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CONTENTS 3

Preliminaries

These notes assume familiarity with vector calculus, in particular Gauss’ theorem and
Stokes’ theorem, as covered in Mathematical Methods IT (MATH2811). Two appendices
collect background material on vector calculus and on Dirac’s delta function. A third
appendix contains derivations used in Section 2.2.

Conventions,

Bold symbols (e.g. E, B, J, A, x) denote three-dimensional vectors.
We use Einstein summation for repeated indices.
Latin indices (a, b, 4, j,...) run from 1 to 3.

Greek indices (o, 5, , v, ... ) run from 0 to 3.

. . . . . 8 /
For partial derivatives we write d, = 57 and 9], = ETE
Unless stated otherwise, all fields are smooth and we freely commute partial deriva-

tives.

For the three-dimensional Levi-Civita symbol we take €103 = 1.

These notes are intended to be self-contained. For additional reading, the following
textbooks are excellent references,

D. J. Griffiths, Introduction to Electrodynamics.
E. M. Purcell and D. J. Morin, Electricity and Magnetism.

J. D. Jackson, Classical Electrodynamics.



§1 Introduction

These lectures broadly follow the historical development of electromagnetism, a theory
for the electric and magnetic fields, sourced by charge density p and current density J.
We begin with time-independent configurations, where the subject naturally splits into
electrostatics and magnetostatics and where E and B can be treated as distinct fields
governed by separate laws.

We then turn to electrodynamics, where this separation breaks down. Time depen-
dence ties electric and magnetic phenomena together through induction, and Maxwell’s
completion of the classical laws shows that E and B are intrinsically coupled components
of a single theory. In this sense, Maxwell’s theory,

v E="2, (1.0.1)
€0

VxE=-9B, (1.0.2)

V-B=0, (1.0.3)

V xXB=puyJ+ pugeo dE, (1.0.4)

was the first great example of unification in physics. It also brings into view a new organis-
ing principle, gauge symmetry. We will repeatedly see that gauge freedom is not merely a
calculational convenience, but a structural feature of the theory. After identifying suitable
degrees of freedom, we will connect with the first part of the module and derive these
equations from an action principle.

Finally, we refine this understanding by recognising that electromagnetism fits naturally
within special relativity. The relativistic viewpoint clarifies how electric and magnetic
fields transform between inertial frames and makes the unity of the theory manifest. It
also motivates an efficient formulation in terms of spacetime tensors, most notably the
electromagnetic field tensor F),,, which packages E and B into a single Lorentz-covariant
object and leads naturally to a compact statement of Maxwell’s equations.



§2 Electric Charge and its Transport Properties

§2.1 Charge and Current Density

Electric charge is a real number assigned to particles, characterising how they interact
with the electromagnetic field. Unlike mass, charge can be positive or negative; a neutral
particle does not couple to electromagnetic fields. The ST unit is the Coulomb (C), which
is a large unit. Note that the electron has charge ¢ = —e with ¢ = 1.6 - 107 C, while
quarks carry charges ¢ = 2¢/3 or ¢ = —e/3.

In a point-particle description, charge is concentrated at isolated points. In many
applications, however, it is convenient to treat charge as “smeared” along a wire, spread
over a surface, or distributed smoothly in space. To describe a time-dependent distribution
of charge we introduce the charge density p(t,x), which appears as a source in Maxwell’s
equations. By definition, p is charge per unit volume, so the total charge contained in a
region V C R? at time ¢ is,

Qv(t) = /Vp(t,X) d’x. (2.1.1)

Example 2.1.1. Point particles
Consider a point particle of charge q located at y(t). The corresponding charge density

p(t,x) must satisfy,
s, Jq ifyt)eV
/V,o(t,x)d X = {0 () EV (2.1.2)

Using the defining property of Dirac’s delta (Appendiz B), we can write p(t,x) = qd(x —
y(t)). For N particles at positions y;(t) with charges q;, this generalises to,

p(t, x) = Z g 0(x —yi(1)) . (2.1.3)

Electric current is the transport of charge. The current density J(t,x) is defined so
that, for an oriented surface S, the rate at which charge crosses S is,

Is(t) = /SJ(t,x) S (2.1.4)

As with p, one can describe currents confined to curves or surfaces, as well as currents
flowing throughout three-dimensional space; we discuss these cases in more detail in the
next subsection.

Example 2.1.2. Fluid flow
A charged fluid is described by its charge density p(t,x) and by a velocity field v(t,x). The
associated current density is J(t,x) = p(t,x) v(t,x).
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Figure 1: Flow of charged fluid through a small oriented surface element 9S.

To see this, consider the geometry in Figure 1. Let 6S = ndS be a small surface element
with unit normal 0, and let ¥ be the angle between v and n. In a short time dt, the fluid
travels a distance 6l = |v|dt along the direction of v. The amount of fluid between surfaces
051 and 0S5 occupies a thin slab of volume,

OV = (6S cos ) dl,

and crosses 0S. Note that we used that A = 0S5 cos? is the area of the projection of the
surface element perpendicular to the flow. The charge carried by this volume is §Q) = pdV,
hence,

0Q

Comparing with the definition (2.1.4) gives J = pv.

Example 2.1.3. The electromagnetic field exerts a force density f, = pE+J x B on a
charge density p and current density J.

To show this result, consider a small fluid element of volume 6V . The total charge
inside the element can be approximated by da = pdV resulting in a Lorentz force

0F, =0¢(E+v xB),
where v is the fluid velocity of the distribution. Substituting the expression for dq we have,

0FL = p(E+v x B) oV
= (pE+J xB)sV,

where in the second line we used J = pv, as we showed in Example 2.1.2. The last line
proves the desired result.

A fundamental property is that electric charge can neither be destroyed nor created, it
can only move from one region to another!. This statement of local charge conservation

!Electrically charged matter is described by complex fields for which internal rotations in the complex
plane that are constant in space and time constitute a symmetry. The continuity equation we will discuss
is nothing but the conservation law of the relevant Noether charge.
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can be phrased as follows. Let V be an arbitrary volume with closed boundary S = 0V
The rate of change of charge in V' is equal to minus the net current flowing out through S,

d

an(t) = —Is—ov(l). (2.1.5)
If Vr denotes the full volume of the system under consideration (for example Vi = R3 for
an infinite system), then @y, (¢) is the total charge. For an isolated system with no charge

exchange with the environment we impose lyy,.(t) = 0.
Using (2.1.1), we have,

—QV / Op(t, x) (2.1.6)
Using (2.1.4) and Gauss’ theorem,

Tseon () :fng(t,x)-dsz/vv-J@,x) dx (2.1.7)

where we used Gauss’ theorem to replace the surface integral by a volume integral of the
divergence. Because charge conservation should not depend on the choice of volume V/,
combining these expressions yields the continuity equation,

Aip(t,x) +V - J(t,x) = 0. (2.1.8)

Example 2.1.4. Current density of charged particles Returning to Example 2.1.1, the
natural expression for the current density is,

N
x) = Z(h yi(t) 0(x —yi(t)) . (2.1.9)
i=1
One can check directly that (2.1.3) and (2.1.9) satisfy (2.1.8). Using the chain rule,

dup(t,x) = quat x —yi(t quy, Vi(x —yi(1)), (2.1.10)

while,

quyl VO(x — yi(t)). (2.1.11)

The two contributions cancel, as required. Here (yl) denotes the jth component of the
velocity of the ith particle.
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Figure 2: A three-dimensional volume V intersecting a charged surface S.

§2.2  Charge on Lower Dimensional Surfaces

As noted in Section 2.1, charge and electric currents may be confined to curves or surfaces.
Maxwell’s equations, however, are written in terms of three-dimensional densities. In this
section we relate lower-dimensional descriptions to the corresponding three-dimensional
distributions.

We first consider charge distributed on a two-dimensional surface S with parameters
s1 and sy, so that points on the surface are given by an embedding x(s1, s2). The surface
charge density o(t, s1, s2) is defined so that the total charge on a patch S" C S is,

Qo (t) = / o(t,s1,82)dS, (2.2.1)

where,
dS = |851X<81, 82) X 852X<81, 82)| d81 d82 .

The corresponding charge density from the three-dimensional perspective is a distribution
supported on S,

p(t,x) = /Sé(x — x(s1, 82)) o(t, s1,82) dS. (2.2.2)

The delta function ensures that p(t, x) vanishes for x ¢ S, and this form is precisely what
reproduces the surface integral definition of charge when integrated over any test volume.
To check (2.2.2), let V' be a volume that intersects S as in Figure 2. Then,

Qv(t):/vp(t,x)dffx:/s(/Va(x—x(sl,SQ))d3x) o(t, 51, 59) dS (2.2.3)

_ / o(t, 51,52) dS = Qv (8) (2.2.4)
Nial%
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Figure 3: Intersection between a surface and a curve carrying current.

which is exactly what we expect from (2.2.1). In going from the first line to the second we
used the basic property of the delta function, namely that,

/5(X—x(81,32))d3x: 1 ?fX<51752)€V
v 0 le(ShSQ) ¢ V,

so the set of points contributing to the integral is precisely SN V.
As in the surface case, charge may also be confined to a one-dimensional curve C' with
parameter s and embedding x(s). The linear charge density n(t, s) is defined by,

Qe (t) = //n(t, s)dl, (2.2.5)

for a segment C' C C, where dl = |%(s)|ds. The associated three-dimensional charge
density is,

ot %) = /C 5 (x — x(s)) n(t,s) dl. (2.2.6)

For current densities, the geometry is slightly more delicate. Consider a current I(t, s)
flowing along a curve C' parameterised by r(s). From the three-dimensional perspective,
we would like a current density whose flux through a surface S, receives contributions only
from the intersection points P = C' NS, as shown in Figure 3. As shown in Appendix C,
the correct expression is,

3(t,x) = /C 5(x — r(s)) I(t, s) #(s) ds . (2.2.7)

Finally, we consider a surface current density K(¢, A, A\y) flowing on a surface S pa-
rameterised by r(A;, A2). Since charge does not escape from the surface, K is everywhere
tangent to S and therefore orthogonal to the normal vector N = 0y,r x 0),r. From the
perspective of the surface, it is natural to define the flux of current through a curve C' that
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(a) Current flux through a curve. (b) Flux of surface current through a transverse
surface.

Figure 4: Current flux for surface current densities.

lies entirely in S, as shown in Figure 4a. If C' C S and y(A) = r(A;(A), A\2(\)) parameterises
O, then the tangent vector y is orthogonal? to N.

After defining the unit normal n to the surface, the current flux across C' can be written
as,

Io(t) = /CK(t, M), Aa(N) - (B % F(N)) dA (2.2.8)

This mirrors the usual definition of flux through a two-dimensional surface: here n x y
plays the role of a normal “line element” along C'. Note that n L y, so [ x y| = |y|.

From the three-dimensional perspective, we want a current density whose flux through
a surface S, reproduces the surface flux when S, intersects S along the curve C' = SN .S,
as in Figure 4b. As shown in Appendix C, the appropriate distributional current density
is,

J(t,x) = /Sé(x —1(s1,52)) K(t,51,52)dS, (2.2.9)

which indeed reduces to the correct expression when integrated over .S,,.

2To see this, write y = A; Ox,r + Ay Ox,r. Then y - N = A; (9,1 - N) + Ay (95,1 - N) = 0 because
N =0,,r x dy,r and a- (a x b) =0 for any a, b.
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§3 Static Fields

In the next few sections we will study charge and field configurations that are time inde-
pendent. For this to be consistent, the charge and current densities sourcing the electro-
magnetic field must have vanishing time derivatives. However, charge and current density
are not independent quantities. The charge continuity equation (2.1.8) implies that any
static current configuration must satisfy,

V-J=0. (3.0.1)

Assuming we have somehow achieved such a steady flow of current, Maxwell’s equations
equations (1.0.1) to (1.0.4) decouple the electric from the magnetic field into two separate
sets. In particular, the electric field is sourced purely by the charge density,

v E=", (3.0.2)
€0
VxE=0, (3.0.3)

while the magnetic field is sourced by the electric current density,

V-B=0, (3.0.4)
VxB=pJ. (3.0.5)

These equations show that, in the absence of time dependence, one can treat electric
and magnetic fields as two largely independent entities. Historically this is indeed how
they were understood for a long time. Allowing time dependence ties them together into a
single theory, electromagnetism, one of the first and most striking examples of unification
in physics.

Before studying these static systems in more detail, it is useful to understand some
general features that they share. Both are captured by a set of differential equations of
the form,

V-F=D,
VxF=C, (3.0.6)

for some given scalar field D and vector field C. Assuming F' is smooth, the second equation
implies the compatibility condition V - C = 0, due to (A.0.2). For the electric field this
requirement is satisfied trivially because (3.0.3) sets C = 0. For the magnetic field, on the
other hand, it becomes a non-trivial constraint. Taking the divergence of (3.0.5) requires
V-J = 0, which is precisely what the continuity equation enforces in a static configuration.
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Figure 5: Illustration of superposition of static electric fields.

A natural mathematical question is whether a system of equations like (3.0.6) is enough
to uniquely fix F. In general, it is not. Indeed, given a solution Fy, we can always add to
it a vector field W which satisfies,

V-W=0, (3.0.7)
VxW=0, (3.0.8)

and still obtain a solution with the same scalar and vector sources. In fact, we can construct
large families of such fields by writing W = V¢. Due to (A.0.3), the second equation is
then automatically satisfied, while the first reduces to the condition that ¢ is harmonic,
V2¢ = 0. One such function is, for example, ¢(z,y,z) = zyz. The ingredient we are
missing in order to pin down a unique solution is boundary conditions for the field F. We
will not prove the general statement here, since we will see explicitly how it works in the
following sections, when we discuss the scalar and vector potentials.

Theorem 3.0.1. Helmholtz theorem: If the divergence and the curl of a vector field F are
specified, and if they both go to zero faster than 1/r* at infinity and if F goes to zero as
well, then F is uniquely fived.

Before moving on to examine our static configurations in more detail, it is important
to appreciate the linearity of the equations we are dealing with. The linearity of Maxwell’s
equations mirrors the experimental observation that electric and magnetic fields satisfy
a superposition principle. For example, consider the charge distribution p; sourcing the
electric field E; and the charge distribution p, sourcing E;. A highly non-obvious fact is
that when we put together the charge distributions to create the total pr = p; + po, the
resulting electric field is the vector sum Er = E; + E,, as illustrated in Figure 5. Math-
ematically, this is reflected in the linearity of Maxwell’s equations. Similar considerations
apply for the magnetic field.
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§4 Electrostatics

In this section we focus on the electrostatic Maxwell equations (3.0.2) and (3.0.3). We
begin by deriving the integral form of Gauss’ law, and then compute the electric field for a
number of charge distributions with simple geometries. A particularly instructive example
is an infinite plane with uniform surface charge density. This system shows that surface
charge densities are naturally treated as discontinuities in the electric field. We treat the
more general case in the following subsection.

These examples help develop intuition for how an electric field is sourced by a static
charge distribution. More fundamentally, we introduce the scalar potential and encounter
the simplest form of gauge symmetry. This also provides a convenient way to study the
asymptotic behaviour far from sources. Finally, we relate the work required to assemble a
charge distribution to the energy stored in the electric field.

§4.1 Gauss’ law

The first of Maxwell’s equations (1.0.1) (or, in the electrostatic case, (3.0.2)) fixes the
divergence of the electric field. This is the differential form of Gauss’ law. A great deal of
intuition comes from integrating this equation over a volume region V/,

1
/ V- Ed’x=— | pd’x. (4.1.1)
14 € Jv

The integral on the right-hand side is simply the total charge enclosed by V/,

QVE/Vpcﬁx. (4.1.2)

Applying Gauss’ theorem to the left-hand side converts the volume integral into a surface
integral over the closed boundary S = 0V,

/ E.ds— 9V (4.1.3)
ov

€0

This is the integral form of Gauss’ law. When applying Gauss’ theorem, the oriented
area element dS is defined using the outward-pointing unit normal to dV, as illustrated in
Figure 6a.

Remark 4.1.1. Gauss’ law immediately constrains the net flux of E through a closed surface.
If Qv > 0, then the flux f oy B+ dS is positive, so (on average) field lines exit the surface.
If Qv < 0, the flux is negative and the field lines enter the surface.
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/
ds N | oV
-
-—
— 52
N S1
N\

/)

(a) Orientation of boundary surface when apply- (b) Electric field flux independent of surface de-
ing Gauss’ theorem. formations.

Figure 6: Gauss’ theorem illustrations.

Remark 4.1.2. Gauss’ law also shows that the flux depends only on the charge enclosed,
not on the detailed shape of the surface. In particular, if we deform OV continuously
without crossing any charge, the enclosed charge )y is unchanged and so is the flux. This
is illustrated in Figure 6b. Since the charge density is non-zero only inside the volume V|
both surfaces S; and S5 enclose the same charge, and therefore the flux through either
surface must be Qv /eo.

The remarks above are often enough to determine E in situations with a high degree of
symmetry. In more general cases we will develop a more systematic formalism (involving
Green’s functions). Even in the symmetric examples, however, one should keep in mind
that Gauss’ law (4.1.3) is equivalent only to (3.0.2). A full electrostatic solution must also
satisfy (3.0.3) (together with appropriate boundary conditions).

§4.2  The point particle - Coulomb’s law

In this section we study the electric field produced by a charged point particle, the simplest
electrostatic source one can consider. The result is Coulomb’s law, which you have likely
seen before, but it is instructive to see how it follows directly from Maxwell’s equations.

Given the spherical symmetry of the problem, the integral form of Gauss’ law will
be particularly useful for determining the electric field. It is therefore natural to work in
spherical coordinates (r, 6, ¢) with the corresponding basis vectors €,., €y and €,. Assuming
that the charge sits at the origin, it is reasonable to expect that the electric field has only
a radial component, depending only on the radial coordinate r. More concretely, we make
the ansatz,

E(r) = B(r)é,, (4.2.1)

and then use Gauss’ law to determine the function E(r). Note that this ansatz satisfies
(3.0.3) identically, so we will not have to consider that equation further.
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E

Figure 7: A sphere S, of radius r as a surface choice in Gauss’ law.

The natural choice of surface S in Gauss’ law is a sphere S, of radius r centred at the
origin, where the point charge is located. In that case,

/ E(r) dS= L. (4.2.2)

To evaluate the integral, we note that the oriented surface element is,
dS =&, 72 sinfdfdp = é,r* d2, (4.2.3)

where df) is the integration measure on the unit sphere. The flux is therefore

/ E(r) - dS :/ E(r)r*dQ = E(r) 7~2/ dQ =47 E(r)r?. (4.2.4)

Putting everything together, we find,

qg 1. q r
Er)=——=6,=—— 4.2.5
() Ay r2 " Amey 13 ( )
where we used that the position vector can always be written as r = re,. If the point
charge is placed at r( instead of the origin, the corresponding electric field is obtained by

translation,

g Tr—1TIg
dmeo \r—r0|3’

E(r) (4.2.6)
which is Coulomb’s law for the electric field of a charged point particle.

While deriving (4.2.6) from the integral form of Gauss’ law is satisfying, it is also useful
to connect back to the differential form (3.0.2) and verify that (4.2.6) solves,

V. E(r) = 510 5(r —10) (4.2.7)

since, according to Example 2.1.1, the charge density of a point particle is p(r) = ¢d(r —
I'()).
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Figure 8: Gauss’ law applied to an infinite charged wire.
§4.3  The infinite charged wire

The next geometry we examine is an infinite straight line C' carrying a uniform linear
charge density 1. This configuration has cylindrical symmetry because it is invariant under
translations along the line, a consequence of 1 being constant, and under rotations about
it. It is therefore natural to work in cylindrical coordinates (7, ¢, z) with basis vectors &,
e, and e, and to place the charged line on the z-axis, i.e. at r = 0. We note that if n
depended on z, the rotational symmetry would remain, but translation invariance along
the line would be lost.

By symmetry, the electric field must point radially and depend only on the distance to
the line. We therefore make the ansatz,

E(r) = E(r)é,, (4.3.1)

where “radial” is understood in the cylindrical sense. As before, this ansatz satisfies (3.0.3)
identically. A convenient Gaussian surface is a cylinder S of length L and radius r, coaxial
with the line of charge, as shown in Figure 8.

The charge enclosed by the cylinder comes entirely from the line, so @y = nL. The
integral form of Gauss’ law then gives,

/ B(r)-ds = & (4.3.2)
S

€0

To evaluate the flux, decompose the surface as S = S, U St U Sg, where St and S are
the top and bottom discs (of radius r) and S, is the cylindrical side. The end caps do not
contribute, since their outward normal is parallel to €., which is orthogonal to E. For the
side surface we use,

S, =é.rdodz, (4.3.3)
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Figure 9: Electric field generated by a uniformly charged infinite plane.

and hence,

/SE(r) dS :/S E(r) - dS, = r E(r) /Ozﬂ /OL d=dé — 2w Lr E(r). (4.3.4)

Combining these results, we obtain the electric field of an infinite charged wire,

n 1.
E(r) = -e,. 4.3.
(r) 2meg re ( 35)

§4.4  The infinite charged surface

The final highly symmetric geometry we will examine is an infinite plane carrying a uniform
surface charge density o. The relevant symmetries are translations in the two directions
parallel to the plane. A convenient coordinate system is therefore Cartesian coordinates
(x,y, z) with basis vectors €,, &, and €,.

The symmetry of the configuration suggests that the electric field is everywhere normal
to the plane, which we take to lie at z = 0. Moreover, reflecting the system through the
plane sends z — —z while leaving the charge distribution unchanged; since the electric
field is a vector, it must transform as E(—z) = —E(z). A natural ansatz consistent with
these symmetries is,

ifz>0,

! (4.4.1)
—E(—2)e, ifz<0.

=
—~
I
S~—
I
——
&
—
N
N~—
D>
183

It is straightforward to check that (3.0.3) is satisfied identically by construction.

A natural Gaussian surface for this geometry is a cylinder S whose axis is perpendicular
to the charged plane and whose midpoint lies at 2 = 0. Choosing the cylinder to have total
length 2L, its two bases Sr and Sp (each of area A) are located at z = L and z = —L,
respectively We have included Figure 9 for illustration.



4.4 THE INFINITE CHARGED SURFACE 18

The intersection of the cylinder with the charged plane is a disk of area A, so the total
enclosed charge comes entirely from this disk and equals @)y = 0 A. Gauss’ law therefore
gives,

/E -dS = %. (4.4.2)
S €o

We decompose the flux as,

/E-dS:/E‘dSr—i—/ E~dST+/ E-dSg, (4.4.3)
S T ST SB

where S, denotes the cylindrical side surface. The first term vanishes because E is parallel
to the cylinder axis, whereas dS, is orthogonal to it. Taking the outward orientation into
account, the oriented area elements on the two bases are,

dSy = é. dSy |
dSg = —é, dSg .

The corresponding surface integrals are,

/STE-dST:/STE(z:L)-éZdST:E(L) /STdST:E(L)A, (4.4.4)
/SBE-dSB:—/SBE(z:—L)-éZdSB:E(L) /SBdSB:E(L)A. (4.4.5)

Putting everything together fixes the function in the ansatz (4.4.1) to be a constant,

o
E(z)=—. 4.4.6
() = 5= (146)
The fact that the electric field is constant for z # 0 is far from obvious until one applies
Gauss’ law.
A key point is what happens at the location of the charged plane itself. The solution
(4.4.1) implies the jump condition,

6B =07) B0 ) =20

2% 7 e x(B(z=0")—E(z=0))=0 (44.7)

This shows that the component normal to the surface is discontinuous, with a jump fixed
by the surface charge density. The second equation states that any tangential compo-
nent would be continuous; in the present example it is trivially satisfied since the field is
everywhere normal to the plane.

It is instructive to see why this discontinuity is unavoidable directly from the differential
form of Gauss’ law (3.0.2). Since symmetry implies E = F,(z) €, equation (3.0.2) becomes,

1
8ZEZ(Z> = 6_0 p(x7 Y, Z) ) (448)
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with p the three-dimensional charge density. Using (2.2.2) with the surface parametrisation
x(81,82) = (81, $2,0), we find,

plx,y,2z) = /R2 o d6(x —s1)0(y — s9)0(2) dsy dsy (4.4.9)
=00(2) /]R2 d(x — 51)d(y — s2) dsy dsg (4.4.10)

as expected. The charge density is proportional to a delta function supported at the
surface. Gauss’ law therefore takes the form,

0.E.(2) = L 8(2). (4.4.12)
€o
Integrating from z = —e to z = € gives precisely the discontinuity already obtained above,
¢ o [ o
/ 0.E,(2)dz = — d(2)dz = E,(¢) — E,(—¢) = —. (4.4.13)
e €0 J_e €0

In evaluating the integral on the right-hand side we used the defining property of the Dirac
delta, discussed in Appendix B.

This argument shows that such jump conditions are far more general than the flat
surface considered here. In the next section we discuss the general case; the underlying
idea is the same as in this example.

§4.5  Surface Charge as an Interface

This subsection is non-examinable.

In the previous section we studied the electric field generated by an infinite plane
carrying a uniform surface charge density. The key lesson was that the component of E
normal to the surface is discontinuous. We traced this discontinuity back to the Dirac delta
appearing in (2.2.2), which relates the surface charge density o to the three-dimensional
charge density p. Here we derive the corresponding jump conditions for a general surface S
carrying a surface charge density o, which may vary along the surface and, more generally,
in time.

To study the discontinuity of the component of E normal to .S, we use a pillbox-type
Gaussian surface adapted to an arbitrary patch of the interface. Consider a small section
0S5 C S with unit normal vector n, as shown in Figure 10a. For ease of illustration the
patch is drawn as flat, but the argument does not rely on this.
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--------------------------------- 58 g

S : g —

(a) Integration over a Gaussian surface. (b) Integration over a loop.

Figure 10: Surface and loop integrations used to derive boundary conditions for the electric
field.

To construct the Gaussian surface, choose a small area 0 A C §S and extrude each point
of 0A by € along n. The collection of all resulting trajectories forms a (generalised) cylinder
V. with bases 0A and 0A,, and side 0.5,. Repeating the construction by extruding 6 A
in the opposite direction produces a second cylinder V_ with bases A and dA_, and side
0S_.

Gauss’ law for the volume V =V U V_ reads,

/ E.-dS = lQV, (4.5.1)
)% €o

where JV is the boundary of V. The only charge inside V' comes from the surface charge
contained in d A, so,

Qy = /MadS. (4.5.2)

The flux of the electric field can be decomposed as,

/E.ds—/ E~dS+/ E-dS+/ E-dS+/ E-dS. (4.5.3)
oV SAL 5S4 b} )

Remark 4.1.2 suggests that this flux should be independent of ¢, including in the ¢ — 0
limit. By construction, the charge @)y is also independent of ¢.

To evaluate the flux in this limit, note that the side surfaces 65, and 65_ shrink to
zero area as € — 0. Provided the electric field remains finite (as we expect in the absence
of further singular sources), the second and fourth terms in (4.5.3) therefore vanish. In
the same limit, both bases dA, and dA_ converge to 0 A, with orientations n and —n,
respectively. It follows that,

lim E-dS:/ﬂ-E+dS,
6A 0A

e—0t

lim E-dS = —/ f-E_dS, (4.5.4)
0A 0A

e—0t
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where E, is the limit of the electric field as we approach §S from the side toward which n
points, and E_ is the corresponding limit from the opposite side.

Putting everything together, and using that A was arbitrary, Gauss’ law (4.5.3) yields
the discontinuity condition,

1
/ A (B, —E)dS=— [ cdS= (4.5.5)
5A €0 JsA
h-(E, ~E )=2, (4.5.6)
€0

for the normal component, as promised.

Beyond the normal component, we would also like to understand what happens to
the components of E tangent to the surface. In the planar example these components
vanished by symmetry and were therefore trivially continuous. In the general case we need
an argument that does not rely on symmetry.

Instead of an area § A, consider a curve dC' lying within the surface 0S. Repeating the
extrusion construction along the unit normal n produces a surface 0.5; bounded by the loop
0C; = 0CLUC,UdC_UIC3U0C,UNC,, as shown in Figure 10b. Integrating both sides
of (3.0.3) over 4.5; and applying Stokes’ theorem gives,

/ (VXE)-dS=0=
58

/ E-dr=0=
5C,

/E-dl+/ E-dl+/ E-dl+/ E-dl+/ E-dl+/ E-dl=0, (4.5.7)
6Cq 6Co 6C_ 6C3 6Cy 6C 4

with orientations as in Figure 10b. Taking the € — 0 limit, the segments 6C; fori =1,....,4
shrink to zero and their contributions vanish. In the same limit, C. and §C_ both
approach the curve 6C' with opposite orientations, and we obtain,

/ (Ey —E_)-dr=0. (4.5.8)

sC

Since this holds for any curve 6C' C 05, we can also write the local condition,
n-(E;-E_)=0, (4.5.9)

for any vector nj tangent to the surface 6S. An equivalent, and often more practical, way
of expressing this condition is in terms of the unit normal,

Ax(E, —E_)=0. (4.5.10)

We have therefore shown that the component of the electric field parallel to the surface is
continuous.
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§4.6 The Electrostatic Potential

So far we have been able to determine the electric field in a number of highly symmetric
electrostatic setups. In each case we could write down an ansatz for E that automati-
cally satisfied the curl-free condition (3.0.3). It is worth pausing to understand what this
equation implies more generally.

By Stokes’ theorem, (3.0.3) implies that the line integral of the electric field around
any closed loop C' vanishes,

JaiE-dr:O. (4.6.1)

Equivalently, the line integral of E along a curve connecting two fixed endpoints r; and
ro depends only on the endpoints and not on the particular path. Since the force on a
particle of charge ¢ is F = ¢ E, this means that the work,

W12:/ F-dr:q/ E.-dr (4.6.2)
C12 Cl2

required to move the particle from r; to ry along any path C}, is path independent.
In addition, the identity (A.0.3) shows that (3.0.3) is automatically satisfied if we write
the electric field as a gradient,

E=—Vop, (4.6.3)

for some scalar function ¢, called the scalar (or electrostatic) potential. In fact, one can
prove the converse as well. Under appropriate regularity assumptions, any curl-free field
can be written locally in this form. Substituting (4.6.3) into Gauss’ law (3.0.2) gives a
single scalar equation for ¢,

Vip=-2 (4.6.4)

)
€0

which is often considerably simpler to analyse than the original coupled system.
We should now make the following remarks,

Remark 4.6.1. The physically relevant quantity is the electric field E, not the potential ¢.
Notice that E is invariant under shifts of ¢ by a constant. We usually fix this constant by
choosing a convention, for example by demanding that ¢ vanishes at infinity (when this is
compatible with the physical setup).

Remark 4.6.2. For a particle of charge ¢ moving in an electric field E, the potential energy
is V(x) = q p(x). The corresponding Lagrangian is,

1
L =—-mx>

5 —qp(x). (4.6.5)
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Remark 4.6.3. With the boundary condition that E vanishes at infinity, the equation for
 is linear and the potential obeys a superposition principle. If p = p; + po, then (after
fixing the same reference for the additive constant) ¢ = @1 + ©s.

At this point we can appreciate that introducing the scalar potential is a very useful way
to simplify Maxwell’s equations. However, as we will later see, it has a more fundamental
meaning than a mere computational trick. Moreover, Remark 4.6.1 is the simplest example
of what we will later call a gauge symmetry.

We now consider an instructive example of solving (4.6.4) for a point charge.

Example 4.6.4. Scalar potential for point particle
We solve (4.6.4) for a particle carrying electric charge q. If the particle is at rest at the
origin, Example 2.1.1 gives the charge density p(x) = q0(x), and the potential must satisfy,

Vp(x) = ——6(x). (4.6.6)

Spherical symmetry suggests using spherical coordinates, with ¢ depending only on the
radial coordinate r.

We first solve the equation away from the origin, where the delta-function source van-
ishes. In this region we have,

T—128T (r* 0pp(r)) = 0. (4.6.7)

whose general solution 1is,
a
o(r) = - +0b, (4.6.8)

with constants of integration a and b. Following Remark 4.6.1 and choosing ¢ — 0 as
r — oo fizes b= 0. The remaining constant a is determined by requiring that (4.6.6) holds
globally, including at the origin.

To do this, integrate both sides of (4.6.6) over a ball Bg of radius R. The integral of
the right-hand side is —q/eo, since the origin lies inside Bgr. For the left-hand side we
use Gauss’ theorem to convert the volume integral over Br into a surface integral over the
sphere Sk of radius R. Since Vi = —5 €., we find,

a . a
VipdPx = Vy-dS = — 72 e -dS = T2 RQ/ dQ) = —4ma. (4.6.9)
BR, SR SR SR

Here we used dS = R?e, dS), where d) is the area element on the unit sphere. Equating
both sides gives a = ;—, and therefore,

TEQ
q 1

= — —. 4.6.10
dmeg |x| ( )

p(x)
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If the particle is located at xq instead of the origin, the equation becomes,

V2o(x) = —L §(x — xo) , (4.6.11)

q 1
= : 4.6.12
plx dmey |x — X0 ( )
The resulting electric field 1s,
q 1 ¢ X=X
E(x)=-V =—-——YV = , 4.6.13
() (%) 4req (|X - xo\) dmeg |x — %3 ( )

in agreement with (4.2.6).

§4.7 The General Charge Density

In Example 4.6.4 of the previous section we solved a seemingly simple problem. As we
will see in this section, that calculation contains the basic ingredient needed to write down
the solution for a general charge density p(x). At a technical level, equations (4.6.11) and
(4.6.12) tell us that we have found a function,

1 1
- - 4.7.1
G(X,Xo) Arr |X—X0’ ) ( 7 )
which satisfies,
V2G(x, %) = 6(x — Xq) . (4.7.2)

A function G(x,xg) satisfying (4.7.2) is important enough to have its own name, it is a
Green’s function for the Laplace operator.

Given a charge distribution p(x) that decays “sufficiently fast” at infinity, the scalar
potential ¢(x) solving (4.6.4) is,

o) =~ [ o) Gl X)X
0
o 1 p(xl) 3/
— / Rt (4.7.3)

The fall-off condition ensures that the integral converges and, for this choice of GG, that ¢
vanishes at infinity.
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To check that (4.7.3) indeed solves (4.6.4), we apply the Laplace operator with respect
to X,

V2p(x) = — — V2 ( / p(x) G(x, %) d3x’>

€o

__ 1 p(x') V?G(x,x") d*x’

—— 2 [ o) sx = x)d'x =~ pi). (17.4)

From the second line to the third we used the defining property (4.7.2) of the Green’s
function; in the last step we used the defining property of the Dirac delta.
Given the solution (4.7.3) for the scalar potential, we can compute the electric field as,

E(x) = —Vop(x) = ; /p(x’) VG(x,x) d*x

0

1 / 1 3,/
_—47T€0 /p(x)V(|X_X/|) d’x

_ ! / p(x’)’X;X/dSX'. (4.7.5)

4 x — x|

It is striking that a single function G yields the solution for an arbitrary source. From a
physicist’s point of view, however, the structure of (4.7.5) is also natural. It is precisely a
continuous version of the superposition of point-charge fields in (4.2.6).

Example 4.7.1. System of N charged particles at rest
We now apply the general result for the scalar potential to the configuration of N stationary
point charges from Fxample 2.1.1. The charge density is,

p(x') = Z G0 (X —yi) . (4.7.6)

Substituting this into (4.7.3) gives,

1
p(x) = e

1 4di
= 4.7.7
d7eg Z Ix —yil’ ( )
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which, as expected, is a simple superposition of the single-particle result (4.6.12). The
corresponding electric field is,

B(x) = Vo) = - Yoo (4.738)

which can also be obtained directly from (4.7.5) by evaluating the integral for this charge
density.

Note 4.7.2

There is an important subtlety regarding the Green’s function. The defining equation
(4.7.2) must be supplemented with boundary conditions in order to determine G(x, %)
uniquely. The expression (4.7.1) corresponds to boundary conditions where the poten-
tial vanishes at infinity. Indeed, taking |x| large in the second line of (4.7.3) gives
o(x) — 0 as |x| — oo.

There is a class of important problems involving conducting surfaces S, where one
instead imposes ¢ = 0 on S. When S is not at infinity, the Green’s function differs
from (4.7.1). The general solution is still given by the first line of (4.7.3), but with the
Green’s function appropriate to the chosen boundary conditions.

Before closing this section, we will write the general solutions for the scalar potential
for the cases of surface and linear charge densities. In fact, we can plug in the expressions
(2.2.2) and (2.2.6) in the solution (4.7.3) to obtain,

o(x) = — /S os1.8) e (4.7.9)

Cdmeg Jg |x — X/(51,5)]
1 n(s)
= dl . 4.7.10
#(x) 47 g /c Ix — x'(s1, $2)| ( )
with electric fields,
1 X — X/(Sl, 82)

E(x) = o(s1,s s, 4.7.11
(x) 47?60/5 (51,52) Ix — x/(s1, 82)|° ( )

1 X — X/<817 32)
E(x) = S dl. 4.7.12
™) = Tre /c"( AT )

§4.8 The Multipole Expansion (Long Distance Behaviour)

In this section we study the scalar potential and electric field far from their sources, as
illustrated in Figure 11. We assume that the charge density p(x) is localised inside a
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Figure 11: Behaviour at distances far away from the sources.

bounded region V' C R?, so p(x) = 0 outside V. In the integral expression (4.7.3), the
integration variable x’ therefore ranges only over V. We are interested in the behaviour of
the potential at observation points satisfying |x| > |x/| for all X" € V.

The key ingredient is an asymptotic expansion of the Green’s-function kernel,

1 1,1 1 , 1
= x.V—+ (' -V) —
k=] a Ta Vgt
1 x-x
S Hi el 4.8.1
X RE T (4.8.1)

which is simply the Taylor expansion in x’, with derivatives acting on x. Keeping only the
first few terms and substituting into the general solution (4.7.3) gives,

1 1 , 1 1
— . d3 / . / /d3 /
P = e /VP(X) e W /VP<X)X o
1 Q 1 x-p
= — 4.8.2
dmeg x| 4meg |x|3 ( )
In this expansion we have defined,
Q= [ sx)ix.
14
p:/p(x')x’dgxl, (4.8.3)
1%

as the total charge (the monopole moment) and the dipole moment of the charge dis-
tribution. Keeping higher-order terms in (4.8.1) would similarly define higher multipole
moments. The general pattern is that higher moments contribute terms that fall off more
rapidly far from the sources. The monopole potential scales as 1/|x|, while the dipole
correction scales as 1/|x|?.
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a— e —
Q
' N
(a) Electric field with @ # 0 and p = 0. (b) Electric field with @ = 0 and p # 0.
Figure 12: Field lines of distributions with different dominant moments.
The corresponding electric field is obtained by taking the gradient,
Q x 1 1 p-xX
E(x)=-V = 3 — cee 4.8.4
(x) P = e P T I P O X TP T (48.4)

The first term is the Coulomb field produced by the total charge (), while the second is
the leading correction due to the dipole moment.
Based on this general discussion, we can make the following remarks,

Remark 4.8.1. From the expansion (4.8.2), an observer far away from the sources first
measures the net charge () of the distribution. When () # 0, the dipole moment p appears
as a subleading distortion of the spherically symmetric monopole field.

Remark 4.8.2. The dipole moment depends on the choice of origin (and the same is true
for all higher moments). In fact, under a translation of the coordinate system by a, one
finds p — p+ Q a. In particular, for a spherically symmetric charge distribution, choosing
the origin at the centre of symmetry sets all multipole moments beyond @) to zero.

Remark 4.8.3. There are charge distributions for which either ) or p vanishes. The corre-
sponding electric fields are illustrated in Figures 12a and 12b.

It is instructive to work out the moments explicitly for a simple example involving two
particles,

Example 4.8.4. We consider two point charges q1 and qo located at positions x; and X
i a chosen coordinate system.

The coordinate-independent quantity is their relative displacement d = x1 — x9. The
charge density 1s,

p(x) =q1d(x —x1) + @ 0(x — x3) . (4.8.5)
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The total charge 1is,

Q—/p(x) d*x = q /6(x—x1)dgx+q2 /5(X—x2)d3x
=q1+q2, (4.8.6)

as expected. The dipole moment (4.8.3) is,

p:/p(x)xd3X:q1 /(5(x—x1)xd3x—|—q2/(5(X—X2)xd3x
=qxi+t@exe=qd+ (g +q@)x. (4.8.7)

We see explicitly that p is independent of the choice of origin when the total charge vanishes:
if @p = —q2 = q, then p = qd.

§4.9 FEnergy Stored in Electric Field

In this section we derive an expression for the energy stored in an electrostatic field config-
uration. Equivalently, we compute the work that must be done to assemble a given charge
distribution. The idea is to imagine bringing charge in slowly from infinity. Each new
“piece” of charge is moved against the electric forces generated by the charges that have
already been deposited.

It is useful to start with a single test particle of charge ¢ brought in from infinity.
Suppose the particle is finally placed at x, and let C' be a curve along which we transport
it, parametrised by x(s). We choose the parameter so that x(s = siniia1) is at infinity and
X(S = Sfina1) = X. The energy we must supply is the work done against the electric force,

W= — /C F(x(s)) - X(s) ds = —q /C E(x(s)) - %(s)ds = q /C Vo (x(s)) - X(s) ds

=0 [ g5 ds = g (plx(st)) = o X(5)

=qp(x), (4.9.1)

where we assumed that the scalar potential vanishes at infinity, i.e. ©(X(Sinitia1)) = 0. This
gives the familiar result that the energy of a charge placed at x equals ¢ times the potential
(x) created by other charges.

Now consider a system of /N stationary point charges ¢; located at x;, i =1,..., N. We
will define,

L 44
Usij = q; pi(x;) = 47r50ﬁ’ (4.9.2)
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to be the potential of the particle ¢ due to the field created by the particle j. Avoiding the
double counting that would occur if we simply summed the pairwise interaction energies
over all ordered pairs (i, j), the total energy of the system can be written as,

U= ENJ i Us;. (4.9.3)

i=1 j>1
Notice that we have the symmetry U; ; = U;; that allows us to write,

N

U= U= S S aet) = 5 Y ae(x) (4.9.9)

i=1 j#i i=1 j#i i=1

where we have defined,

e (xi) = Z wi(xi), (4.9.5)

J#i

to be the potential at x; due to all N — 1 particles, except for the i-th one.
It is now straightforward to pass from the discrete sum to a continuous charge distri-
bution,

U=+ /R ) o) dPx. (4.9.6)

2
This form is convenient, but we would like an expression entirely in terms of the electric
field. Using Gauss’ law (3.0.2) to write p = £y V - E, we obtain,

€o

U = 0(x) V- E(x)d*x. (4.9.7)

2 Jps

Integrating by parts and assuming the fields fall off sufficiently fast at infinity (so that
boundary terms vanish), we find,

U = % IE(x)|? d*x, (4.9.8)
R3

where we used E = -V from (4.6.3).
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§5 Magnetostatics

It is now time to turn our attention to time-independent configurations of magnetic fields
sourced by steady current densities. In analogy with electrostatics, we will derive an
integral form of Ampére’s law (3.0.5). This will clarify how magnetic fields are generated
by currents and will allow us to compute the magnetic field in simple geometries.

Later, we will introduce the vector potential and encounter a richer version of gauge
symmetry than in electrostatics. At a practical level, the vector potential provides a
systematic way to solve magnetostatic problems for a general current density distribution.
The resulting closed-form expression is the Biot—Savart law. We will then use it to develop
a multipole expansion for the magnetic field far from its sources.

Starting from the Lorentz force, we will derive an expression for the force exerted on
a small current distribution. By rewriting this force as a divergence, we will identify the
potential energy of a magnetic dipole in an external magnetic field. The computation of
the energy stored in a magnetic field will be postponed to the next section, since time-
dependent effects need to be taken into account.

§5.1  Ampére’s Law

The two equations of magnetostatics that will occupy us in this section are (3.0.4) and
(3.0.5). As we discussed earlier, given appropriate boundary conditions, Helmholtz’s theo-
rem guarantees a unique solution. In magnetostatics the magnetic field is always divergence
free, while its curl is fixed by the sources. In this sense, the roles of divergence and curl
are reversed compared to electrostatics.

Remark 5.1.1. The condition V-B = 0 says that, in the Maxwell theory as we have written
it, there are no magnetic charges. From a purely mathematical point of view, however,
nothing prevents us from postulating a sourced equation of the form,

V-B=gpm, (5.1.1)

for a magnetic charge density p,. It is an experimental fact that magnetic charges
(monopoles) have not been observed (yet) in nature.

With Stokes’ theorem in mind, the natural way to obtain an integral form of Ampére’s
law (3.0.5) is to integrate both sides over an open surface S with boundary C' = 9S. In
doing so, it is important to remember that the orientation of the boundary C'is determined
by the orientation of S via the right-hand rule, as shown in Figure 13a.

Integrating both sides of (3.0.5) over S yields,

S S
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(a) The right-hand rule of orientation in Stokes’ (b) Ampére’s law relating the current flux to a
theorem. line integral of magnetic field.

Figure 13: Applying Stokes’ theorem to Ampere’s law.

where we used that the surface integral of the current density gives the electric current
flow® through S. Applying Stokes’ theorem to the left-hand side gives the integral form of
Ampeére’s law,

/ B.-dr=pls. (5.1.3)
oS

Similarly to Gauss’ law in electrostatics, this integral form will help us build intuition for
the general behaviour of magnetic fields.

Remark 5.1.2. Magnetic fields are generated by currents according to the same right-hand
rule that appears in Stokes’ theorem. To see this, suppose that the electric current density
J points in the same direction across the whole surface S. Without loss of generality,
choose the orientation dS to point along J, in the sense that the inner product of the unit
normal n with J is everywhere positive. This makes the current flux Is positive, so the
line integral of the resulting B must also be positive. Therefore B has to circulate in the
direction of dr determined by the right-hand rule. The resulting rule is illustrated in Figure
13b.

Remark 5.1.3. The line integral of the magnetic field over a curve C' depends only on the
flux of the current density it encloses. This suggests that we are free to deform C' as we
wish, as long as the current passing through it remains unchanged.

As in the case of Gauss’ law, Ampére’s law will allow us to determine B completely in
simple geometries. Once again, we stress that the divergence free condition (3.0.4) needs
to be taken into account simultaneously.

§5.2  The Infinitely Long Wire

As a first magnetostatic example, consider an infinitely long, straight wire carrying a steady
current /. The system is invariant under rotations about the wire and under translations

3See the definition in equation (2.1.4).
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1

Figure 14: Geometry for an infinitely long straight wire.

along it. It is therefore natural to use cylindrical coordinates (7, ¢, z) and place the wire
on the z-axis, as shown in Figure 14.

The symmetry immediately constrains the form of B. Translation invariance along
the wire implies no z-dependence, while rotational invariance implies no ¢-dependence.
Moreover, the field lines must circle the wire, so the direction of B is azimuthal. We
therefore make the ansatz,

B(r) = B(r)é,. (5.2.1)

It is straightforward to check that (5.2.1) satisfies the divergence-free condition (3.0.4).

To determine the function B(r), apply Ampére’s law (5.1.3) to a disc Sg of radius
R orthogonal to the wire and centred on the z-axis. The current piercing this surface is
simply Ig, = I. On the boundary circle dSg we have r = R and,

dr = Réydo, (5.2.2)

so the line integral becomes,
2
/ B(r)~dr:/ B(R)é, - (Ré,d) — 2nR B(R). (5.2.3)
0k 0
Ampére’s law then gives 27 R B(R) = pol, and hence,

pol .
B(r)=——e¢y. 5.2.4
) =L, (524)

This result relied heavily on symmetry. Later, after introducing the vector potential
and the Biot—Savart law, we will return to this example as a useful check of the general
formalism.



5.3 SURFACE CURRENTS 34

4

Figure 15: The infinite plane with constant surface current density.

§5.3  Surface Currents

We begin with the simplest magnetostatic example involving a surface current. An infinite
plane S carrying a constant surface current density K. The most obvious symmetries are
translations parallel to the surface. In addition, there is a less obvious discrete symmetry,
a 180° rotation about an axis lying in S and parallel to K.

We work in Cartesian coordinates, taking S to be the plane z = 0 and choosing the
surface current density to be K = K €., as shown in Figure 15. From the example of the
infinite wire in the previous section, we expect B to be orthogonal to K, so it should lie
in the span of e, and e,. Translation invariance in the  and y directions implies that B
can depend only on z, so we make the ansatz,

B(x) = By(z) e, + B.(z) e, . (5.3.1)

Under the 180° rotation mentioned above, €, — —e&, and e, — —eé,, while z — —=z.
Invariance of the magnetic field therefore imposes,

B,(—z) = —By(2), B.(—z) = —B.(z). (5.3.2)
Imposing the divergence-free condition (3.0.4) on (5.3.1) gives,
0.B,(z) =0, (5.3.3)

so B, must be a constant. The only function that is both constant and odd is the trivial
one, hence,

B.(z)=0. (5.3.4)
The magnetic field therefore reduces to,

B(x) = B(z)e,, (5.3.5)
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with B(—z) = —B(2).

We now use the integral form of Ampére’s law (5.1.3) to determine B(z). Consider
a rectangular surface S, of height H and length L, with sides parallel to the z- and y-
axes, intersecting the plane S as shown in Figure 15. To apply Ampére’s law we need the
current flux through S,. As discussed in Section 2.2, we use (2.2.8) and integrate K over
the intersection S, NS, obtaining,

Is, = Isns = K L, (5.3.6)

since K is orthogonal to S, N S.
Next, compute the line integral around the boundary 9.S,. Decompose 9.5, = C;UCyU
C3 U Cy with the orientations shown in Figure 15, and write,

/ B-dr:/ B-dr1+/B-dr2—|—/ B-dr3+/B-dr4. (5.3.7)
8S, C Ca Cs Cy

Along these segments we have,
dry = —e,dy, dry=—é,dz, dr3=e,dy, dry=¢,dz. (5.3.8)

The integrals along C5 and Cj vanish because dr is orthogonal to B o< €,. For the remaining
two segments,

/ B.dr, = —B(H/2) / dy = —B(H/2) L,
1

C1

/ B.dry — B(—H/Q)/ dy = B(—H/2) L. (5.3.9)
Cs C3

Ampere’s law (5.1.3) then gives,
—B(H/2)L+ B(—H/2)L=puy KL=
Mo K
2 Y
where we used that B is odd. Since H is arbitrary, this determines B(z) for all z # 0, and
we find,

B(H/2) = (5.3.10)

—wKe >0
B(x) = 2w : 5.3.11
) {“OQKéy, 2 <0 ( )

showing that the field is constant on each side of the surface current.

The rest of this subsection is non-examinable.
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As in the electrostatic example of an infinite uniformly charged plane, the field is
discontinuous across the surface. Denoting by By the limits as z — 0%, the discontinuity
is in the component parallel to the plane,

B, -B_=—yKé,, (5.3.12)

which can be written in a coordinate-free form as,

Ax(By—B.)=uwkK, (5.3.13)

where n = e, is the unit normal to S. In contrast to the electric field, the component of
B normal to the surface is continuous,

f- (B, —B_)=0. (5.3.14)

These discontinuity conditions hold for a general surface S carrying a surface current
density K. The derivation parallels that of Section 4.5, but in magnetostatics the continuity
properties are reversed, B has zero divergence but a sourced curl.

§5.4  The Vector Potential

In Section 4.6 we discussed the consequences of the curl-free nature of the electrostatic
field which allows us to introduce a scalar potential. In magnetostatics the corresponding
structural equation is instead the absence of magnetic charge, and this leads naturally to
the introduction of the vector potential. The following remarks rely only on (1.0.3) and
therefore remain true even in time-dependent electromagnetism.

Remark 5.4.1. By integrating both sides of equation (3.0.4) over a volume region V' and
using Gauss’ theorem, we conclude that,

waBZO, (5.4.1)
IS]

for any closed surface S = 9V.

Remark 5.4.2. A useful consequence of (5.4.1) is that the magnetic flux through an open
surface depends only on its boundary loop. Consider two open surfaces S; and S, with the
same boundary curve C', 9S; = C' = 0S5, but with opposite induced orientations on C' (as
in Figure 16). The union S; U S, then forms a closed surface, so,

f B-dS=0. (5.4.2)
S1USo
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ds;

dS,

Figure 16: Magnetic flux through surfaces with a common boundary.

Decomposing the closed-surface integral gives,

/B-dSl—l—/ B-dS; =0=
Sl S2

/ B-dSlz—/ B -dS,. (5.4.3)
Sl SZ

In other words, once the boundary orientation is fixed, the flux through any spanning
surface is the same. This motivates defining the magnetic fluxz through the loop C as the
flux through any surface with boundary C.

The condition (1.0.3) also suggests a stronger statement. Locally, a divergence-free
vector field can be written as the curl of another vector field. This motivates the following
definition,

B=VxA, (5.4.4)

where A is called the vector potential. By construction, (5.4.4) automatically satisfies
(1.0.3) because of property (A.0.2).

Remark 5.4.3. The vector potential is not uniquely determined by B. Indeed, if x(x) is
any smooth scalar function, then the gauge transformation,

A A=A+ Vy (5.4.5)

leaves the magnetic field unchanged,
VXA '=VXA+VXx(Vy)=VxA=B,

using (A.0.3). This is the gauge symmetry of the vector potential.

Substituting (5.4.4) into Ampére’s law (3.0.5) yields an equation determining A in
terms of the current density,

—V2A+V(V-A)=pJ. (5.4.6)
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To actually solve for A, we will need to deal with the fact that A is not unique due to
remark 5.4.3. This non-uniqueness is the magnetic analogue of the freedom to shift the
scalar potential by a constant in electrostatics, but now it is a local freedom. We will
therefore need to fix this freedom by imposing an additional gauge fixzing condition or
gauge choice condition,

G(A) =0, (5.4.7)

where G is a scalar function of the vector potential A. We will see a specific gauge choice
in the next subsection.

Remark 5.4.4. A classical particle of mass m and charge ¢ experiences the Lorentz force
mx = qgx X B. Using B = V x A, one can show that these equations follow from a
variational principle with Lagrangian,

1
L= 5m>'<2 +qx- A(x(t)). (5.4.8)
Under the gauge transformation A — A + Vy, the Lagrangian changes by a total time
derivative, L — L + ¢ %X(X(t)), so the equations of motion are unchanged. Gauge invari-

ance is therefore built directly into the variational description.

Remark 5.4.5. Suppose that the open surface S has C' = 9§ as its closed boundary. Using
Stokes’ theorem together with (5.4.4), we can express the flux of B through S as a line
integral over A,

/SB-dsz]{CA-dr. (5.4.9)

This is often the most convenient way to compute magnetic fluxes in practice.

Remark 5.4.6. Given vanishing boundary conditions at infinity for the magnetic field, the
vector potential is additive. If B = B; 4+ By with corresponding potentials A; and Ao,
then A = A; + A, is a potential for B (up to a gauge transformation).

Note 5.4.7

All of the above remarks, except for equation (5.4.6), also hold in the time-dependent
case, provided only that V - B = 0. This is always true for the magnetic field. In
contrast, the equation determining A from the sources changes once time dependence
is included.

§5.5  Biot-Savart Law

In this section we derive an explicit expression for the magnetic field produced by a general
static current density J(x). We do this by solving the vector potential equation (5.4.6)
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for A, and then computing B via (5.4.4). Throughout we assume that the current density
decays sufficiently fast at infinity, in particular faster than 1/|x|? as |x| — oo.

As we discussed in the previous section, solving (5.4.6) requires an appropriate choice
of gauge. A convenient choice is the Coulomb gauge,

GA)=V-A=0. (5.5.1)

To see why this is always achievable, suppose A is any solution of (5.4.6) and define
1 =V - A. By Remark 5.4.3 we may perform a gauge transformation,

A=A +Vy, (5.5.2)
without changing the magnetic field. We obtain,
V-A=V-A+V=1¢+ Vi, (5.5.3)
so imposing the Coulomb gauge amounts to solving,
Vy = —, (5.5.4)

with boundary conditions such that y vanishes at infinity. This is precisely the same
Poisson problem that appears in electrostatics (see Section 4.7), after the identifications

X > ¢ and ¥ < p/eg.
In Coulomb gauge, the vector potential equation (5.4.6) simplifies by imposing (5.5.1),
and we obtain,

VA = —pJ. (5.5.5)
In Cartesian coordinates this is the component-wise Poisson equation,
V2A; = —o J; (5.5.6)

which is a multi-component generalisation of (4.6.4). Therefore, by the same Green’s-
function method used in (4.7.3), the solution for each component is,

Ay(x) = @/ RSN (5.5.7)

AT Jgs [x — X

or, equivalently, in vector notation,

A= Ho [ IO e (5.5.8)

A Jgs [x — X/|

where the components of A pair with the components of J in the integrand when written
in Cartesian coordinates.
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Note 5.5.1

This might be the first time you encounter an integral producing a vector. A useful
property is that given a function f(x) and a constant vector v, you can write,

[ feavax=( [ sooax) v.

For example, if a vector field C(x) is decomposed in a Cartesian basis C(x) = C,(x) &,+
Cy(x) e, + C.(x) e, then,

/V Cx) dx — ( /V (%) d3x> 5 ( /V C,(x) d3x> 5, ( /V C.(x) d3x> 8.

However, decomposing in e.g. cylindrical coordinates basis C(x) = C,(x) €,+Cy(x) €5+
C.(x) é., allows us to write only,

/VC(X) dPx = /VC’,,(X) e, d*x + /‘/C’(b(x) &, d*x + (/V C,(x) dSX) o

since the only constant basis vector is €,.

As a sanity check, we verify that (5.5.8) indeed satisfies Coulomb gauge provided J is
divergence free, as it must be in a steady configuration. Taking the divergence with respect

to x gives,
Vi Ax) =Hv, . / J(x') <
4 R |X — X/|

4 Jps |x — x|
Ho / 1 3/
= —— J . </ d
i Jo Y (!x—x'|) h
_ Ko R T 3/
=0 s (Ve - J(x)) e d’x’, (5.5.9)

where in the last step we integrated by parts and used the assumed fall-off at infinity to
discard the boundary term. For a steady current, V-J = 0, so the final expression vanishes
and (5.5.1) is satisfied.

We now compute the magnetic field by taking the curl of (5.5.8). Since J(x') depends
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only on the integration variable, the x-curl acts only on the Green’s-function kernel,

B(x) = V x, A(x) = Z—i /R Vx x ( J(x) ) d3x’

[x — /|

Ho 1 N 33/
—_ — < _— d
i RSV (|x—x’])XJ(X) X

po [ I X (x—%)
- . =% d°x’. (5.5.10)
This is the Biot-Savart law for a general current density,
J(x' R
Bx) = ko [ X)X (X=X) (5.5.11)
AT Jgs Ix —x'|3

A common special case is a current confined to a thin wire along a curve C, parametrised
by r(s) and carrying current /(s). In that case the volume current density can be written
as (2.2.7). Substituting it into (5.5.11) and performing the x’ integral using the Dirac delta
gives,

B(x) = @/CI(S) Hs) X (x = xls)) ;0 (5.5.12)

 A4n |x —r(s)?

Example 5.5.2. The infinitely long wire (revisited).

We now recover the magnetic field of an infinitely long straight wire, previously obtained
in Section 5.2, as a check of (5.5.12). Work in cylindrical coordinates and parametrise the
wire by,

r(s) =se,, I(s)=1, (5.5.13)
while the observation point is X =re€, + ze,. Then,

I(s) x (x—r(s)) =€, x (ré,+(z—s)e,) =re, x & =rey,
x—r(s)> = (2 —8)* +717. (5.5.14)

Substituting into (5.5.12) yields,
po I /+°° r R
B(x) = —— ds ) e
(x) 4 ( oo (2 — 8)2 4 72)2 > ¢

S=z—+Ttan I +7T/2
frtand [0 - / cosfdf | &,
drr \ J_z/2

I
=B, (5.5.15)

oy

i agreement with our previous result.
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§5.6  The Multipole Fxpansion

As in the electrostatic case discussed in Section 4.8, we can use the general solution for
the vector potential (5.5.8) to study the magnetic field far away from its sources. We
assume that the current density J(x) is localised inside some bounded region V', and we
evaluate the vector potential at observation points x satisfying |x| > |x/| for all X" € V.
Substituting the large-distance expansion (4.8.1) into (5.5.8) gives,

1
A(x) = Ho <—/ J(x) d*x' + — / J(X) (x-x) &)} + - ) : (5.6.1)
Am \ x| Jv 1%
For later use it is convenient to write this expansion in components,
Mo 1 N 33/ 1 / 133
Ai(x) = — Ji(X)d'x' + — [ Ji(X)wjaldx 4 ) (5.6.2)
v 1%

47Tm

At first sight, the leading term in (5.6.2) might look like a “magnetic monopole” con-
tribution, in tension with Remark 5.1.1. In fact, for a steady current it vanishes. To see
this, use equation (3.0.1) and note that,

95 (J;(x') }) = 2 0;J;(x") + J3(x') Oy = 3 05 J;(x) + JT;(xX') 05
= I; 8}]] (Xl) + Ji<X,)
— (), (5.6.3)

where 0’ denotes derivatives with respect to the primed coordinates. Integrating over V'
and applying Gauss’ theorem yields,

/VJi(X’) d? ’:/Va;. (J;(x) ) & ’:}év (J(x')-n) 2, dS. (5.6.4)

Since the current is localised, we may choose V' so that J = 0 on 9V, and the surface term
vanishes. Therefore the monopole-like contribution in (5.6.2) is absent.

The leading non-zero term is therefore the second term in (5.6.2). To simplify it, observe
that,

9, (J;(x) 2 a) = a Ju(x) + i} Ji(X) (5.6.5)

which again follows from (3.0.1). Integrating over V' and using the same boundary condi-
tions gives,

/xi Jp(xX') % = —/ o Ji(x') d*x’ . (5.6.6)
v v
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We can therefore exchange the indices at the cost of a minus sign. Using this identity, we
rewrite,

/ Ji(X) xj 2l d*X = / Ji(x) @ d*x’
v

v
1

= 5% /v (Ji(x’) x; + Ji(x')x;) d*x’

1 / / / 1\ 13+
- §/V((X x') Ji(x') = (J(x) - x) 27) d’x
— 5 [ Box @) xx),
= (m X x);, (5.6.7)

where we introduced the magnetic dipole moment of the current distribution,

m=g /V(X’ x J(x')) d*x’ . (5.6.8)

We can now read off the leading long-distance behaviour of the vector potential from
(5.6.2),

Mo M X X

AR = T

(5.6.9)

The corresponding magnetic field follows from (5.4.4). Using the vector identity (A.0.6),
we obtain,

B(x) = V x A(x) = Z—; [mv. <%) — (m-V) (%)] SR (5.6.10)

For x # 0 we have V - (x/|x|*) = 0, so the first term vanishes, and the second term gives
the familiar dipole field,

B(x) = 10 1 <3(m'x)x—m) , (5.6.11)

A xP O\ xP?

which has the same functional form as the electric dipole contribution in (4.8.4).

Remark 5.6.1. We have derived (5.6.11) by analysing the long-distance behaviour of clas-
sical current distributions. However, magnetic dipole moments also arise more fundamen-
tally. In quantum mechanics, particles with spin typically carry an intrinsic magnetic
dipole moment.
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We now compute m for a current confined to a thin wire along a closed curve C. Using
the curve current density (2.2.7) in (5.6.8) gives,

m = —/C](s) (r(s) x r(s)) ds. (5.6.12)

Example 5.6.2. Magnetic moment of a circular loop

We consider a circular loop of radius R carrying a constant current I. Place its centre at
the origin and take it to lie in the z = 0 plane. If the current runs counterclockwise in the
x-y plane, a convenient parametrisation is,

r(s) = R (cos(s) €, +sin(s) &,) , (5.6.13)
with s € [0,2m). Then,
r(s) x #(s) = R*é,, (5.6.14)
and (5.6.12) yields,
2[ 2m
m:RT dsé. — [ Sé. (5.6.15)
0

where S = mR? is the area enclosed by the loop.

This example shows that the dipole moment is determined by a simple geometric prop-
erty of the loop. More generally, for any planar closed curve C' carrying a constant current
I, the magnetic dipole moment can be written as,

m =g i (r(s) xt(s)) ds=1Scn, (5.6.16)

where S¢ is the area enclosed by C' and n is the unit normal to the plane, determined by
the right-hand rule.

§5.7 Force and Potential for a Dipole

In this section we study how a spatially localised current distribution J interacts with an
external magnetic field B. Concretely, we analyse the Lorentz force,

F = /VJ(X) x B(x) d*x (5.7.1)
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exerted on the current distribution. We assume that we are sufficiently far from the sources
of B so that, throughout the region V' occupied by the current,

V xB(x) =0, (5.7.2)

for any x € V.

To make progress with the integral in (5.7.1), we Taylor expand the magnetic field
about a reference point x( associated with the distribution e.g. its centre of mass. For
notational simplicity we choose coordinates so that x denotes the displacement from x.
The expansion reads,

B(x) = B(x¢) + ((x —x0) - V) B(x¢) + - - . (5.7.3)

Substituting this expansion into (5.7.1), and using (5.6.4) to drop the leading term pro-
portional to B(xg), we obtain,

F = /VJ(X) x ((x-V)B(xp)) d°x. (5.7.4)

Writing this expression in component notation gives,

7.2)

5.7.
F, = ey / Jj(x) 2 0 mOlBk(X0>d3X( =" gijk / J;(X) 21 Oy, Bi(x0) d*x
5.6.6)
= Eijk »’Cok/ x) 21 Bi(%o) dSX( = El]k? xﬂk/ Ji(x )mj) Bi(xo) d*x

= 2 Ouy [}@:B@w>%@»—0@>¢xm»x»d%

1

= §5ikj axok |:B(XO) X / X X J(X) dSX} (528) Eikj aocok [B(XO) X m]j
v J

ALY (m-v)B - (V-B)m], Lm0

% Tok

— [V x (B xm)] B, (xo)
O ik By, Br (%0) = Oy, (m - B(xy)) - (5.7.5)

Collecting the result, we can identify the force as the gradient of m - B. Equivalently, we
can write the force as F = —VU for the potential energy,

U=-m- B. (5.7.6)

This expression is ubiquitous in physics.

Remark 5.7.1. As we mentioned in Remark 5.6.1, dipole moments can be intrinsic proper-
ties of fundamental particles. The potential (5.7.6) must then be included in addition to
the Lorentz force for a moving charged particle. In particular, the Lagrangian (5.4.8) does
not capture the full dynamics of a particle with spin.

Remark 5.7.2. The potential (5.7.6) shows that a magnetic dipole can reduce its potential
energy in two ways. It can move to a region where the magnetic field is stronger, and it
can rotate to increase the alignment of m with B.
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Figure 17: Illustration of Faraday’s law of induction.

§6 Electrodynamics

In this section we study phenomena that rely on the time dependence of the electromagnetic
field. We begin by revisiting (1.0.2) and seeing how a time-dependent magnetic field induces
an electric field, even in the absence of electric charge. This is precisely the ingredient we
were missing to understand how energy can be stored in a magnetic field, even in a static
configuration. We then move on to the propagation of the electromagnetic field in vacuum
where we will derive the wave equation and identify its solutions with light.

Finally, we return to the scalar and vector potentials in the time-dependent theory.
Gauge symmetry is still present, and by choosing a gauge we can write the dynamics in
terms of two unconstrained equations of motion. We will also derive these equations from
an action principle.

§6.1 Faraday’s Law of Induction

We now examine more closely the time-dependent Maxwell equation (1.0.2). It tells us
that a time-varying magnetic field B induces an electric field E, even in regions with no
electric charge. Unlike the electrostatic field discussed in Section 4, this induced electric
field generally has a non-zero curl, and therefore circulates around closed curves.

To make this statement precise, let C' be a closed curve that bounds an oriented surface
S, so that C' = 0S. Integrating both sides of (1.0.2) over S gives,

/(VxE)-dS:—/atB~dS:>
S S

/S(VxE)-alS:—alt (/SB-dS) ) (6.1.1)

Applying Stokes’ theorem to the left-hand side gives the circulation of E around C'. More-
over, by Remark 5.4.2 the magnetic flux through S depends only on its boundary C.



6.1 FARADAY’S LAW OF INDUCTION 47

Denoting this flux by & = fs B - dS, we obtain,

7{ E.dr=—0,%c, (6.1.2)
C

known as Faraday’s law of induction. A changing magnetic flux through a loop necessarily
induces an electric field with non-trivial circulation around that loop. As we will discuss
in the next section, the minus sign is physically crucial, it encodes Lenz’s law.

To connect this to work and energy, take a small charge g and move it once around
the loop C'. The work W done by the electric force along this closed path is,

§W:%F-dr:5q%E~dr:5qé/’C, (6.1.3)
c c

where we defined the electromotive force E- as the work done per unit charge in one circuit
around C'. With this definition, Faraday’s law becomes,

Ec = —9,Pc . (6.1.4)

Note 6.1.1

The existence of an electric field with non-zero line integral (emf),

502=fE-dI'
C

around a closed loop C' is central to technological applications. Indeed, if a conducting
loop of total resistance R follows the curve C, then a changing magnetic flux &
produces an induced emf via Faraday’s law,

ddc
En= ——=2
C dt )

which drives an induced current. In a simple quasi-static model (neglecting self-
inductance), Ohm’s law gives

&
Iind = E
This is closely analogous to a circuit containing a resistor and a battery. In electro-
statics the electric field is conservative, E = —V, and the potential difference between

two points A and B is,
B

A90:<PB—90A=—/ E-dr.
A
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Figure 18: Illustration of a time dependent loop C(t).

For an open wire of resistance R connected across a battery of voltage Ay, the current
is the familiar I = Ap/R. In the induction case, by contrast, the emf ¢ is generated
by a non-conservative electric field, and it is the loop integral fc E - dr (not a potential
difference) that drives the current.

So far we have considered only time dependent magnetic field fluxes for stationary loops
C'. However, the magnetic field flux can also have time dependence coming from continuous
deformations of C' with time, as shown in Figure 18. In this case, we wouldn’t be able to
pull the time derivative outside the integral in equation (6.1.1), since the surface S would
also depend on time. It would therefore seem that equation (6.1.4) does not hold in this
case. As we will now see, Faraday’s law (6.1.4) is still true, after a more general definition
of the electromotive force &¢.

To make the discussion more precise, we consider a family of closed loops C'(t) parametrised
by r(s,t) with parameter s € [0,1) such that r(0,¢) = r(1,¢) for all . At a fixed time ¢, a
charge d¢ moving with the wire has instantaneous velocity v(s,t) = d;r(s,t) and therefore
the magnetic part of the Lorentz force dF; = dq (E 4+ v x B) will be active. Dragging the
charge around the loop would produce work the generalised expression,

§W:/ OF, - dr = 6FL'8sr(5,t)ds:5q/ (E+v xB)-0dr(s,t)ds.
c(t) c@®) c(t)

Since the electromotive force is the work done per unit charge, in this case it is appropriate
to write,

Ecwy = / (E+v xB)-0sr(s,t)ds = / (E+vxB)-dr. (6.1.5)
c(t) c)

The term ¢ E - dr is often called the transformer emf, while §(v x B) - dr is the motional
emf.
We will now compute the time derivative of the flux ®¢ (), taking into account the time
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dependence of the loop C(t). We start by writing the flux as,

Doy = /S(t) B(t,x) - dS,

where S(t) is any surface with boundary C(t) = 0S(t). To make progress, we will use
(5.4.9) to write the flux as the line integral of the vector potential A (¢,x)?,

1
:f AM:/A@ﬂmmm@ww
c(t) 0
The total time derivative gives three different contributions,
—<I>C / 0y A;(t,r(s,t)) Os1i(s, 1) ds+/ 0;A;(t,r(s,t)) Opr;(s,t) Osri(s,t) ds
+ / Ai(t,x(s,t)) 0s0yri(s,t)ds . (6.1.6)

0

For the first term, we can write,
/& r(s,t)) 8r(5td3—7§ O, A - dr
:/ (V x OA)-dS = 8t(V><A)-dS:/ 0B - dS
S(t) S(t) S(t)

(“]:‘2)—/ (VxE)-dS:—j{ E.dr, (6.1.7)
S(t)

c(t)

where moving to the second line we used Stokes’ theorem and we did the same in the last
equality. After integrating by parts the third term in equation (6.1.6), its combination
with the second term gives,

/ 0;A;(t,xr(s,t)) Oprj(s,t) Osri(s,t) ds —/ 0;A;(t,r(s,t)) Osrj(s,t) Opri(s,t) ds
—/0 (0;Ai(t,x(s,t)) — 0;A;(t,x(s,t))) Oprj(s,t) Osri(s,t)ds
= /01 ik Br(t,r(s, 1)) Oyr;(s,t) Osri(s,t) ds = /01 ik Br(t,r(s,t)) vj(s,t) Osri(s, t) ds

[ ((s.0) x Bltr(s 1) - Oux(si)ds == § vy (6.1.8)

where going from the second line to the third line we used that,

B = €kij 8,14] = (‘)zAJ — 8]142 = Eijk By.

4The derivation of equation (5.4.9) relied on being able to write B = V x A. For the time dependent
case, we give the full argument in Section 6.7
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Putting everything together, we see that the time derivative of the magnetic flux is,

d
E(I)C(t) = —% E - dr — % (V X B) ~dr = _EC(t) , (619)
C(t) C(t)

after a simple comparison with the electromotive force in (6.1.5).

In the next section we will discuss the physical implications of (6.1.4), and in particular
the meaning of the minus sign. Most importantly, it explains (and quantifies) why we must
supply energy in order to build up a magnetic field. This is precisely why we postponed the
discussion of magnetic-field energy in Section 5, where we ignored time-dependent effects.

§6.2  Enerqgy Stored in a Magnetic Field

As we saw in the previous section, a time-varying magnetic flux through a loop induces
an electric field that can do work on charges moving around the loop. We now consider a
current (t) flowing around a fixed loop C. This current generates a magnetic field B(¢, x)
and hence a magnetic flux ®(¢) through any surface spanning C' (with orientation fixed
by the right-hand rule). Throughout this section we will work in the quasi-static regime,
where [(t) varies slowly in time. Physically, this means we can neglect energy carried away
as electromagnetic radiation.

In the time-dependent theory we cannot use the magnetostatic equation (3.0.5). In-
stead, we have to use equation law (1.0.4). In the quasi-static regime, the displacement-
current term ppeg O E is suppressed. Roughly speaking, the induced electric field scales
like E o I(t), so &,E o I(t), and by making the variation of I(t) sufficiently slow we can
make this contribution arbitrarily small compared to pgJ. Dropping it to leading order,
we approximate,

VXB:M0J+M0€0&5E’1M0J. (621)

In words, we can determine the magnetic field by using the techniques we developed in
magnetostatics by assuming that the time changes of J are propagated instantaneously
everywhere in space.

Looking at the Biot-Savart law, we see that for a fixed geometry the magnetic field is
proportional to the current, instantaneously, in the quasi-static regime. In particular, the
magnetic flux through the loop is proportional to I(t), so we can write,

Oo(t) = LI(t), (6.2.2)

where the constant of proportionality L is the inductance of the loop, determined entirely
by its geometry. For the purposes of this section we will not need an explicit expression
for L.

We now attempt to increase the current from I(t) to I(t+ dt) over a short time interval
dt. This increases the flux to ®¢(t + 0t) and, by Faraday’s law, induces an electric field E
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Figure 19: Electric field opposing the increase of current in a loop C.

around the loop C, as shown in Figure 19. The crucial point is that the induced field op-
poses the increase of flux (Lenz’s law), encoded in the minus sign in (6.1.2). Consequently,
we must do work to drive the current up.

During the interval §t, a charge,

5q = I(t) ot (6.2.3)

is transported around the loop. The work done by the induced electric field on this charge
is,
Wina = Ec 6q = Ec 1(t) 6t "= —0,00 (1) 1(t) 6t 2 L i(1) 1(1) ot
1 _d
=——L—I(t)*6t. 6.2.4

S L1 (624)
For an increasing current, 6W;,q < 0: the induced field removes energy from the charges.
Therefore, the external work that must be supplied is,

1 d
= —Win ==L —I(t)25t. 2.
5Wext 5W/md 9 dt <t> 6t (6 5)

This shows that the energy U stored in the magnetic field grows at the rate,

d 1 d
EU =5 L %I (t), (6.2.6)
and, taking U = 0 when I = 0, we obtain,
1 9, (622) 1

This is already an important result, but we would like to express it directly in terms of
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the magnetic field B. Usmg (5.4.9) and parametrising the loop C' by r(s), we can write,

Unag = %A (t,r) j{A -rds
- ﬁ[(t) (/R3A(t,x) (5(x—r(s))d3X> b ds

= % . A(t,x) - (ji I(t)o(x — r(s))i‘ds) d*x
= % A(t,x) - J(t,x) d’x, (6.2.8)

where in the last step we used (2.2.7) to recognise the loop integral as the three-dimensional
current density of the wire, and from the first to the second line we inserted the Dirac delta.

To proceed, we would like to express J in terms of B through equation (6.2.1) allowing
us to write,

g — 2%0 [ Atx)-(V X Bt.x) d'x
= 2%!0 . (V- (B(t,x) x A(t,x)) + B(t,x) - (V x A(t,x))) d®x
- % (V- (B(t,x) x A(t,x)) + B(t,x) - B(t, x)) d’x, (6.2.9)

where we used (5.4.4). Assuming the fields fall off sufficiently fast at infinity, the integral of
the divergence term reduces to a boundary term at infinity, which vanishes. We therefore
obtain the elegant expression,

1
Umag = 5.

2 s IB(t,x)|* d°x. (6.2.10)

Note 6.2.1

For both the electric and the magnetic field, we have used a physical “work to assemble”
argument to compute the stored energy. Later we will introduce an action principle
for electromagnetism; within classical field theory one can also obtain the same result
by constructing the energy—momentum tensor of the electromagnetic field.

§6.3  The Displacement Current

The last Maxwell equation we want to examine is (1.0.4). In the form we have written
it, the time derivative of the electric field appears as a kind of “current”, the displacement
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current. The name is somewhat misleading as this term is not associated with the transport
of conserved electric charge. Nevertheless, adding it was one of Maxwell’s most significant
contributions. As we will now see, without it Maxwell’s equations are incompatible with
the charge continuity equation (2.1.8).

Suppose that all we knew from experiment were equations (1.0.1), (1.0.2) and (1.0.3),
and that we were trying to guess the remaining equation in the form,

VxB=puJ+X, (6.3.1)

for some vector field X that may depend on both space and time. Using this together with
(1.0.1) we can write,

p=coV-E, (6.3.2)
1

J=—(VxB-X). (6.3.3)
Ho

Substituting into the continuity equation (2.1.8) gives,

1
803t(V-E)+M—V-(VXB—X):0:>
0

V- -X= o Mo V- 8tE, (634)
where we used (A.0.2). This suggests that the most general form of X is,
X = Eo Mo 8tE+V X Z, (635)

for some vector field Z, since the last term is the most general divergence-free contribution.
Plugging this back into our original guess yields,

V X (B — Z) = Uo J+ o Mo 8tE . (636)

Equation (6.3.6) shows that, aside from the a priori undetermined term involving Z, a
contribution proportional to 0,E is required for consistency with charge conservation. The
argument above used differential calculus. It is also instructive to see the same necessity
through a thought experiment.

Consider the setup in Figure 20a. Two large conducting plates P, and P_ carry charges
+q(t) and —q(t), respectively. A wire transfers charge from one plate to the other, so there
is an electric current I in the wire. Charge conservation implies I = ¢(t).

Because the plates carry opposite charge, a time-dependent electric field E is established
between them. Away from the plates the field falls off rapidly.® The current in the wire
also produces a magnetic field circulating around the wire, as shown in Figure 20a.

Now choose a closed loop C' that encloses the wire and lies far from the plates. For
the moment, allow Z in (6.3.6) to be non-zero and consider the line integral of B — Z

SFor two infinite parallel plates with opposite uniform surface charge densities, the electric field is
non-zero only in the region between the plates.
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Py P, O F P_
t
—
+q(t)
c
— +q() i —q(t)
L~ _
— —_—> |~
(a) Necessity of the displacement current. (b) Experimental determination of Z.

Figure 20: Maxwell’s displacement current.

around C. By Stokes’ theorem, this line integral equals the flux of V x (B — Z) through
any open surface with boundary C'. Choose two such surfaces. First, let S; intersect the
wire while remaining far from the plates. Then the current flux through Sy is I, while the
electric field through S is negligible. Second, let Sy bulge out between the plates. Then
the current flux through S; vanishes, while the electric field through S5 is non-zero and
time dependent. We can therefore write,

f(B—Z).dr:/ (V x (B—2Z))-dS 2V 1 atE-dswo/ J-dS
C S1 S1 S1
S1
and also,
?{(B—Z)-dr:/ (V x (B—12))-dS 2 ey 8tE-dS+,uo/ J-ds
C So Sa Sa
Sa

These two expressions refer to different physics, current flux through S; versus electric-
flux change through Ss, but they must agree because they compute the same line integral
around the same loop.

To relate them, consider the closed surface S; U S5. The only net charge enclosed is
the charge —q(t) on the plate P_. Applying Gauss’ law and keeping track of orientations
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gives,

/ E.as— 1 (6.3.9)

€o

The extra minus sign between the third and the last line comes from the fact that, in Gauss’
theorem, dS’ must point outward from the enclosed volume, whereas in Stokes’ theorem
we orient dS using the right-hand rule relative to the chosen orientation of C'. Substituting
(6.3.9) into (6.3.8) and using I = ¢(t) then reproduces (6.3.7). This consistency is precisely
what the displacement current term ensures.

The arguments above show that a term proportional to 0;E is necessary, but they do
not determine Z. To determine Z one must appeal to experiment. Consider a closed loop
C' in a region where there is no charge or current density. Integrating (6.3.6) over any
surface S with boundary C gives,

7{ (B = Z) - dr = piozg 8t/E -dS . (6.3.10)
C S

Here we used Stokes’ theorem for the B and Z terms, and we used that in a charge-free
region V - E = 0, so the electric flux through S depends only on the loop C' (by the same
reasoning as in Remark 5.4.2 for B). Measuring E and B for such loops shows that Z
vanishes, so Maxwell-Ampére’s law takes the form (1.0.4).

§6.4  Electromagnetic Waves

In the previous sections we saw that Maxwell’s equations (1.0.2) and (1.0.4) imply a striking
mutual interplay. A time-dependent magnetic field induces a time-dependent electric field,
and a time-dependent electric field induces a time-dependent magnetic field. This suggests
a mechanism that can sustain itself even in the absence of charges and currents. As we will
now show, this is precisely what leads to the propagation of electromagnetic waves and,
ultimately, to the light we see.

This also highlights why it is useful to study the electromagnetic field as a physical
entity in its own right, rather than only as something determined instantaneously by its
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sources. In vacuum, Maxwell’s equations reduce to,

V-E=0, (6.4.1)
V xE=-0,B, (6.4.2)
V-B=0, (6.4.3)
V X B =pgegE. (6.4.4)

These equations already contain the full story, but it is often convenient to derive equations
for E and B separately, without explicit coupling between them. To do this for E, take
the curl of both sides of (6.4.2),

V x(VxE)=—-0,(V x B) (64
V x(V x E) = —pi9g0 O’E (404
V(V : E) — V2E = — e at2E (ﬁé}l)
OB~ V'E =0, (6.4.5)

where we have defined,

1
NITER

A completely analogous manipulation starting from (6.4.4) gives an identical equation for
B. Altogether, we obtain the decoupled system,

(6.4.6)

C =

O'E - 2V’E =0, (6.4.7)
O’B—c*V’B=0. (6.4.8)

Thus, in vacuum both the electric and magnetic fields satisfy the three-dimensional wave
equation.® Using the measured values of gy and p, one finds ¢ ~ 3 x 103 ms™!, the speed
of light.

It is important to emphasise that the pair of wave equations (6.4.7)—(6.4.8) is weaker
than the full set of vacuum Maxwell equations (6.4.1)—(6.4.4). Any vacuum solution of
Maxwell’s equations necessarily satisfies the wave equations, but the converse is not true.
Maxwell’s equations impose additional constraints, in particular on the allowed vector
structure of the waves and on the relationship between E and B.

Example 6.4.1. Plane waves in the x-direction
As an illustrative example, consider fields describing a plane wave propagating in the x-
direction. We assume translational invariance in the transverse directions y and z, so that

SFor a scalar field 1, the three-dimensional wave equation takes the form 97v)—c? V21 = 0, generalising
the one-dimensional case you studied earlier in the term. The constant c is the speed of propagation.
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the fields depend only on x and t. We can then write,

E(z,t) = E,(z,t) &, + E,(x,t) &, + E,(z,t) &, (6.4.9)
8, (6.4.10)

Substituting into (6.4.1) and (6.4.3) gives,

0B (x,t) =0 = Ey(xt)= fi(t),
0:B(z,t) =0

so the components parallel to the direction of propagation cannot depend on x. Next, the
x-components of (6.4.2) and (6.4.4) imply,

)
)

so E, and B, are actually constant. Such constant background fields always solve Mazwell’s
equations, but they are not part of the propagating wave we want to study. Using linearity,
we may therefore set these constant components to zero from now on.

With E, = B, = 0, the remaining components are constrained by (6.4.2) and (6.4.4).
The z-components give,

atE:E(xa
(9th<$7

0 = atfl(t) :07
0

t
t = atf?(t) = Oa

O0pBy(z,t) = pogo O . (x, 1), (6.4.11)
0B, (x,t) = —0,B,(x,t), (6.4.12)
while the y-components give,
0y B.(x,t) = —pogo O Ey(x, 1), (6.4.13)
0. E,(z,t) = 0,By(z,t) . (6.4.14)

We observe that (6.4.11) and (6.4.14) form a closed subsystem, and (6.4.12) and (6.4.13)
form another. These correspond to two independent polarisations. Without loss of gener-
ality, let us focus on the subsystem in which the electric field points in the y-direction,

E(z,t) = E,(z,t)e,, (6.4.15)
B(z,t) = B.(x,t)e,. (6.4.16)

A key conclusion is already apparent. For a plane wave, E and B are orthogonal to each
other, and both are orthogonal to the direction of propagation.

To obtain a wave equation for E,, take an x-derivative of (6.4.12) and a t-derivative
of (6.4.13), and eliminate B,,

O’E,(z,t) = —0,0,B.(z,1),
0,0, B.(7,t) = — oo O Ey(2,t) .
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Combining these gives,
OB, (z,t) —  O2E,(x,t) =0, (6.4.17)

which 1s the one-dimensional wave equation. Its most general solution is the d’Alembert
form,

E,(x,t) = fr(z —ct) + fo(x +ct), (6.4.18)

where fr describes a right-moving wave and fr a left-moving wave. Finally, the corre-
sponding magnetic field follows from (6.4.12) (or (6.4.13)) and is,

Bu(w,t) — % (Fale—ct) — fule +e)). (6.4.19)

§6.5 General E/M Waves

In this section we describe the most general form of an electromagnetic wave propagating
in vacuum. The building blocks will be solutions describing light of a single colour, known
as monochromatic plane waves. For such a wave, the fields at any fixed point in space
oscillate sinusoidally in time with a single angular frequency w.

In Example 6.4.1 we found the general right /left-moving solution for a plane wave prop-
agating in the z-direction. Choosing, for example, a purely right-moving monochromatic
wave corresponds to taking,

frlz —ct) = Ey sin(%(az — ct)) = Fy sin(% T — wt) = FEy sin(kx — wt), (6.5.1)

where we introduced the wavenumber,

k= (6.5.2)

w
c
The time period is 7" = 27/w, while the spatial period is the wavelength A = 27 /k. The
corresponding fields are,
E(z,y, z,t) = E; sin(kz — wt) &,
E
B(z,y, 2,t) = — sin(kz — wt) &, . (6.5.3)
c
It will be convenient to use a complex representation. Different choices of phase (sine,

cosine, or a phase-shifted sinusoid) describe the same physics, and complex exponentials
keep the algebra simple. For instance, we may write,

E(z,y,z,t) = Eg gltkw=wt)
B(z,y, z,t) = By elkr=t) (6.5.4)
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with constant (generally complex) vectors Eq and By. The physical fields are then obtained
by taking the real part.”
Motivated by this, we consider the general ansatz,

E(x,t) = Eye' kx|
B(x,t) = Bye!kxwt) (6.5.5)

where Ey and By are constant complex vectors and k is the wavevector. Its magnitude |k|
equals the wavenumber, and its direction is the direction of propagation. (Indeed, k - x is
constant when x is displaced orthogonally to k.)

For the fields in (6.5.5) we have,

V- -E =ik Eje kxwt)
V-B=ik-Bje kxwt)
V x E =ik x Eje' k¥t
V x B =ik x Bye' kx«1)

Substituting into the vacuum Maxwell equations (6.4.1)—(6.4.4) gives the algebraic con-
straints,

k-Ey=0,

k-By=0,

k x By = —eggpuow Eo,

k xEj=wBy. (6.5.6)

The first two conditions show that both E and B are transverse to the direction of propa-
gation. Combining the last two equations yields,

k x (k X Eo) =k x (WBO> IW(k X B(]) = —80/LQM2E0
= (k-Eo) k — [k|*?Eg = —eopow? Eo, (6.5.7)

and using the transversality of Eg, we obtain the vacuum dispersion relation,
w? =2 k2. (6.5.8)

To summarise, the monochromatic plane wave (6.5.5) solves the vacuum Maxwell equations
provided,

k-E, =0, w(k)By =k x E, wik) =2 k|, (6.5.9)

"This is justified because Maxwell’s equations are linear: if the complex field solves the equations, then
its real and imaginary parts solve them separately.
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Note that the second condition also implies k - By = 0 automatically.

Finally, because Maxwell’s equations are linear, we can superpose monochromatic plane
waves. Allowing the amplitudes to depend on k and integrating over all wavevectors, we
arrive at the Fourier representation of the most general vacuum solution,

E(x,t) = / Eo (k) ¢ (kx—w(90) )

B(x,t) = / By (k) ¢! (kx=w) g3y (6.5.10)
R3

These fields satisfy the vacuum Maxwell equations provided the constraints (6.5.9) hold
for each k appearing in the integrals.

§6.6  Energy Transport

In this section we study how electromagnetic energy is transported and how it is exchanged
with matter. From the point of view of the electromagnetic field, the system is generally
not isolated. In the presence of charges and currents the field can do work on the charges
and, conversely, charges can supply energy to the field. Consequently, if we look at the
electromagnetic energy stored in some spatial region V', its time variation should have two
contributions,

e a flux of energy through the boundary 0V, and

e a transfer of energy to or from the charges moving inside V.

To see the second effect explicitly, consider a small volume element 0V carrying charge
density p and moving with velocity v through the fields. Over a short time ¢ it is displaced
by 61 = vét. The work done by the Lorentz force is,

W =Fp-0l=0g(E4+vxB)-dl=d¢(E+vxB) vt (6.6.1)
=piVE -vit=J -EJV dt,
where in the last step we used J = pv, see Example 2.1.2. Thus, the rate at which the
electromagnetic field transfers energy to matter (per unit volume) is simply J - E.

We now derive the corresponding local conservation law for the electromagnetic field.
Consider the electromagnetic energy density®,

1 2 €0 %
t = — |B(t — |E(t 6.6.2
o(t:3) = 5= B )+ 5 B0 (6.6.2)

8This move is very quick. We simply summed up the energy densities we computed for time independent
configurations. One can argue that the true expression for energy density might contain time derivatives
of fields. See Section 7.9 for a more rigorous treatment
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which is the sum of the electric (4.9.8) and magnetic (6.2.10) contributions. Taking a time
derivative gives,

aﬁmxyj}B@xy@B@¢y+@E@xy@me)
0

02104 1 !
(1.02),(1.0.4) M_B(t’x> (V x E(t,x)) + M—E(t,x) (V x B(t,x) — po J(t,x))
0 0

=—E(t,x) - J(t,x) + i (E(t,x) - (V x B(t,x)) — B(t,x) - (V x E(t,%)))
=—E(t,x) - J(t,x) — MLV -(E(t,x) x B(t,x)) , (6.6.3)

where in the last step we used the vector identity V- (ExB) =B-(VxE)—-E-(V x B).
This motivates the definition of the Poynting vector,

1
S=-ExB, (6.6.4)
Ho
in terms of which (6.6.3) becomes,
de+V-S=-E-J. (6.6.5)

This has the same structure as the charge continuity equation (2.1.8), but now the right-
hand side is generally non-zero. It represents the local power density transferred from the
electromagnetic field to matter. In particular, when E - J > 0 the electromagnetic field is
doing work on the charges and its energy decreases accordingly. The Poynting vector is the
analogue of the current density in this context as it describes how electromagnetic energy
flows through space. This suggests that given an oriented surface S, the rate of energy Pg
flowing through S is given by,

&:/543 (6.6.6)
S

Example 6.6.1. Energy transport in monochromatic plane waves
Let us check these results for a monochromatic plane wave in vacuum, as discussed in
Section 6.5. Using real fields, we write,

E(t,x) = Eg cos(k-x —wt),
B(t,x) = By cos(k-x —wt), (6.6.7)

with the constraints,

k-E,=0, w? =K, k x E) = wBy. (6.6.8)
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From (6.6.8) we also obtain,

1
|Bo‘2 = 6_2 |:E()|2 = |B0|2 = Eglo ’E0|2 . (669)
Substituting into (6.6.2) gives,
e(t,x) = g |Eo|* cos?(k - x — wt). (6.6.10)
On the other hand, the Poynting vector (6.6.4) becomes,
67) 1 6. 1
S(t,x) 660 = E) x By cos?(k - x — wt) €88 2 E) x (k x Eq) cos?*(k-x — wt)
Ho W Ho
1
=—— (|Eol’k — (k- Eg) Eo) cos*(k-x — wt)
W to
68) 1 .
668 2 |Eo|* cos’(k - x —wt)k. (6.6.11)
Clo

Since a plane wave in vacuum has J = 0, (6.6.5) reduces to O,e +V -S = 0, which one can
verify directly from (6.6.10) and (6.6.11). It is also instructive to note the relation,

~

S(t,x) =ce(t,x) k, (6.6.12)

showing that, for a monochromatic plane wave, the enerqy fluxz points along the direction
of propagation and has magnitude equal to the energy density times the propagation speed
c.

§6.7 The Potentials — Gauge Invariance

In earlier sections we introduced the scalar potential ¢ and the vector potential A through
(4.6.3) and (5.4.4). In each static setting, the point was the same. Two of Maxwell’s
equations simplify to constraint equations, and these can be solved automatically by writing
the fields in terms of potentials. This reduces the problem to solving a single equation for
¢ or for A, namely (4.6.4) and (5.4.6).

It is natural to ask whether the same strategy works in the time-dependent case. In-
troducing the vector potential via (5.4.4) still solves (1.0.3), since V - B = 0 is unchanged
in the dynamical theory. However, writing E = —V no longer solves (1.0.2), because
Faraday’s law involves a time derivative of B. The correct time-dependent definitions are,

E=-Vyp—0A, (6.7.1)
B=VxA. (6.7.2)

These solve (1.0.2) and (1.0.3) identically. For example,

)V x (Vo + 9A) = -0,V x A) LY _9,B. (6.7.3)

(6.7.1

V xE
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A second important feature of the potential formulation is that it is not unique. One
can check that the time-dependent gauge transformations,

A—A+Vy,
o= o —0x, (6.7.4)

with gauge parameter the scalar field x(¢,x), leave E and B unchanged as defined in
(6.7.1)-(6.7.2).

Remark 6.7.1. What does this symmetry mean? The electromagnetic field (E, B) contains
six functions, while the potentials (p, A) involve four. The gauge symmetry tells us that
even these four functions contain redundancy. Different choices of (¢, A) related by (6.7.4)
describe the same physical electric and magnetic fields.

Finally, let us translate the remaining two Maxwell equations, (1.0.1) and (1.0.4), into
equations for the potentials. Substituting (6.7.1) and (6.7.2) gives,

V- (Vo + 8,A) + gﬁ =0, (6.7.5)
0
1
VX (VXxA)+9,(Ve+9A) — g—J =0. (6.7.6)
0

These are the dynamical equations satisfied by the potentials. To obtain a unique repre-
sentation, one must supplement them with a choice of gauge.

§6.8 The Maxwell Action

In the previous section we derived the equations of motion (6.7.5) and (6.7.6) for the scalar
and vector potentials. A natural next question is whether these equations can be obtained
from an action principle. That is, can we find a functional S[¢, A] whose extrema (under
arbitrary variations of ¢ and A) reproduce the correct equations of motion?

As we will now show, the answer is yes. The appropriate functional is the Mazwell
action,

1
Slp, Al :/ (%\EP—Z—]B]Q—g}p+A~J> dt d*x (6.8.1)
R4 Ho

where E and B are expressed in terms of the potentials by (6.7.1) and (6.7.2). Writing the
action explicitly in terms of ¢ and A gives,

1
Slp, A] = / <%° |w+atA|2 — 5 |V x A\Q —pp+ A J> dt dx . (6.8.2)
R4 Ho
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We extremise the action by requiring 65 = 0 under arbitrary variations of ¢ and A.
Varying with respect to ¢ yields,

08 = / (g0 (Vo +0,A) - Vip — pdyp) dt d*x
R4

_—/ (0V - (Vi + DiA) + p) 5g0dtd3x+50/ V-(5p (Vo + BA)) di Px
]Rzl

R4

= — / (e0V (Vo + 0A) +p) dpdt d*x. (6.8.3)
R4

In the last step we dropped the total divergence term, assuming suitable boundary condi-
tions. For example that the variation d¢ vanishes sufficiently fast at spatial infinity. Since
0 is arbitrary, the extremisation condition 5 = 0 implies,

V (Vo +0A) + gﬁ ~0, (6.8.4)
0
which is precisely (6.7.5).
Next, vary with respect to A (keeping ¢ fixed). We find

1
5= [ (20 (Vo +08)- 068 — = (V < &) (V x 64) +35A) dr
R4 0

1
=¢co | %((Ve+ A)-0A) dtd’x + " V- ((V x A) x §A) dt d*x
R4 0 JR4

+/ (—aoat(V<p+8tA) — iV x(V x A) +J) COA dt d*x
R4 Ho

1

= / (—60 H(Vo+0,A)— —V x(VxA)+ J) COA dtdPx . (6.8.5)
R4 Ho

In going to the last line we again discarded total derivative terms, assuming dA vanishes

suitably on the boundary. Since dA is arbitrary, S = 0 gives

L VAV XA +a(Ve+aA) - T =0, (6.8.6)
Koo €0
which is equivalent to (6.7.6), after using ¢ = 1/(jog0)-

In Section 6.7 we saw that the potentials are not unique. The gauge transformation
(6.7.4) leaves E and B unchanged. Since the field-strength terms in the action depend
only on E and B, they are automatically gauge invariant. The only part that can change
under a gauge transformation is the coupling to sources,

Slo— 0 A+ VN = Slp Al + [ (@xp+3- V) dt

R4

:S[¢,A]+/

R4

(Oux p) +V - (x)) dtd®x — /R4 (Op+V - J) xdtd’x.
(6.8.7)
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If we choose gauge transformations y that are localised in space and time or impose bound-
ary conditions such that the total-derivative terms vanish, then the action is gauge invariant
if and only if the last integral vanishes for arbitrary y. This implies,

Op+V-J=0, (6.8.8)

which is the charge continuity equation (2.1.8). Conversely, if the sources satisfy the
continuity equation, then the Maxwell action is gauge invariant.
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§7 Special Relativity and Maxwell’s Theory

One of the central themes of the previous sections was a special symmetry of the electro-
magnetic field, gauge invariance. We now turn to a different symmetry question. Which
transformations of spacetime leave Maxwell’s theory unchanged? Pursuing this question
reveals a fundamental tension with Newtonian intuition, Galilean boosts are not symme-
tries of electromagnetism. It was precisely this clash that helped Einstein set the stage for
special relativity.

We begin by introducing Lorentz transformations as the correct spacetime symmetries
of Maxwell’s equations. Taking these symmetries seriously leads to a new understanding
of space and, in particular, time. To develop the subject systematically, we then introduce
the tensor formulation of special relativity. This language will allow us to write Maxwell’s
theory in a manifestly Lorentz-invariant form.

§7.1 Galilean Boosts and Waves

Physical laws should not depend on our choice of inertial frame. In other words, if a law
is valid for one freely moving observer, it should be valid for all freely moving observers.
The transformations relating inertial frames are therefore precisely those that leave the
fundamental laws invariant. A first and familiar example is Newton’s second law,

m(t) =F. (7.1.1)

Passing from one inertial frame to another should preserve the form of this equation. This
requirement leads to the following transformations:

e Translations:

A rigid translation is a constant shift of the spatial origin,
y(t) =x(t) +a, (7.1.2)

so that x(¢) = y(¢) — a and hence %(t) = J(¢). Newton’s law then retains its form in
the translated frame, provided the force is unchanged, F' = F.

¢ Rotations:
A rigid rotation is given by,
y(t) = Rx(t), (7.1.3)

where R is a constant rotation matrix. Differentiating twice gives y(t) = R%(t), so
Newton’s law holds in the rotated frame as,

myt)=F, F =RF. (7.1.4)
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e Galilean boosts:

Two inertial observers moving with constant relative velocity v are related by,
y(t) =x(t) —vt. (7.1.5)

Taking two time derivatives again gives y(t) = X(¢), so Newton’s law is invariant
under boosts as well (with F/ = F).

A key point is that in all of these transformations we have not changed time. In Newto-
nian mechanics, t is a universal parameter shared by all observers. It is now natural to ask
whether this picture is compatible with Maxwell’s theory. The electric and magnetic fields
may transform between observers, but if all inertial frames are equivalent then Maxwell’s
equations should keep the same form in every inertial frame.

Before analysing Maxwell’s equations directly, it is helpful to look at a simpler model.
As we saw in Section 6.4, the electromagnetic field in vacuum satisfies wave equations. To
test the compatibility of wave propagation with Galilean boosts, we therefore consider a
scalar field ¢ (¢, ) in one spatial dimension satisfying,

P(t ) — Ot x) = 0, (7.1.6)

which describes waves propagating with speed c.
What happens to such a wave under a Galilean boost?? It is illuminating to first look
at the solutions. The most general solution is the d’Alembert form,

U(t,z) = fr(x —ct) + fr(z+ct), (7.1.7)

describing right-moving and left-moving waves. Notice that both propagate with the same
speed ¢, in opposite directions.

Now consider an observer moving to the right with constant velocity v. The Galilean
transformation is,

¥ =x—ut, t'=t, (7.1.8)

so that x = 2/ 4+ vt’. Since v is a scalar function, it transforms as a simple composition.
The wave in the primed frame will be,

Yt =t ), x(t,2") = (', 2" +ot') = fr(z’ — (c = 0)t') + fr(a’ + (c+v)t').
(7.1.9)

As expected, the moving observer sees the right-moving part travelling at speed ¢—v, while
the left-moving part travels at speed ¢ + v.

9In one spatial dimension there are no non-trivial rotations, and spatial translations are straightforward.
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Equivalently, we can see the mismatch at the level of the equation itself. Using the
chain rule,

o’ ot

= 04+ —0 =0 1.1
ox' ot
ﬁt—g@cﬂ—a(‘?ﬂ ——U@x/—l—&y. (7111)
Substituting into (7.1.6) gives,
02" — 2000t — (* — ) 02 =0, (7.1.12)

which is manifestly different from (7.1.6).

This is exactly what happens for mechanical waves. For instance, if you drive parallel
to ocean waves, you will measure a different wave speed from someone standing still on the
shore. The reason is that mechanical waves propagate in a medium with a preferred rest
frame. The simple wave equation (7.1.6) holds only in that rest frame; a moving observer
must use a different equation, such as (7.1.12).

Electromagnetic waves are fundamentally different. They propagate in vacuum, without
a material medium, and the same physical laws should apply in every inertial frame. If
Maxwell’s equations have the same form for all inertial observers, then the speed of light
in vacuum must be the same for all inertial observers, and the same in all directions. This
conclusion is incompatible with Galilean boosts. Resolving this tension led Einstein to
replace Galilean invariance with Lorentz invariance, marking the birth of special relativity
and, ultimately, the relativistic theory of gravity.

§7.2  Lorentz Boosts in 1+1 Dimensions

In the previous section we saw that Maxwell’s theory, and the simple vacuum wave equa-
tion, cannot be compatible with Galilean boosts. If all inertial observers are to describe
light propagating at the same speed ¢, then the transformations relating inertial frames
must be different from those of Newtonian mechanics. In this section we determine the
symmetry transformations of the one-dimensional wave equation and thereby arrive at
Lorentz boosts in 1 + 1 dimensions.

We consider the most general linear change of coordinates,

¥ =Ax+Bt+c,
t'=Et+Dx+c. (7.2.1)

Allowing ¢ to mix with z is already a significant departure from the Newtonian picture. If
D # 0 or E # 1, then time is no longer a universal parameter shared by all observers, but
instead becomes a coordinate that can depend on the observer. The constants ¢; and cs
represent constant shifts in space and time. Since translations trivially preserve the form
of the wave equation, we set ¢; = ¢ = 0 from now on.
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We demand that the transformation preserves the wave equation (7.1.6) with the same
propagation speed c. Using the chain rule,

/ t/
Op = 8—37830/ + a—aﬂ = A0y + Doy,
Oz Ox
oz’ ot’
@ - W 8,,3/ + E at/ - B@I/ + E@t/ . (722)
Substituting these into (7.1.6) gives,
(E? —D*) 950 — (PA* — B?) 024p + 2 (BE — AD ¢*) 0p0y1p = 0. (7.2.3)

Requiring this to match (7.1.6) for all fields ¢ leads to the three constraints,
E? - D*=1, A% — B? = ¢, BE—-ADE =0. (7.2.4)

One might wonder whether we could allow an overall multiplicative factor on the left-hand
side. However, such a factor would not be acceptable in the presence of sources, where the
right-hand side would not transform in the same way.
The system (7.2.4) admits one continuous free parameter, which we identify with the
relative velocity v between the two inertial frames. A convenient parametrisation is,
A:E:fy:;, B=—vyv, D:—fyv

2 5. (7.2.5)
so that B = ¢2D.

Remark 7.2.1. One can also flip the sign of A or of E while still satisfying (7.2.4), cor-
responding to space reversal and time reversal respectively. Here we focus on the branch
that is continuously connected to the identity transformation at v = 0.

The resulting transformation is the Lorentz boost in 1+ 1 dimensions,

.’L'/:")/ (I‘—Ut) >

t=x (t—%m) ,

’y:;. (7.2.6)
1—(v/c)®

There are a few important remarks,

Remark 7.2.2. There is no notion of a global time shared by all observers. Time is a coor-
dinate, and different inertial observers generally disagree about simultaneity. Concretely,
if two events satisfy At = t5 — t; = 0 in one frame while Ax = x9 — 21 # 0, then in a
boosted frame,

v
A =t —t) = — = Az #0. (7.2.7)
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Remark 7.2.3. Galilean boosts are recovered when v < ¢. In that limit v ~ 1, and (7.2.6)
reduces to 2’ ~ x — vt and ' ~ ¢.

Remark 7.2.4. Galilean boosts preserve the spatial distance in one dimension, Az? =
(ry — x1)* = (2, — 2})?. Lorentz boosts do not preserve Az?; instead they preserve the
spacetime distance,

A2 = - (A + (Az)® = = (AF) + (Az')” . (7.2.8)

Unlike a Euclidean distance, the spacetime interval can be,
e A2 <0 for events with timelike separation,
e A2 =0 for events with lightlike separation,
e Al? > 0 for events with spacelike separation.

Recognising Al? as the fundamental invariant distance between events marks the birth of
special relativity.

Remark 7.2.5. We began by asking for the linear transformations that preserve the wave
equation (7.1.6), and we found the Lorentz boosts (7.2.6). These same transformations
preserve the spacetime distance (7.2.8). One can also reverse the logic by taking (7.2.8)
as the fundamental invariant, and then derive Lorentz transformations as the symmetries
that preserve it. This is the viewpoint we will adopt when we move to higher dimensions.

§7.3  Measurement in Special Relativity

In this section we examine in more detail the physical implications of Lorentz boosts, now
viewed as fundamental symmetries of spacetime. To streamline the discussion, it is useful
to introduce some standard terminology. A spacetime event is represented by a point (¢, )
in spacetime. The worldline of a point particle is its trajectory (£(\),z(\)) in spacetime,
parametrised by a real parameter .

It is convenient to represent events on a spacetime diagram, with axes measured in
units of length, x horizontally and ct vertically. In Figure 21a an event A is represented
by a single point. A particle at rest has x = constant and therefore a vertical worldline,
such as line B. A photon travels at the speed of light, so its worldline satisfies x = +ct
and appears as a straight line at 45° to the z-axis, as shown by line C. More generally, a
particle moving with constant speed v < ¢ has x = vt, hence a straight worldline making
an angle ¢ with the horizontal such that,

tan ¢ = b < (7.3.1)
r v
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ct 4 D ct A ct
B A
C
15° R
Lo g
(a) Spacetime representation of worldlines. (b) Coordinate systems of different observers.

Figure 21: Spacetime diagrams.

In Figure 21a this is represented by the line D.

It is also useful to draw, on the same diagram, the coordinate axes of two inertial
observers R and R’ related by the Lorentz transformation (7.2.6), as shown in Figure 21b.
The 2’ axis is the set of events with ¢ = 0. Using (7.2.6), the condition ¢’ = 0 becomes,

t—%x:() = ct:%x, (7.3.2)
so, from the point of view of R, the 2/ axis is a straight line through the origin at angle
¢, = arctan(v/c) above the z-axis. Similarly, the ct’ axis is the set of events with 2/ = 0,
ie.,

c
r—vt=0 = ct:;x, (7.3.3)
so it is a straight line at angle ¢, = arctan(c/v) above the z-axis. Note that ¢, + ¢y = 7/2,
and that the light rays x = +ct bisect the angle between the ct’ and 2’ axes.

With these tools in place, we can discuss the implications of special relativity for mea-
surements of space and time. We begin with simultaneity, a concept that is crucial for
defining the length of an object.

Consider two events F; and Fs which are simultaneous according to observer R and
separated by a spatial distance [. If F; has coordinates (t,z) in R, then F5 has coordinates
(t,x 4+ 1). Thus At = 0 and Az = [. Now consider an observer R’ moving with respect to
R at velocity v. The Lorentz transformation (7.2.6) implies,

At’:7<At—;}—2Ax> :—7%17&0, (7.3.4)
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Figure 22: Spacetime diagram illustrating simultaneity in special relativity.
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(a) Spacetime diagram for length contraction. (b) Spacetime diagram for time dilation.

Figure 23: Measurement of length and time in special relativity.

so B and Fy are not simultaneous in R'. This is in sharp contrast with Newtonian physics,
where simultaneity is absolute. The same idea is illustrated in Figure 22: F; and F5 lie on
a horizontal line (constant ¢) for observer R, but not for R'.

Simultaneity is essential when measuring the length of an object. Consider a rigid rod
that is at rest in the frame R'. In Figure 23a, P, and P, are the worldlines of the two
ends of the rod. The length measured in the rod’s rest frame is obtained by comparing
the positions of the two ends at the same time ¢, i.e. for events E]| and E} with At = 0.
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Denote this proper length by,
Ar' =1. (7.3.5)

An observer R who sees the rod moving must also compare the ends at the same time in
their own frame, i.e. for events E; and E, with At = 0. Denote the length measured by R
by,

Azx=1. (7.3.6)

Using the inverse Lorentz transformation (or equivalently rewriting (7.2.6) in terms of
differences) gives,

Ar =~ (Az' +vAl)
/ v /
At =~ (At +5 A:c) . (7.3.7)

Imposing simultaneity in R means setting At = 0, which fixes,
v
At = = Ax'. (7.3.8)

Substituting this into the expression for Ax yields,

V'=-. 7.3.9
> (7.3.9)

Thus a moving rod is measured to be shorter along the direction of motion. This effect is
called length contraction. The rest-frame length [ is the proper length.

Next, consider a clock that is at rest in R/, with worldline P as in Figure 23b. Let E;
and Ey be two successive ticks of the clock. Since the clock is at rest in R’, these events
occur at the same position in R, so Az’ = 0. The time measured by the clock is therefore,

A =T, (7.3.10)

which is the proper time between the ticks. In frame R the same two events are separated
by some coordinate time At = 7/. Using (7.2.6) for differences and setting Az’ = 0 gives,

T =q7. (7.3.11)

Thus, a moving clock is observed to tick more slowly. The time interval between ticks is
longer in the frame in which the clock is moving. This is time dilation. The rest-frame
interval 7 is the proper time.
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Note 7.3.1

Muons are elementary massive particles with an average lifetime of 79 = 2.2 us when
at rest. In a number of different experiments, it has been confirmed that their lifetime
increases when they move at high speeds. This effect is most striking for cosmic-ray
muons produced high in the atmosphere. Although 7y is only a few microseconds,
relativistic time dilation allows many of them to reach the Earth’s surface before de-
caying. The same phenomenon can be described from the muon’s point of view. In
the muon’s rest frame, its lifetime is still 75, but the distance to the Earth’s surface is
length contracted by a factor of 1/, so the trip appears shorter and can be completed
before the muon decays.

In Section 7.1 we saw that the wave equation is preserved by Lorentz boosts. Here we
examine how the frequency and wavenumber of a monochromatic wave change between
inertial observers.

Consider a scalar field in 1+ 1 dimensions with a superposition of left- and right-moving
monochromatic waves in the frame R,

Y(x,t) = Ag sin(k(z — ct)) + Ay sin(k(z + ct)), w=ck, (7.3.12)

where Ar and Ay, are constant amplitudes. After a Lorentz boost with velocity v, so that
R’ moves to the right relative to R, the same field can be written in the form,

Y(a', ') = Ag sin(ky(z' — ct')) + Ay sin(k} (2" + ct')) , (7.3.13)
with transformed wavenumbers,
v c—v
ke=v9(1—-)k= k
=1 ( c) c+v ’
+v
o=y (142) k=[S k. 3.14
=71+ C> 0 (7.3.14)

Thus the moving observer generally sees different wavelengths (and hence different fre-
quencies) for right- and left-moving waves, while the propagation speed remains c. This is
the relativistic Doppler effect.

Note 7.3.2

In astrophysics, a redshift means that light is observed at a lower frequency, or equiv-
alently longer wavelength, than it was emitted. One mechanism is precisely the rela-
tivistic Doppler effect. If a source is receding from the observer along the line of sight,
the observed frequency is reduced, or redshifted, while an approaching source produces
a blueshift. In observational cosmology one also encounters cosmological redshift, due
to the expansion of space. At sufficiently small distances this agrees with a Doppler
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interpretation, but it is conceptually distinct.

§7.4  Lorentz Transformations in 3 + 1 Dimensions

So far we have worked in 1 + 1 dimensions, where Lorentz boosts arise naturally as the
transformations that preserve the wave equation and, equivalently, the spacetime distance.
To apply these ideas to Maxwell’s theory we now move to 3 + 1 dimensions and introduce
the notation that makes Lorentz symmetry transparent.

Following Remark 7.2.5, our starting point is the invariant spacetime interval in 3 + 1
dimensions,

As? = - At + Az® + Ay? + A2, (7.4.1)

As in the 1 + 1 dimensional case, this is a pseudo-norm with indefinite signature; see
Remark 7.2.4.
It is convenient to package spacetime coordinates into a single four-vector,

0
1

at = 5 | = (7.4.2)

3

where we multiplied time by ¢ so that all components have units of length. Using Einstein’s
summation convention (also known as contraction over repeated indices), the interval can
be written as,

As? = — (Ax0)2 + (Aa:l)Q + (Ax2)2 + (Aw3)2
= Azt n,, Az”, (7.4.3)

where 7, is the Minkowski metric'®,

N = diag(—1,1,1,1) . (7.4.4)

The “up—down” placement of repeated indices in (7.4.3) is deliberate and will become
important later.
The inverse metric is denoted n*” and is defined by,

N Nus = 03 (7.4.5)

10Here we use the "mostly plus" conventino for the Minkowski metric. In some textbooks you will find
the "mostly minus" definition 7, = diag(1, —1,—1,—1). The only consequence is that a few signs in our
equations will defer.
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where 0F is Kronecker’s delta. For the Minkowski metric, the matrix #*” has the same
diagonal form as 7, .
A homogeneous Lorentz transformation acts linearly on spacetime vectors as,

g = @ (7.4.6)

We will keep careful track of “up” and “down” indices. The free index on the right-hand
side appears in the same position as the index on the left-hand side, as required by the
contraction rule.

More generally, we define the Lorentz-invariant inner product of two four-vectors V*
and WH by,

VoW = Vi, WY (7.4.7)

This satisfies the usual bilinearity and symmetry properties of an inner product, except
that it is not positive definite.

Demanding that (7.4.6) preserves the interval (7.4.3) for all Az# gives the defining
condition for a Lorentz transformation,

Apu Noo AUV = Nuv - (748)

As an immediate consequence, the inner product (7.4.7) is preserved,
VoW = Vi, WY, (7.4.9)

provided that all vectors transform accordingly,

WH = A*, W, (7.4.10)

and similarly for V*.
In matrix notation (7.4.8) becomes,

ATnA=n, (7.4.11)

where (AT),” = A?,. Multiplying by 1!, one finds a useful expression for the inverse
Lorentz transformation,

At =n"tATy, (7.4.12)
(A =0T Ny, (7.4.13)

Equivalently, the inverse is obtained by taking a transpose and then raising/lowering indices
with 7.
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Four-vectors carry an “up” index. Objects with a “down” index are called covectors
or dual vectors. Given a vector W¥, we define its associated covector after “lowering” the
index by contractring with the Minkowski metric,

W, = 10 WY (7.4.14)

Conversely, given a covector W,,, we “raise” its index using the inverse metric to obtain a
vector,

WY =g W, . (7.4.15)

With these conventions, the inner product (7.4.7) can be written in equivalent ways,

VW= V,WH=VEW,. (7.4.16)

How do covectors transform? Starting from W, = 7,,W* and using (7.4.10) gives,
W =0y WH =y A, WP =, Ny Wy = AW, (7.4.17)

and therefore,

W, =AW, . (7.4.18)

This is one reason it is worth tracking index positions carefully, “up” and “down” indices
correspond to objects with different Lorentz transformation rules. Note that we defined
A7 after “raising” the “down” index and “lowering” the “up” index of A*,.

Example 7.4.1. Partial derivatives as a covector.
A key example of a covector is the gradient of a scalar field. Let 1 be a scalar function and
define V,, = 0,4. Consider a Lorentz transformation (7.4.6). By the chain rule,

=
- Oz

0, O = A%, Oy . (7.4.19)

Using (7.4.8) one can show the identity,

AF A%, =03, (7.4.20)
which allows us to invert (7.4.19),
Oy =N10,. (7.4.21)
Therefore,
Vr = 0ut) = A 0,0 = AV, (7.4.22)

which is exactly the covector transformation rule (7.4.18).
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Remark 7.4.2. In Example 7.4.1 the object J, is a linear operator, but it transforms with
the same components as a covector. This is a recurring and very useful theme in relativistic
physics.

Equation (7.4.11) imposes ten independent conditions on the sixteen entries of a 4 x 4
matrix, leaving six independent parameters. Physically, these correspond to three boosts
and three spatial rotations.

e Boost in the z-direction.
Acting with the 14 1 dimensional boost (7.2.6) in the (¢, ) plane and leaving y and
z unchanged gives,

voo—%y 00
-y v 00 1
Ap(v,) = c , = 7.4.23
(v2) 0 0 10 T (o (7.4.23)
0 0 01
It is a good exercise to verify directly that (7.4.11) is satisfied.
e Boost in the y-direction.
Similarly,
vy 0 =2y 0
0O 1 0 0 1
Ay (vy) = v , = 7.4.24
y( y) _?y,y O '7 O P)/ 1 — (Uy/0)2 ( )
0O 0 0 1
e Boost in the z-direction.
And for the z-direction we have,
v 00 =%y
0O 10 0 1
A (v,) = , = 7.4.25
@=| 109 o1 o 1= —— (7.4.25)
—27 00 v

e Spatial rotations.
Keeping the time coordinate fixed and rotating only the spatial coordinates corre-
sponds to,

1 0
Ar = (0 R> : R'R = I3, (7.4.26)

where R is a 3 x 3 rotation matrix with three independent parameters.
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Lorentz transformations form a group under matrix multiplication the Lorentz group.
The product of two Lorentz transformations is a Lorentz transformation, and every Lorentz
transformation has an inverse. A convenient, though not unique, way to parameterise a
general element is as a product of boosts and a spatial rotation, for example,

AV, R) = Ay (v,) Ay(v,) As(vs) Ag . (7.4.27)

Remark 7.4.3. The six-parameter family of Lorentz transformations described above sat-
isfies the defining condition (7.4.8). However, as in Remark 7.2.1, there are also matrices
that satisfy (7.4.8) but lie outside this connected family. To see this, take the determinant
of both sides of (7.4.11),

det(ATnA) = det(n) = (det A)> =1 = det A = +1.

All matrices in our family satisfy det A(v,R) = +1. Therefore any Lorentz transformation
with det A = —1 is disconnected from the identity and cannot be reached by continuously
varying the parameters v and R. Simple examples are time reversal and a spatial reflection,
respectively,

Ar = diag(—1,1,1,1), Ap = diag(1,—1,1,1).

The group of matrices A with det A = 1 is called the proper Lorentz group SO(1,3).
As a useful check of our promise, let us verify that the scalar wave equation in 3 + 1
dimensions,
Ol — AV =0, (7.4.28)
is Lorentz invariant. Using 2° = ¢t and 9y = 9/92°, this can be written as,

0 9 0o 0 0 0 0 0

020 (9wa + oOx! axlw - ox? awa + o3 axgw = 07 (7429)

or, more compactly,

n* 9,0,9 = 0. (7.4.30)

Under a Lorentz transformation, the derivatives transform as in (7.4.19), leading to the
primed frame equation,

DA AP, OOt = 0 TS 108 9,950 = 0, (7.4.31)

which is again the same wave equation.
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§7.5  Vectors, Covectors and Tensors

In the previous section we introduced vectors and covectors, together with their transfor-
mation rules under Lorentz transformations. This is extremely useful when writing physical
laws, because it allows us to build quantities that are independent of the inertial frame.
The simplest example is the contraction of a vector V# with a covector W,,

VAW, (7.5.1)

which is essentially the Lorentz-invariant inner product between V#* and the dual W# | see
(7.4.7).

Another way to see the invariance of this contraction is to use the fact that vectors
and covectors transform in “opposite” ways, according to (7.4.10) and (7.4.18). Identity
(7.4.20) then guarantees,

VW, = AT AL VoW, TEY st yew, = vew, | (7.5.2)

This may look like a small observation, but it is the basic mechanism by which we

construct many useful Lorentz-invariant objects. In particular, as we observed in Example

7.4.2, partial derivatives transform like covectors. Contracting a derivative with a vector

therefore also produces an invariant quantity. Depending on what the derivative acts on,

this leads to different examples. For instance, using (7.4.21) together with (7.4.20), one
finds that the divergence of a vector is Lorentz invariant,

O T = 8, J". (7.5.3)

Another example is the directional derivative of a scalar field,
VY Opth = VH O (7.5.4)

Remark 7.5.1. Since the last identity holds for any scalar field v, it is often convenient to
view it as an identity of differential operators,

VY 0y = VH0, . (7.5.5)

This point of view becomes central in differential geometry and general relativity. Loosely
speaking, the partial derivatives 0, form a basis of a vector space, and a linear combination
V*#9, is the geometric, coordinate-independent object.

More generally, we define tensors of type (ZL) as objects with m vector indices and n

covector indices. You can think of these as generalisations of matrices to more than two
indices. What makes an object a tensor is its transformation law under the Lorentz group,

Iyt / / v v
THmyy gy = A e Ay AT Ay TR - (7.5.6)

With this definition, vectors are ((1)) tensors, covectors are ((1)) tensors, and scalars are (8)
tensors.
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Note 7.5.2

From the definition one can infer a number of useful rules,
1. If a tensor is equal to zero in one frame, it is equal to zero in all frames.

2. The sum of two ("Z) tensors is a tensor of the same type.

m1+m2

g ) tensor.

3. The product of a (’::11) tensor and a (7:22) tensor is a (

4. Raising (lowering) an index of a (’:) tensor using the Minkowski metric produces

a (170) (7)) tensor.

5. Contracting one vector index with one covector index of a (’Z) tensor produces a

(:f:ll) tensor.

m

n+1) tensor.

6. Taking a partial derivative of a (7;) tensor produces a (

Remark 7.5.3. We have already seen the last property in action in Example 7.4.1. Starting
from a scalar ¢ (a (8) tensor), taking one derivative produced 0,9 (a ((1)) tensor). The gen-
eral statement can be proven by combining the transformation rule (7.4.21) for derivatives
with the tensor transformation rule (7.5.6).

Note 7.5.4

Be cautious with the order of indices. Starting from a (g) tensor T,p,, raising one
index produces three distinct (;) tensors,

T%%,, T, Tu". (7.5.7)
This notation makes it clear which index was raised. By contrast, a shorthand such
as Tg is ambiguous. It does not uniquely indicate which of the original indices was
raised.
Example 7.5.5. Contraction Let T*% be a (f) tensor and define the contraction'?,
Ve =T, (7.5.8)
We claim that V* transforms as a (é) tensor. Indeed, using (7.5.6),
Vo/ _ Ta’ﬁ’ﬂ/ _ Aa’a Aﬂ’p ABIO— TP, (7'4:‘20) Aa’a 50p TP,
=AY, T, = A Ve

Contracting instead as T°%5 would in general produce a different vector.
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which 1s exactly the vector transformation rule.

If a physical law (for example, Maxwell’s equations) can be written in tensorial form,
then it automatically holds in every inertial frame and such equations are called covariant.
In particular, while charge density, current density, and the electric and magnetic fields
do transform between frames, the tensorial form of the equations they satisfy remains the
same. In the following sections we will package Maxwell’s equations into tensors with the
result being remarkably compact.

Example 7.5.6. As an illustration, let us revisit the Lorentz invariance of the scalar wave
equation (7.4.30). By the last property in Note 7.5.2, the object,

C = 0,00 7.5.9
% "

s a (g) tensor since v is a scalar and therefore a (8) tensor. By the fourth property, raising
one 1ndex gives,

C*, = n"* 0,0, (7.5.10)
which 1s a (i) tensor. The fifth property suggests that contracting results in,
D =C", =" 050, (7.5.11)

a (8) tensor, hence Lorentz invariant. Therefore the equation D = 0 is invariant in all

inertial frames by the first property, which is exactly the Lorentz invariance of (7.4.30).

§7.6  Charge Continuity in Special Relativity

One of the first fundamental statements we encountered in Maxwell’s theory was the con-
servation of charge, (2.1.8). Since this is a basic physical principle, we expect it to hold in
every inertial frame. In special relativity this means that the continuity equation should
retain the same form under Lorentz transformations.

To make this manifest, we rewrite the continuity equation in spacetime notation. Start-
ing from (2.1.8), we insert a factor of ¢ and use z° = ct, so that 9/92° = (1/c) 9/0t,

0

This can be written compactly as,

9, J" =0, (7.6.1)

where we introduced the spacetime current,

JH = <ch> . (7.6.2)
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Using the Remark around (7.5.3), the equation (7.6.1) is Lorentz invariant provided J*
transforms as a spacetime vector. In other words, charge density and current density are
not independent relativistic objects. They are the time and space components of a single
four-vector, and they mix under Lorentz boosts.

This observation has immediate physical consequences that are not visible in a purely
Newtonian treatment. As a simple illustration, suppose that in some inertial frame we
have a static charge distribution with no current,

Jh = <Cop> . (7.6.3)

What does a moving observer measure? Consider an observer boosted with velocity v,
along the z-axis. Under the Lorentz boost (7.4.23) we find,

vep
T = (A (vp)), J* = ‘Vof’ Vel (7.6.4)
0
Thus the boosted observer measures,
pr=vp  Jo=—vpve=—pu,. (7.6.5)

There are two key messages,

e The charge density is larger in the moving frame by a factor of +. This is exactly
what we should expect from length contraction. The same total charge is squeezed
into a shorter length along the direction of motion, so the density increases.

e The conclusion of example 2.1.2 seems to be wrong when we take into account rel-
ativistic effects as we need to include an extra factor of v when we relate the fluid
velocity to the current density. However, the relationship between the transformed
charge density p’ and the current J! is the same. Therefore our conclusion from 2.1.2
holds provided that we use the correct charge density that we see in our frame. The
minus sign we found is due to the fact that the observer moves to right and sees the
charge moving to their left.

In summary, (7.6.1) packages charge conservation into a manifestly Lorentz-invariant form
and makes clear that p and J are frame-dependent components of the same relativistic
current.

§7.7 FElectromagnetic Field Tensor

In the previous sections we learned two lessons that, at first sight, seem unrelated,
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e Maxwell’s theory is gauge invariant, so it is naturally expressed in terms of potentials.

e Maxwell’s theory is compatible with Lorentz transformations, so it should admit a
covariant spacetime formulation.

In this section we combine these ideas and package the electric and magnetic fields into a
single spacetime tensor.

Start from the scalar and vector potentials ¢ and A introduced in Section 6.7, and
assemble them into the four-potential,

AF = (fgf) . (7.7.1)

The natural assumption, which will be justified by what follows, is that A* transforms as
a spacetime vector under Lorentz transformations (7.4.10). Lowering the index with the
Minkowski metric then gives the associated covector,

A, =n, A = <—§¥C)' (7.7.2)

Recall that the scalar and vector potentials are not unique. They are defined only up
to the gauge transformations (6.7.4). In spacetime notation this becomes the very compact
statement,

A, = A, +3,x, (7.7.3)

where the gauge parameter x(t,x) is a scalar field. For this reason one often calls A, a
gauge field.

The gauge-invariant object built from A, and one derivative is the antisymmetric ten-
sor,

Fo = 0,A, — 0,4, . (7.7.4)

Indeed, if we perform a gauge transformation (7.7.3), the new electromagnetic tensor is
equal to the original one,

Fl, = 0,4, — 0,4 = 8, (A + 0,x) — 0, (A + 0ux) = 0uA, — 0,A, = Fu,. (7.7.5)

By construction it satisfies the antisymmetry relation,

F,, =—F,. (7.7.6)
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Using z° = ct, 9y = (1/¢)0}, together with E = —Vyp — §;A and B = V x A, one finds
that F),, contains exactly the components of E and B. In particular,

1
Foi = 0Ai — 0;40 = —— E;,
&

Fij = 045 — 9;Ai = eijp. By . (7.7.7)

In matrix form,

0 —-E,/Jc —E,/Jc —E./c

_ | Befe O B,  -B,
Fo= |50 B 0 5 | (7.7.8)
E.Je B, -B, 0

Raising both indices gives,

0 E./c E,/Jc E./c
—E./c 0 B, -B,
—E,Jc =B, 0 B,
~E.Je B, -B, 0

Ful/ — nuanVﬂFaB f— (779)

Thus, in special relativity the electric and magnetic fields are not separate objects, they
are simply different components of a single antisymmetric rank-2 tensor.

Since A, is a covector and 0,, also transforms as a covector, the definition (7.7.4) implies
that F),, transforms as a (g) tensor,

Fuy =AM NP oy, P = A N FOP (7.7.10)

This immediately implies that, under boosts, the components of E and B must mix.
As an example, consider a boost in the z-direction with velocity v,, the matrix A, (v,)
from (7.4.23). Applying the transformation to the matrix (7.7.9) gives,

0 E./c v(E, —v.B,) Jc v(E, +va)/c

RV - 0 Nb-uE) (B uE)
—y(Ey — v, B.) Jc —v(B.—%E,) 0 Bw
—v(E,+v:By)Jc ~ (By + % EZ) —B, 0

Comparing with the general form (7.7.9), we can read off the transformation laws for the
fields,

E = E, B. = B,,
vx
E, =~ (E,— v, B.), B;=7<By+§EZ>,
Vg
E;:’Y(Ez—i_szy)? B;:7<Bz_§Ey>
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In particular, components parallel to the boost are unchanged, while transverse components
mix. A purely electric field in one frame can appear partly magnetic in another and vice
versa. This is exactly what we should expect if E and B are components of a single Lorentz
tensor.

Our example was without loss of generality since we can apply a simple Euclidean
rotation and write the transformation for a general velocity vector v. Doing so yields,

E| =E, B| =B, (7.7.11)
L =7EL+vxB), l:')/(BL—%XE)- (7.7.12)

for the components parallel and perpendicular to the velocity v.

§7.8 Covariant Form of Maxwell’s Theory

Our next big question is the rewriting of Maxwells equations in terms of F,, and the
spacetime current J* that we defined in (7.6.2). As we will show, in our tensorial variables,
we have the correspondence,

V.E:-E% _) 8FMV__ Jl/ (781)

VX B =puJ+ poeo E . — s e
V-B=0

vXE:_atB} = Qi+ OxFy + O Fy = 0. (7.82)

The first thing we want to make sure of is that we have the same number of equations.
Equation (7.8.1) has four spacetime components, matching a scalar and a vector equation
in three dimensions.

Counting independent components of (7.8.2) is slightly more involved, since it carries
three free indices. The key observation is that its left-hand side is totally antisymmetric
under permutations of these indices. To make this explicit, define the (g) tensor,

Wi = OpFon + 0o Foy + O\F e . (7.8.3)
For instance, exchanging the first two indices yields,
WNW = 8MF>\,.i + a,\F,W + 6,§FM = — WH}\M , (784)

where we used only the antisymmetry (7.7.6) of the field-strength tensor F),,. More gen-
erally, for any permutation o of three objects,

Wowanow = €(0) Wi (7.8.5)
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with €(0) = +1 for even permutations and e(c) = —1 for odd permutations. Total anti-
symmetry implies that Wy, = 0 whenever any two indices coincide, so the only potentially
non-vanishing components are those with three distinct indices. In four spacetime dimen-

sions this leaves,
4
(5) =
3
independent components of W.
We will now check the validity of our claim. We will separately examine the time and
spatial components of (7.8.1). Considering the time component gives us equation (1.0.1),

. 7.9) 1 6.
B F® + 8, F° = —po J° "5V 0B, = o J° 2P 9., = 8ﬁ, (7.8.6)
c 0
while a spatial component gives,
, g (7.7.9) 1
80F01 -+ @-Fﬂ = —Up J* ( = ) C_28tEZ + 5jikaj Bk = —Uo Jz =
€ijk0; B = poco O E; + po Ji (7.8.7)

which is equation (1.0.4) written in component notation.

Since equation (7.8.2) is totally antisymmetric, we can only have one of its components
to be along the time direction. Therefore, we have two cases, one in which one of the
components is 0 or not. Examining the first case gives,

OFy; + 0.Fjo + 0;Fy = 05"

Elij (5ijk GtBk + 0ZE] — a]EZ) =0 (A.=0>.1) Elij @E] = —atBl N (788)

Eijk OB, + @E] — 8]E1 =0=

which is the same with equation (1.0.2). Choosing all three indices to be spatial yields a
scalar equation in three dimensions,

0; ij + 8j Fi + 0O Fij =0= Ejkl 0; B + e @-BI + €51 0,B =0=

(A.0.1
=

Eijk (gjkl &BZ + Eril 0]'31 + €ijl 8kBl) =0 ) 8kBk = O, (789)

which is our familiar divergence free condition (1.0.3) for the magnetic field. As we should
expect, writing our electromagnetic tensor in terms of the gauge field as in (7.7.4), auto-
matically solves equation (7.8.2). This is the reason this equation is also known as the
Bianchi identity. This was the point of introducing the scalar and vector potentials in
Section 6.7, to solve equations (1.0.2) and (1.0.3). These equations are now packaged in a
single equation (7.8.2).

The final step is to rewrite Maxwell’s action (6.8.1) in covariant form. We first notice
that,

. 7. 1 1
Fu o Oy (BE - - BE) =2 (B - S BF) . (1810
0
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and also,

7.6.2),(7.7.2)

A, —pp+A-T. (7.8.11)

This allows us to write Maxwell’s action in the elegant form,

1

1
_ = - pw n) g
S[A,] . /Rz;( 4M0F F.,+A,J ) x

1
= (_4_FWFW+AHJ“) dt d'x. (7.8.12)
R4 Ho

The integrand is built out of tensor contractions and it is therefore invariant as a Lorentz
scalar. It is worth pointing out that the whole integral is also invariant since the Jacobian
of a proper Lorentz transformation has determinant equal to one (see Remark 7.4.3).

§7.9 The Energy-Momentum Tensor

This section is non-examinable.

In Sections 4.9 and 6.2 we computed the energy densities stored in static electric and
magnetic fields. However, in Section 6.6, we took their sum to be the energy density of
time dependent configurations. In this section, we will use the technology of classical field
theory and justify our earlier results more rigorously.

The canonical energy-momentum tensor of the relativistic theory is given by!2,

oL
TH, = ———%_ 0, Ay + 6" Ly, 7.9.1
0(9,Ay) T e (79.1)
where L., is the Lagrangian density for the electromagnetic field withough the external
sources,

1
Lypox = ——F,, F*. 9.2
4/1'0 a2 (7 9 )
After noting that,
OF.g
— =5y — 8h 6 7.9.3
B (aMA)\) a”p B Ya> ( )

12¥ou will notice a sign difference with the definition in the first half of the term. This is due to our
convention for the Minkowski being "mostly plus".
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we can easily compute,

oL 1
e A 7.9.4
00,4~ o (794)
to obtain the expression,
1 5 1 s
T, = — (| F'"0,A\ — =00 F*"Fop | . (7.9.5)
Ho 4

After raising both indices, we have,

1 1
THY — % <F“’\ oAy — ZUW Faﬁch) ) (7.9.6)

In the vacuum, with J# = 0, we can easily check that,

1 1
0,T" = " (GMF’“ 0" Ay + Fr 970, Ay — éF“B a”Faﬁ)
0
1 1
2 = (F’“ 0”9, A\ — - FP GVFaﬁ)
Ho 2
1
=5 (F* 0" (0,A) — O\A,) — F*P 0" F,5) = 0. (7.9.7)
0

However, there is a couple of issues with this particular expression for a physically
relevant energy-momentum tensor. The first one is that it is not a symmetric tensor.
Most importantly, this expression is not gauge invariant. As you know, the components
of the energy-momentum tensor are directly related to physically measurable quantities.
For example, Tq is the energy density while Tp; is the momentum density of the system.
As such, we would like to have an expression which is manifestly invariant under (7.7.3).
Moreover,

Instead of the canonical energy-momentum tensor, we can always consider the improved
energy-momentum tensor,

TH = TH £ WM (7.9.8)

which satisfies,
0,T" =0, (7.9.9)
as long as the (g) tensor W™ is antisymmetric in its first two indices, W = —WHW,

Given that the tensor W™ vanishes at infinity, it does not alter the total energy or
momentum of the system since it only contributes a spatial divergence when integrating
over a spatial slice of space-time.



7.9 THE ENERGY-MOMENTUM TENSOR 90

The goal is to choose a suitable W** such that T is symmetric and gauge invariant.

In particular, choosing W = “io FM AY gives us,

v =iy g (A7)

Ho
8. 1
(721) THY _ F;LA 8)\14”
Ho
1 A v v 1 v paf
= = (™ (07 Ay — 0\AY) — S FOPFL, | =
Ho 4
Y 1 A v 1 v aB
Tw = = ( FRAFY, — —p FoPF,5 ) . (7.9.10)
Ho 4

This energy-momentum tensor satisfies all our requirements and is known as the Hilbert
energy-momentum tensor and it is guaranteed to satisfy,

0,T" =0 (7.9.11)

So far, we have considered the electromagnetic field in the vacuum, with J* = 0. From
our discussion in Section 6.6, we expect the right hand side of (7.9.11) to be non-zero.
This is due to the fact that the Maxwell field will exchange energy and momentum with
the charged particles. Taking the divergence of (7.9.10) gives,

. 1 1
0T = — (aﬂF“A F'\+ FP 0, F" — 5 F*7 a”Faﬁ)
Ho
(7:8.1)

1 1
=Y TN+ " (F’“ OuF"s = 5 Fes aVFaﬁ)

1 1
= —F"\J*+ %nw’ (FfM OuFpr = 5 Fe? apFaB)

1 1
= —F"\ J*+ —n"* (F“B Onlg — = F°° apFaﬁ>
Ho 2
8. 1 1
TED _pr, o+ P (Faﬁ OuFys + 5 F* (0aFy + aﬁppa))
0
1 1
= —F"\ JM+ —n* (Faﬁ Doy = 5 FP (0 Fop + aanﬂ)> ,
Ho
where in the last line we simply used the antisymmetry of the field strength tensor. In

particular, for the second term inside the nested bracket we wrote F*?93F, pa = F B, F, w3 =
—F89,F »3- After noticing the terms in the brackets cancel out, we have the elegant result,

0, T = —F"y J*. (7.9.12)
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It is instructive to compute the different components of the energy-momentum tensor
as these are related to energy density £, momentum density P¢, and the stress tensor o%
of the system. We have,

1 4 1
= TO _— — (FOz Foi + ZLFa,B Faﬁ) (7.7.9), 7810) ('B‘Q |E|2>

Ho
1, L oi i 1
PZ:—TZ:—F]FZ]‘_ 52]kE Bk— ( B S
c HoC HoC HoC
1 )
o =Ty = — (Fk F¥ + Fo F}° — —5ijF°f5 Fa5>
Ho 4
1 1 1 9 1 9
= % (5ikl Ejkr Bl Br + g Ei Ej — 5522 (|B| — g’El )>
o1 1 /1 9 1 1 9
=" — | =9;;|B|* — B; B; — | =04 |El* — E; E; ) . 7.9.13
= (GouBE BB )+ (GaEE - BB (1013)

The above results justify the identification for the energy density of equation (6.6.2). It is
also reassuring that we recovered the Poynting vector of equation (6.6.4) which plays the
role of current in the energy continuity equation (6.6.3). Our final step is to write out the
time and spatial components of the right hand side of (7.9.12),

FO/\J)\ FO Jl(779)(762)—E-J,

Fi/\JA = FiOJO + E,ka (7~7-8!7.6.2)

pE;+cin Jp B = (pE+J X ]_3))Z . (7914)
It turns out that the time component is precisely the right hand side of equation (6.6.3)
that we identified in section 6.6 as the energy exchanged between the electromagnetic field
and the moving charges. We can write,

8t73¢ + 8jaj2- = — (pE +J x ]_3))z . (7915)

The term that appears on the right for the equation governing momentum density is nothing
but the Lorentz force on charge. It is precisely the rate at which the two systems exchange
momentum.
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§8 Beyond Maxwell

This section is non-examinable.

This final section is non-examinable. Its purpose is to give a glimpse of two directions
in which the potential-based and action-based formulation of electromagnetism becomes
more than a convenient reformulation,

e In quantum mechanics the potentials can have observable effects even in regions
where the classical fields vanish.

e Keeping gauge and Lorentz invariance one can consistently deform Maxwell theory
into non-linear electrodynamics.

§8.1  The Aharonov-Bohm effect

In classical electromagnetism, the electric and magnetic fields (E, B) are the directly ob-
servable objects. The potentials (¢, A) are extremely practical, but they are not unique.
Different potentials related by gauge transformations describe the same observable fields.
As we have already seen in Remarks 4.6.2 and 5.4.4 for classical particles, the potentials
appear in their Lagrangian. However, in the equations of motion all that appears is the
Lorentz force in terms of the electric and magnetic fields. In Quantum Mechanics, the
important thing is the Lagrangian itself. This adds a crucial twist, the wavefunction of a
charged particle is sensitive to the potentials through its phase. This can lead to measurable
consequences even in regions where E = B = 0.

Consider a very long, thin solenoid along the z-axis carrying a steady current such that
the magnetic field is confined to its interior. Idealising the situation, we assume,

B=0, (8.1.1)

outside the solenoid, while the total magnetic flux through a cross-section of the solenoid
is,

O = /B-dS. (8.1.2)

Using Stokes’ theorem, for any closed loop C' winding once around the cylinder, we can
write,

%CA-dr:/S(VxA)-dS:/B-dS:d)B, (8.1.3)

S
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Figure 24: Aharonov-Bohm set-up. A long solenoid confines magnetic field B to its interior
, producing a net magnetic flux ®p through its cross-section. An electron beam is split
into two paths v, and 7, that travel entirely in the field-free region and then recombine on
a detector.

where S is a surface bounded by C'. The point is that any such S must intersect the
solinoid if C' encircles it and in that region B # 0. This is how the flux enters even though
B = 0 along the particle path C.

In non-relativistic quantum mechanics, a particle of charge g couples to the electromag-
netic potentials by the minimal coupling replacement,

BV — —ihV —qA,  ihd, — ihd—qy. (8.1.4)

A robust consequence is that along a path + the wavefunction picks up an extra phase
proportional to the line integral of the potential,

Y~ exp(%q/A-dr) . (8.1.5)
ol

Now imagine a double-slit arrangement in which a beam can follow either path v or v,
and travel in the field-free region outside the solenoid before it is detected by a suitable
apparatus, as shown in Figure 24. Both of these paths contribute to the wavefunction of
the electron and the relative phase shift between the two is determined by the closed loop
obtained by following ~; forward and 5 backward,

AGAB:%]{A-dr:%d)B. (8.1.6)

Thus the interference fringes shift as we vary the enclosed flux ® g, even though the particles
never pass through a region with nonzero B.
Two comments are worth stressing,
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e This does not contradict classical electromagnetism. Classically, a point particle
responds only to E and B, so there is no force in the field-free region. This effect is
a statement about quantum phases and interference.

e The quantity § A - dr is gauge-invariant for closed loops. So the effect is physical
even though A itself is gauge-dependent.

e This is a good point to stress the importance of something that we didn’t quite stress
in the lectures. Everywhere outside the cylinder we have

B=0=VxA=0.

The fact that the curl of A vanishes outside the cylinder might tempt us to write
A = Vg for some function g. However, since the curl of A doesn’t vanish everywhere,
including the region inside the cylinder, prevents g from being a well defined function.
To see this, compute the flux once again,

}{A-dr:]{Vg-dr,
c c

which should be zero for a well defined function g.

§8.2  Nonlinear electrodynamics

In the Maxwell theory, one of the most efficient ways to organise the subject is via the action
principle. Starting from a gauge-invariant and Lorentz-invariant action for the potential
A, the Euler-Lagrange equations reproduce Maxwell’s equations, while gauge symmetry
explains the redundancy A, — A, + J,x. This viewpoint also makes it clear what it
means to go “beyond Maxwell” in a controlled way. We keep the gauge invariance and
Lorentz invariance but allow a more general Lagrangian than the quadratic Maxwell form.
Maxwell’s linearity and the superposition principle are tied to the fact that £ is quadratic
in the field strength. Once £ becomes nonlinear in F),,, electromagnetic fields can interact
with themselves and superposition generally fails.

But why would we want to do this? A good example is provided by quantum electrody-
namics where the vacuum behaves as a polarizable medium at extremely strong fields. At
low energies this is captured by an effective Lagrangian with non-linear corrections, leading
to effects such as vacuum birefringence and light-by-light scattering. The key point is that
“vacuum” need not remain perfectly linear once quantum fluctuations are included.

Gauge invariance implies that A, can enter the action only through F},, and through
the coupling A, J*. Lorentz invariance then implies that the Lagrangian density depends
on F),, only through Lorentz scalars.

To proceed, we introduce the four-dimensional Levi-Civita tensor €y, which is totally
antisymmetric and in our conventions g3 = —1 and therefore £%1?* = 1. We can easily
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check that this quantity transforms as a tensor. Indeed, we can check,
50/1/2/3/ _ AOINAllAAQIM A3/V€n)\;w —=det A = 1’ (8.2.1)

and similarly for the other components. After this definition, we can see that two standard
invariants are,

T, = E, F"™,  Ty:=F,F", (8.2.2)

where the dual tensor is defined by,
P o= %E“VngpU. (8.2.3)
With our metric signature 7,,, = diag(—1,1,1,1), one finds (up to the usual factors of c)
11:2<|B|2—“;3—2|2>, Igz—%E-B. (8.2.4)

A general nonlinear electrodynamics can then be described by an action of the form,
s = [ (e@z) + 4,") d, (3.25)
R4

where £ reduces to the Maxwell Lagrangian density in the weak-field limit.
To derive the equations of motion, vary A, — A, +0A,. Since 6F),, = 0,04, — 0,04,
integration by parts yields an expression of the form,

oL
= ) — vI§A, d* 2.
59 RJ au(aFw)JrJ]a ydiz (8.2.6)

up to boundary terms. It is therefore natural to introduce the antisymmetric tensor,

oL

H"Y = —2 .
OF,,

(8.2.7)

We note that for Maxwell’s theory, £ = —(4puo) ' F,, F* and one gets H* = (1/po) F*.
In general, the equations of motion take the compact form,

OH" = —J",  0,Fun+0cFau+03Fl =0, (8.2.8)

where the second equation is still the Bianchi identity.

A famous nonlinear, gauge-invariant and Lorentz-invariant modification of Maxwell
theory is Born-Infeld electrodynamics. It is characterised by a new scale b with dimensions
of field strength and Lagrangian density,

b? 1 1,
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For weak fields (JE|/c < b and |B| < b) one can expand the square root and recover
Maxwell theory plus higher-order corrections, schematically of the form

1 12 1}

The important qualitative message is that the field equations become nonlinear, so superpo-
sition no longer holds. This allows genuinely new phenomena (modified wave propagation,
field self-interactions, etc.), while still respecting gauge symmetry and special relativity.



Additional material

§A Facts and Identities of Vector Calculus

This appendix contains several useful identities and properties from vector calculus that
are heavily used in the main text. Unless otherwise stated, all functions and components
of vector fields are assumed to be at least twice differentiable, with continuous partial
derivatives. In terms of notation, if our coordinates are labelled by z¢, the corresponding
partial derivatives are 0; = %. In this way, we will assume that 0,0, = 0;0; as an operator
acting on all our functions and vector components.

In these notes, we will often need to deal with the Levi-Civita symbol €;;;,, which is
totally antisymmetric in its indices and €153 = 1. The identity,

Coaaty = O0ig = Gasgp o (A.0.1)

will allow us to show a couple of very useful identities regarding the curl operator.
For any smooth vectors A, C and function f we can show that the following identities
hold.

V- (VxA)=0 (A.0.2)

Proof. We can use index notation to write,
V- (VXxA)=0;(V xA), =e;,00;A;
= % (€i31 0:0; Ak + €ijx 9,05 A)
_1 (€1 0:05 Ak — €jir, 0:0;Ay,)

2
1
== 5 (eijk alajAk — €ijk @@Ak)
1
= §€ijk (818JA1€ — 8]81Ak) =0.
In the third line we used the antisymmetry of the Levi-Civita symbol €, = —¢j;, and in
the fourth line we simply relabelled the dummy indices which are summed over. In the
last line we used the fact that we can commute the order of the partial derivatives. O
VxVf=0 (A.0.3)
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Proof. Using similar ingredients,

1
(V X Vf)Z = eijkﬁjakf = §€ijk (ajakf — 8k8jf) =0.

Vx(VxA)=V(V-A) - VA

Proof. In index notation we have,

(VX (VX A)), =ex0; (VX A = €iji €rpq 00, A,

(A.0.1)
= €ijk Epgk 6yapAq = (5ip 5jq - 5@'(1 5]‘1)) ajapAq

= 0;(0;4;) — 0;0;A;

which proves the identity after using equation (A.0.1).

VX(fA)=VfxA+fVxA

Proof.

(VX (fA)); = €ijx 0; (fAx) = €iji. (0;f Ax + [ OjA;)
= €k O; f Ap + [ €1 0; Ay,
=(VfxA),+f(VxA),

Vx(AxC)=(V-C)A+(C-V)A—(V-A)C—(A-V)C
Proof.

(V x (A x C))z = €k 05 (A ¥ C)k = €ijk €kpq 0 (Ap Cy)

(A.0.1)
= (5ip 5]’(1 - 5iq 5]'10) aj (Ap Cq)

= 0; (A Cy) — 8 (A, C)
= (0;C)) Ai + C;0;A; — (0;4;) Ci — A;9,C;,

where once again we used property (A.0.1) in the second line.

98
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(A.0.6)
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V-(AXxC)=C-(VxA)—A-(VxC) (A.0.7)

Proof.

32‘ (A X C)l = 81 (5ijk; Aj Ck) = Ck (@'jk @AJ) + Aj (ZEZ'jk E)ZCk)
=Cy (VxA), —A4; (VxC),

]

A couple of theorems that we heavily use in the main text are Gauss’ and Stokes’
theorems. To state Gauss’ theorem we consider a volume region V' C R?® with boundary
S = 0V. The theorem then relates the volume integral of the divergence of a vector A to
its surface integral,

/V-Ad3x:/A-ds, (A.0.8)
\% S

with the surface S oriented in a way such that its normal vector points away from the
volume V.

Stokes’ theorem applies to surfaces S C R? with a closed curved boundary C = 95,
oriented according to the right hand rule. In particular it relates the surface integral of
the curl of a vector field A to its circulation around C,

/S(VXA)-dsz]{CA-dr. (A.0.9)

§B Dirac’s Delta Function

This Appendix aims to introduce Dirac’s delta function §(x) along with some of its prop-
erties which will be useful for the purposes of this course. Strictly speaking, d(x) is not a
function but rather a distribution which we are supposed to convolve with test functions
f(x). In one dimension in particular, the defining property of Dirac’s delta function is,

b — f(xo)’ if Ty € (a, b)
/a 8(z — mo) f(a) dr = {o, if 7o ¢ [a,0]

Based on this property, attempting to visualise Dirac’s delta results in a picture where 6(z)
is zero everywhere except for the points where its argument vanishes. Moreover, in order
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for the integral to be finite, such a function would have to blow up at that point. To see
this, we can choose f(z) =1, xog =0 and b = —a = ¢ in the definition to conclude that,

)

lim d(z)=1,

e—0t e

which would not be possible for a function that remains finite at x = 0.

Even though such a quantity does not exist as a strict function, we can understand it
as a ¢ — 0 limit of a family of functions é.(z). This is what we call a representation of
Dirac’s delta and satisfies the definition only after taking a limit,

b ‘f
lim o-( — x) fx) da = {g(ﬂﬁo), ifzg € .[a, b] .
; otherwise

e—=0t J,

Two such examples are the rectangular distribution,

1 if |x] <e/2
i) = 4 VE Bl =
0 iffx| >¢e/2

and the heat kernel,

For both cases we see that,

lim 4, (z) = {OO ife =0 (B.0.1)
0 ifz#0
as one would expect.

To conclude the one-dimensional case, we mention that we can also make sense of
derivatives of Dirac’s delta as distributions. The way to understand this is through a
combination of repeated integration by parts and the definition,

(=)™ f0) (), if 2o € [a,b]
0, otherwise

/ 50 (2 — z0) f(x) da = (—1)" / 5z — 20) F™ (z) da = {

In the above argument we dropped all boundary terms since Dirac’s delta vanishes in an
open set containing them. In this situation, one can argue that all their derivatives will
have to vanish as well at those points.

The generalisation of Dirac’s delta definition to n dimensions §(x) is now straightfor-
ward. Given a volume V' C R™, for any real valued function f(x) Dirac’s delta satisfies,

_ f(xg) ifxgeV
/V(S(x—xo)f(x)d X—{O ifx, ¢V
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Note B.0.1

We point out that since the delta function is non-zero only at the points for which its
argument vanishes, we can always write,

f(x)0(x —x0) = f(x0) d(x —Xo) .

Finally, we will mention an identity relating the derivative of the Heaviside step function
©(z) to Dirac’s delta. In particular, the definition of the delta function can be written as,

o) - [ " sty dy.

—00

Another way to phrase this is the important identity,

d
%@(x) =0(z) . (B.0.2)

§C Fluxes of Lower Dimensional Current Densities

In this Appendix we will show that the current densities (2.2.7) and (2.2.9) give the ex-
pressions we would expect when integrated over a surface S,. For the case of current
flowing along a curve, we consider the situation captured in Figure 3 with the surface S,
parametrised by x(s1, s2). For the flux we can write,

Is, (1) = /S 3(t,x(51, 52)) - dS,
@27) s)o(x(sy,89) —r(s))r(s) - s
2 /S,,/c“t’ ) 6(x(s1,52) — £(s)) £(5) - dS, d

- /s /cj(t’ §) 0(x(s1, 52) —x(s)) £(s) - (05, x(s1, 52) X Os,X(s1,52)) dsds1dss .
p (C.0.1)

The above integral is over a three-dimensional space and contains a delta function in three
dimensions. We expect that in the end we should not be left with any integration at all.
From the properties of Dirac’s delta we know that all the non-zero contribution will come
from the points at which its argument vanishes. It therefore makes sense to perform the
change of variables,

w = x(s1, 52) —r(s), (C.0.2)
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with inverse Jacobian and determinant,

J7'= (0w Oyw O,w) = (—F 0Oyx 04,X), (C.0.3)
det (J71) = —F - (95,x X 9y,X) . (C.04)
In these variables, the integral becomes,
(05X X 0g,X) 3.
Is, (1) / ) g (s W) P = H(ts).(C05)

where we have set s(w = 0) = sy and €2 = 1. We have therefore shown the result we
quoted in the main text for the flux through the intersection point at w = 0.

We now move on to the case of current flow on a two-dimensional surface and we
imagine the situation we described in the main text and illustrated in Figure 3. The
one-dimensional intersection C' = S NS, is parametrised according to the condition,

z(7) = x(81(7), 82(7)) = r(A(7), Aao(T)) (C.0.6)
and with tangent vector,
z(7) = 51(7) 05, x(51(7), 52(7)) + 82(7) s, X(51(7), 52(7))
= M1(7) On T (A7), X2 (7)) + Ao (T) Dror (A7), Xa(7)) - (C.0.7)

The above shows that z L Ngand z L Ng on the intersection SNS,. For the flux through
S, we have,

Ig,(t) :/S J(t,x(s1,52)) - dS,
(2'_2'9)/ /5(}((51,52)—r()\l,)\g))K()\l,)\g)dSpdS

- /S /55(x(31, s2) — (A1, A2)) [INg(A1, A2)| (K(A1, A2) - Ng, (51, 82)) dsidsadhy dXs.
” (C.0.8)

The above expression shows that we need to carry out an integral in a four-dimensional
volume Vj and over an integrant with a delta function in three dimensions. This suggests
that we should try to reduce it to a one. More specifically it should be the intersection C,
at which the argument of the delta function vanishes. To simplify the integral, we perform
the change of variables,

w X(sla 82) - r()\la )\2) )
f:g(817527)\17)\2)7 (009)
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with ¢ a smooth function. Inverting the above transformation would give \; and s; as a
function w and f. The inverse Jacobian and its determinant are then,

J—l _ <as1f 882f a)qf az\zf) _ (8819 8529 a)\lg a)\zg )

05, W O, W O\, W O\, W 05, X 0Os,X —O\T —O0)T

det (Jil) = 881g (832)( . NS) - 852g (851)( . Ns) — 8)\1g (8A2r . NSp) -+ 8A2g (8,\1r . Nsp) .
(C.0.10)

After performing the change of variables, the flux takes the form,
Is,(t) = / (W) |Ns(A1, A2)| (K()\l,)\g) - N, (s1,52)) |det (J)] dw df (C.0.11)
Vi

where we understand that A\; and s; are functions w and f. As anticipated, the delta
function restricts the integrant at w = 0, which is presicely the curve of intersection C'.
We can therefore write,

Is,(t) Z/C|Ns(A1<T),A2(T))I (K1), Aa(7)) - N, (s1(7), 52(7))) [det (3)] f(7)dr,
(C.0.12)

where we once again changed variable of integration for the remaining one-dimensional
integral according to,

f = 9(51<7—)752(T>7/\1(T)7)‘2(7_)) ) <C013)

and all quantities in the integrand are now restricted on the intersection. Using the cyclic
property of the mixed product we can write,

K Ng, = K- (05,x X 05,X) = 05,X - (05, x x K)

= 0, X - ((aslx 2 852)() X K) = i Os,X - (($1 05, X + $2 05,x) X K)
S1 S1
1
(€27 —0ux- (2% K) . (C.0.14)
1

We now simplify the Jacobian expression (C.0.10) when evaluated on C'. For the second
term we can write,

0% - Ng (27 (Z - ﬁaSQX) ‘Ng =228, x - Ng, (C.0.15)
S1 S1

where in the last equality we used that z is orthogonal to the normal vector Ng of S
everywhere on the intersection C'. For the third term we can write,

07 1 . .
Dt - Ng = O\, - (05,X X Ds,X) (€20 — O\, - <<)\1 OnT + A2 O\,1 — 8o 852X> X 832X>
S1
M o
= — O0\,T - (O\T X 05, X) = ——05,X - (Ox, T X O),T)
S1 S1

=219, x - Ng, (C.0.16)
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where in the second line we used the cyclic property of the mixed product!®. Similar
manipulations for the last term in the Jacobian determinant yield,

A
(9A1r . Nsp = é—f(?st . NS . <C017)

Putting everything together we obtain the expression,

1 . . '
det (J_l) = S_ <81 aslg + 52 Oszg + )\1 8,\19 + )\2 8,\2g> aSQX . NS = SiasQX . NS .
1 1
(C.0.18)

Using the expressions (C.0.14) and (C.0.18) in the flux integral (C.0.12), we obtain,

1 f 05, x - (zx K
fsp(t):/cfl—;“NﬂﬁdT. (C.0.19)
S1 52

It is now important to remember that Ng is orthogonal to both z and K since these are
always tangent to the surface S. This suggests that there is a scalar function u which
relates Ng = u (z X K). We therefore see that the flux takes the final form,

Is,(t) :/S e 1z x K| dr (C.0.20)
n p

with 2 = 1.
Going back to the definition (2.2.9) of flux through a curve C' and using the cyclic
property of the inner product we can write,

Io(t) = —/Cﬁ (K x ) ds. (C.0.21)

Once again since the unit norm vector n is simultaneously orthogonal to K and y, we can
write K x y = —0 |K x y| n with 0 = 1 yielding,

To(t) = / o [K % ¥| ds, (C.0.22)
C

which has the same form with the flux we computed from the intersection of S with S,.

13For any three vectors we can always write a- (b xc)=c-(axb)=Db-(c x a)
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