form of nonlinearities in flows/diffusion? 
cf. DeRosa & Schrijver [2006], Cameron & Schüssler [2010]

‣ Improving historical models? 
cf. Schrijver, DeRosa & Title [2002], Jiang et al. [2011], Virtanen et al. [2017]

‣ Improving data assimilation (e.g. far side)? 
cf. AFT model – Upton & Hathaway [2014]; ADAPT model – Hickman et al. [2015]

‣ Better coupling to dynamo models to “complete the loop”? 
e.g. Miesch & Dikpati [2014], Lemerle & Charbonneau [2017]
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