THE MOBIUS-WALL CONGRUENCES FOR p-ADIC L-FUNCTIONS
OF CM ELLIPTIC CURVES

THANASIS BOUGANIS

In this work we prove, under a technical assumption, the so-called “M&bius-Wall” con-
gruences between abelian p-adic L-functions of CM elliptic curves. These congruences
are the analogue of those shown by Ritter and Weiss for the Tate motive, and offer
strong evidences in favor of the existence of non-abelian p-adic L-functions for CM
elliptic curves.

1. INTRODUCTION

In [3, 4] a vast generalization of the Main Conjecture of the classical (abelian) Iwasawa
theory to a non-abelian setting was proposed. As in the classical theory, the non-
abelian Main Conjecture predicts a deep relation between an analytic object (a non-
abelian p-adic L-function) and an algebraic object (a Selmer group or complex over a
non-abelian p-adic Lie extension). However, the evidences for this non-abelian Main
Conjecture are still very modest. One of the central difficulties of the theory seems to
be the construction of non-abelian p-adic L-functions. Actually, the known results in
this direction are mainly restricted to the Tate motive, initially for particular totally
real p-adic Lie extensions (see [5, 7, 9, 10]) and later for a large family of totally real
p-adic Lie extension as it is shown by Kakde [8] and in the joint work of Ritter and
Weiss [10, 11].

For other motives besides the Tate motive our knowledge is more restricted. We refer
to [1, 2] for an account of what is known. The main aim of this work is to tackle the
question of the existence of non-abelian p-adic L-functions for “motives” associated to
particular Grossencharacters of CM fields (including those associated to elliptic curves
with CM). In particular we prove the so-called “Mobius-Wall” congruences, which we
define below, for these motives. Without going into details, we simply mention here
that these results plus the vanishing of the analytic p-invariant of the abelian p-adic
L-functions allow one to conclude the existence of a non-abelian p-adic L-function in

K (1@) for our motives, see for example [12]. The stronger result, that the non-
abelian p-adic L-function actually lies in K1(A(G)g), as it is conjectured in [3], is a
deeper fact. In the case of the Tate motive, this is known thanks to the work of Kakde,
Ritter-Weiss. However the fact that the abelian Main Conjectures for all intermediate
fields are known is essential for their arguments.

The “Mobius-Wall” congruences for motives: The setting is the one described

in the paper of Ritter and Weiss [11]. Let p be an odd prime number. We write F' for

a totally real field and F” for a totally real finite Galois extension of p-power degree

and we denote the associated Galois group with ' := Gal(F’/F). We assume that
1
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the extension is unramified outside p. Let F; be an intermediate field of F'/F, we
write Gg, = Gal(F;(p™)/F;), where F;(p™) is the maximal abelian extension of F;
unramified outside p (may be ramified at infinity). Our assumption on the ramification
of F'/F implies that for extensions F C F; C F; C F " there exists a transfer map
ver : Gg; — GF;, which induces also a map verﬁ:f : JGF]] — JIlGF,]] between the
Iwasawa algebras of G, and GF;, both of them taken with coefficients in J := Z;? .
Here we define
Iy
UBT‘FZ_ |j = CD[F]-:FJ’
where ®(p,.) 1= ¢° for p® = [F : F] and ¢ € Gal(J /Zy) the Frobenius element.

Let us now consider a motive M/F' (by which we really mean the usual realizations of it
and their compatibilities) defined over F' such that its p-adic realization has coefficients
in R, a subring of J. Then under some assumptions on the critical values of M and
some ordinarity assumptions at p (to be made more specific later) it is conjectured
that there exists an element \p € R[[GF]] that interpolates the critical values of M/F
twisted by characters of Gp. Similarly we write Ap, for the element in R[[GF,]] associ-
ated to M/F;, the base change of M/F to F;, for F; an intermediate field of F'/F. We
now introduce the Mobius function p := ur for the finite group I'. It is defined by

p) =1, pM)y=— > @I, for {1} #I'<T.
{1}<r7 <1’
We also write I'; := Gal(F’'/F;). Then the so-called “Mobius-Wall” congruences are:
Z u(Ti)verk (Ar,) € T,
FCF,CF’

where T is the trace ideal in R[[Gp/]]* generated by the elements > .o with a €
RI[[GFr]], where the action of I on R[[G]] is the extension of the action of I' on Gp»
(by conjugation). A slight generalization of Proposition 4 in [11] gives the following
equivalence.

Proposition 1.1. The Mobius-Wall congruences
S wiverf (Ar) €T,
FCF,CF'

are equivalent to the congruences:

(I)[F,3Fi]
Z w(Ty) </ € overg(x)d)\ﬂ (ar)) =0 mod |Str(eq)|R,
Gr,

FCF,CF'

for all locally constant Z,-valued functions egr on Gpr.
D

Here, following Ritter and Weiss [11], we denote by Str(ep/) the stabilizer of ep with
respect to the action of I' given by (- ep)(z) := epr (27 ).

The Mobius-Wall congruences have been proved by Ritter and Weiss [11] for M/F
the Tate motive. We should also remark here that Kakde showed in [8], in his proof

of the non-commutative Main Conjecture for the Tate motive, a different family of
congruences that, as the Mobius-Wall congruences, they also imply the existence of the
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non-abelian p-adic L-function for the Tate motive. In order to explain the result of our
work we need to introduce some more notation. We do this next.

The general setting of this work: We keep the notations already introduced above.
We now write K for a totally imaginary quadratic extension of F', that is K is a
CM field. On our prime number p we put the following ordinary assumption: all
primes above p in F' are split in K. As before we consider a totally real finite Galois
extension I’ of F' of p-power degree that is ramified only at p. For an intermediate field
extension Fj of F'/F we define K; := F;K and K' := F'K, CM fields with K" = F;
and K'T = F’ respectively. We will write g; for the ring of integers of F; and v; for the
ring of integers of K;. Now we fix, once and for all, the embeddings incly, : Q < C
and incl, : Q — C,. Next we fix, with respect to the fixed embeddings (incluo,incly)
an ordinary CM type ¥ of K and denote this pair by (X, K'). We recall that ¥ is called
ordinary when the following condition is satisfied: “whenever o € ¥ and A € 37 (p is
the complex conjugation), the p-adic valuations induced from the p-adic embeddings
incl, o o and incl, o A are inequivalent”. We note that the splitting condition on p
implies the existence of such an ordinary CM type. We consider the induced types %;
of ¥ to K;. That is, we fix a CM type for K; such that for every ¢ € ¥; we have
that its restriction ojx to K lies in 3. We write (3;, K;) for this CM type, and we
remark that this is also an ordinary CM type. Similarly we define the ordinary CM
pair (X', K’). In addition to the splitting condition we also impose the condition that
the reflex field E of (K, X)) (and hence of all pairs (K;, ;) since it is the same) has the
property that E,, = Q,, where w’s are the places of E corresponding to the embeddings
E < Q — C,. For example this is the case if p does not ramify in F or if the type
(K,Y) is the lift of a type (K, Xo) where K is a quadratic imaginary field, such that
K /K is a Galois extension and p splits in Kj.

Now we are ready to define the motives M /F that appear in this work. Let 1) be a Hecke
character of K and assume that its infinite type is k3 for some integer k£ > 1. Moreover
we assume that the p-adic realization of 1 takes values in Z;. We write M (3)/F for
the motive over F' that is obtained by “Weil Restriction” to F' from the rank one motive
over K associated to 1. In particular we have that L(M (¢)/F,s) = L(v,s) or more
generally for a finite character x of Gr we have

L(M(¢) ® x,5) = L(YX; 5),

where Y = x o N/, the base change of x to G(K(p>)/K). We note that this family
of motives inlcudes the case of an elliptic curve over F' with complex multiplication
(then k =1).

Now we consider the character 1; := ¢ o Nk, /¢, the base change of ¢ from K to K;. It

is a Hecke character of infinite type k3;. Moreover we have that M (1);)/F’ is the base
change of M(v)/F to F;. We now make the following technical assumption:

Assumption: The g-expansion principle in its p-adic integral form holds for all the
groups U(1,1)/F; with FF C F; C F'.
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Then in this work we prove that for M/F := M (1))/F we have the congruences

> I (/G epr o verf, (x)dAp, (z )> (Q(K, 3:)) 77 =0 mod [Str(ep)| T,

FCF;CF'

for all locally constant Z,-valued functions e on Gpr. Here we recall that Q,(K;, X;) =
Q(K, D)FeF] where Q(K, %) € J* the p-adic periods attached to the CM pair (K, X)
(see [1, 2]). In particular if we set X}, = Q,(K;,%;) - Ap, € J[[GR]], then these
congruences and Proposition 1.1 give the following theorem.

Theorem 1.2. For the motive M (¢)/F and the extension F'/F the Mobius-Wall con-
gruences hold for the “modified” abelian p-adic L-functions Xy,. That is we have,

Z /J,(I‘i)verg()\*ﬂ) eT.
FCF,CF’

Let now G be a compact p-adic Lie group and F/F a totally real extension of F'
with G = Gal(Fx/F). We assume that G contains a closed normal subgroup H such
that G/H = Z,. We assume moreover that the analytic p invariant of all abelian
p-adic L functions Ar, is zero. Here Ap, are the abelian p-adic L-functions which
appear in the congruences. Then our theorem in combination with the works of Kakde,
Ritter and Weiss (see [12]) implies the existence of an element L) € K1(B), where

B := Amg is the Jac(Az(H))-adic complection of A 7(G)g, with the property that
for any Artin representation p of G we have

L (p) = Qp(K,S) "M L (M (), p, 1),
where

LSU{p\p} (M(w)a P 1)
Q(K, )dim(p)

L*(M(4),p,1) = [ (ep 1 (9), ) Lo (M (). ),
p
with e, (M (), p), Ly(M(3), p) local epsilon and L-factors and Lgyppy (M (1), p, s) the
L function of M (v) x p with the Euler factors above p and in a finite set S, dependmg
on G, removed (see [3] and [4] for all these). For the element Q, := Q,(K,Y) - 1g €
A7(G)* € Ki(B) we have Q,(p) = Q,(K, )4 ). Hence if we consider L%, :=
Q, 1Ly € K1(B), then this element has the interpolation property,

Lay(p) = L*(M(9), p, 1).
This element has the conjectured interpolation properties but we had to consider the
Iwasawa algebra A7(G), that is with coefficients in J. However as it is explained by

Ritter and Weiss [11] such an element implies the Mobius-Wall congruences for the
“untwisted” abelian p-adic L-functions. That is we have the Mobius-Wall congruences

S wTiverf (Ar) € T C Z,[[Gr)".
FCF;CF'
Again by the general theory of Kakde, Ritter and Weiss, these congruences now in turn

imply the existence of an element £** € K;(A(G)g) with the conjectured interpolation
properties and with the right coefficients (i.e. Z,) for the Iwasawa algebra.
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2. CONGRUENCES BETWEEN p-ADIC L-FUNCTIONS

For any set X with an action of I' we write Str(x) < I for the stabilizer of an x € X.
Moreover for any CM field K we will write S(K) for the hermitian matrices with entries
in K.

2.1. Congruences between Siegel-type Eisenstein series: Let ¢ be a locally con-
stant Z,-valued function on Gk (p>). We define v; := ¢p o Ni, /i and ¢; := € o verllg
And we also write ¢’ for the character 1) o Ngv k. In [6] (see also [2, pages 23-24]) a
Siegel-type Eisenstein series of the unitary group U(1,1)/F; is associated to these data.
Following the notation of [2, 6] we write

Ek, := Ek,(z,m(A), €1;),

where A € GL, (A%)) X GLyp(t ® Zy), for v the ring of integers of K. Our assumptions
on the CM types (K, ¥;) allow us to define the diagonal embedding A,; : Hx — Hk;,
where here H, (resp. H) is the symmetric space associated to the group U(1,1))/F;
(resp. U(1,1)/F). Using this map we can define by pull back a map of hermitian
modular forms of U(1,1)/F; to hermitian modular forms of U(1,1)/F. We write res?
for this map. We then define the Eisestein series of U(1,1)/F

E; = Frob[K/;Ki]resgiEKi and Ey := Froby.x1Ek.

Here Frobpm is the standard Frobenius action on hermitian modular forms. In par-
ticular for a g-expansion f(q) = >_5a(f, B)q” we have Frobym f(q) = >_galf, B)g?™"b.
The next proposition is stated for Siegel-type Eisenstein series of U(1,1). However we
believe that it is true in a more general setting, namely for Eisenstein series of U(n,n).
As we will explain later the proof of the general case demands the investigation of
some Siegel series that appear in the theory of Eisenstein series. These phenomena are
simplified in the case n = 1. Finally we remark that our proof is based on ideas of
Ritter and Weiss [11].

Proposition 2.1. (Congruences of Eisenstein series of U(1,1)) We have the congru-
ences of Eisenstein series:

= > pul)E; =0 mod |Str(e)|Z,
KCK;CK’

Proof. We start the proof in the general setting of Eisenstein series of U(n,n). Later
in the proof we will take n = 1. If we write the g-expansion

EKi (Zv m(A)7 621/}1) = Z Eﬁi (m(A)7 eiwi)qﬁiy

BiGS(Ki)
where S(K;) = {x € GL,(K;)|'x" = x}, with 1 # p € Gal(K;/F};), then we have that
res?'EKi = Z Z Eg,(m(A), €1;) q°,

BeS(K) \Trg, /x(B:)=8
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and hence

By 1= Frobycnresid B, = > Balm(A) e | g
BeS(K) \Trr, K (Bi)=0

For a hermitian matrix 5 € S(K) we define the following sets of pairs of matrices and

integral ideals
[8)i == {(Bs, w)|Bi € S(K), det("ABiA) € ai, T, x(Bi) = [K’I:Ki]ﬁ}’

and
8):= {(8',0)] B' € S(K"), det('AB'A) € o, Tricr ic(8) = B}.

By [6] (see also [2, page 24]) we have that the coefficients Eg, (m(A), €;4);) are of the
form

Eg,(m(A), €ihi) = > na; (B, A) fi(Bir ai)i(0) N,y (),
det(tABiA)eaiggi
for some function f; on the hermitian matrices and on the fractional ideals of F; with
the property that we have f; = f o verﬂ,’, where the function f, as a function on the
hermitian matrices and on the fractional ideals of F’, is invariant under the operation
of I'. In particular for a hermitian matrix 8 with entries in K; and a fractional ideal a

of F’L we have f](ﬁv ag]) = fz(67 a)'
Then the 8" Fourier-coefficient of £ is given by

> ) > Eg,(m(A), eii) =

KCK;CK' TrKi/K(ﬁiFﬁﬁ

Y)Y na (B A)filBi ai)vi) N e (ar) "

KCK;CK' (Bi,a:)€[Bli

We note that the set [(]; is empty when [K’ : K;] does not divide the matrix 3, since
all the f3; coefficients are p-integral (see [6, page 63]. We have the obvious embedding
1k; : [B]i — [B] induced by the embedding K; — K’'. Indeed for a pair (8;,a;) € [0];
we have that
1
Trgk(Bi) = [K': KilTrg, k(8i) = [K": Ki]mﬂ = f.

The map on the ideals is given by a; — a;g’ and has obviously the needed properties.
Or more general for K; — K; we have 1;; : [5]; < [3]; since

1 1
(K KZ-]B T K K]

Tr, ik (Bi) = [Kj : Ki]Trg, x(8i) = [Kj « Ki B.

The group I' acts on [3] and we have that [8]; = [8]". In particular the %" coefficient
of £ may be rewritten as

YooowE) Y na (B A) i ai)via) N e (a) " (x).

KCK;CK' (Birag)e[BIT
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From the sum above we pick now the part that corresponds to a fixed pair (8, a’) € [4].
It is given by

Z p(Ti)nq, (Bi, A) fi(Bis ai)@bi(ai)NFi/F(ai)k_n,
K; so Fl‘SSt[‘((ﬁl,a'))
where for each i we write 8; = ' € S(K;) and a; C F; such that a;g’ = o/. By the
properties of the functions f; the above sum can also written as
1 k—n
Z (Ti)ne, (Bi, A) f (B, ') () I Ny o (a) 7K

K; so I';<Str((8,a'))

Now we restrict ourselves to the case n = 1. In this case we have that ng, (8;, A) = 1
(see [6, page 53]). In particular the above sum is now written as
k—1
S TS @) R N () R

K; so T;<Str((f,a'))

For an element v € I' we have that the part of the summation in (%) corresponding to
(B"7,d'7) is given by

> p(T) F(B7, 0! (o) R N (o) T =

Ki so FngStF(ﬁW,a”)

k—1
> p(Ta) (B8, a' )y (o) "I Nor o () K7
K; so I;<Stp(B7,0’7)
since f is invariant with respect to the operation of I'. Considering the Str(e) orbit of
all these partial sums we obtain the sum
1 k—1
> f(5d) > (T (o) T Ny (o) I

’YE(St[‘(€)ﬂst[‘(,3/,a’)\str(5)) K;, so Fi§StF(,B"Y,a"Y)

As in [11] in order to conclude the congruences we have to show that

k-1

> (T (@) T Ny (@) T =0 mod [Str(e) N Str(8', )2y,

K, so Fi§5tp(ﬂ’7 a’"’)

k—1
We set r := /(') S I Npp(a) 150 @0l e 75 1f we set P := |Stp(f',a’)| then
the needed congruences follow from the following “CLAIM” of [11, page 9.

Lemma 2.2. Let P be a finite p-group and r be in Z; . Then

> wP)yrlPPT =0 mod |P|Z,.
1<P'<P

Remark: In [11] the congruences of the “CLAIM” are in Z,) but it is easy to see that
the exact same proof gives also the congruences above.

With this lemma we can now conclude the proof of the proposition.
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Remark on the case n > 1: If we consider the more general case, that is n larger than
one, then the coefficients ng, (3, A) above are not trivial. Then we need to understand
the relation between these coefficients for various i’s (that is of different fields K;). For
example we may ask whether we have an equality of the form ng,(3;, 4;) = nq, (8, 4;)
for a;,3; and Aj; the images of a;,3; and A; with respect to the natural embedding
Ki — Kj.

2.2. Congruences between special values. For a locally constant function eps of
G s, we write € := € o Ny, that is the base-change of €p to K'. We are going to
use Proposition 2.1 to prove our main theorem under the assumption that for K; — Kj;
we have CM(K;) = CM(K;)GK:/K) - As it is explained in [2, Proposition 6.3] this
can be achieved under some mlld assumptions on the conductor of . Here by CM (K;)
we denote the set of CM points (plus arithmetic information) of U(1,1)/F; such that

O (K, S) L* (M (1)) Fy e 0 verkl) = Q (Ki,Ei)/ e overE (z)dAp, (x)

GF,
= Z EKi(P)a

PeCM(K;)

where in the definition of E, the matrix m(A) is determined from the CM point P and
the locally constant functions are those obtained from e. Here P is just the notation for
the tuple (A4, j) where A is an abelian variety with CM by a particular CM algebra and
J is a p™-aritmetic stracture. For the details of all these we refer to [2] and especially
to the proof of Theorem 4.1 in [2]. We remark here again that we have the following
relation between the p-adic periods Q,(K;, X;):

(K, B) = Q,(K, 0) KK
We now prove the following theorem.

Theorem 2.3. For M/F := M(v¢)/F we have the congruences

> T L(M/F; epr o verf, ) (Qp(K;, ;)" =0 mod [Str(ep)| T,
FCF;CF’

for all locally constant Z,-valued functions epr on Gpr.

Proof. We start by considering the sum,

> é’( )= > Y uM)E(P) =

PECM (K PeCM(K) KCK;CK’
> M(F)EO(P) + ) Y u@)E(P) =
PeCM(K) PeCM(K) KCK;CK'

() (L7 (M/F, e o verf )0y (K, z)) LN S wT)E(P) =

PeCM(K) KCK;CK'

(D)L (M/F,epr o verf ) (K, D)% 4 3" 37 u(D)E(P),
PeCM(K) KCK;CK’



THE MOBIUS-WALL CONGRUENCES FOR p-ADIC L-FUNCTIONS OF CM ELLIPTIC CURVES 9

since L*(M/F, e o verk) € Z, because of our assumptions on the coefficients of the
p-adic realization of M (1)) and the fact that eps is Zj, valued. We also note that the
third equality follows from the reciprocity law on CM points [2, Proposition 6.2]. By
Proposition 2.1 we have that this sum is congruent to zero modulo |Str(e)|. That is,

(D) L* (M/F, eprovery, (K, X) P4y > wl)E(P)=0 mod |Str(e)|J.
PeCM(K) KCK;CK'
In order to conclude the theorem we need to show that

> > wI)E(P) =

PeCM(K) KCK;CK'
> (@) LY(M/Fy, e o verg, )(Qp(Ki, $:)) P55 mod [Str(e)] T
KCK;CK'
So, it suffices to prove,
Z (T3) Z Ei(P) =
KCK;CK' PeCM(K)
> @)L (M/E; epovergs, ) (Q(K;, ;)P mod |Str(e)|J.
KCK;CK’
But we know that
L*(M/Fy, eproverh, ) (Q(K;, ;) P50 = L*(M/Fy, eprovert, ) P51 (Q,(K;, 5;)) 116

Pk,
= Z FEk,(P) = Z Frob[K/ }res?EKi(P)
PeCM(K;) PeCM(K
+ Z FT‘Ob[K/:Ki}EKi(P),

PECM(K;)\CM(K)

where the second sum runs over the CM points CM (K;) excluding all those “coming”
from the embedding K — K;. In particular we have that

S (T LH(M/Fyepr o verfy ) (Qp(Ky, 5;)) P50l =
KCK;CK'

> u() > E(P)+ > Frobigr. i, Bk, (P)

KCK;CK' PECM(K) PECM(K;)\CM(K)
Hence, in order to prove the theorem, we need to show that

> () > Frobig. i, Fx,(P) =0 mod |Str(e)|.
KCK,CK' PeCM(K;)\CM(K)

We now note that for K; C K; we have CM(K;) = CM(K;)¢ (/K Tn particular
the above equation is equivalent to

> > w)Eik,(P)=0 mod |Str(e),

PeCM(K')\CM(K) KpCK;CK'
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where for a point P € CM(K') we write Kp C K’ for its (smallest) field of definition
and F; g, = Frob[K/:Ki]resgngKi. We already know by Proposition 2.1 (by taking
Kp as K there) that
> wl)Eik, =0 mod |Str, (e
KpCK;CK'
and hence after evaluating at the CM point P we have
> wl)Eik,(P)=0 mod |Str,, (e)].
KpCK;CK'

We also know that in the set CM(K') the orbit of the point P is of size |I'|/|T'k,|. In
particular, if we write [P] for the orbit of a point P, then we have the equation

Z Z w3 Ei kp(P) =

PECM(K")\CM(K) KpCK,;CK’

Z |F’F’ Z w(Li) B ke (P),
(PlecM(KNCM(K) "~ Pl kpcricKr
since we have E; g, (P1) = E; ik, (P2) for all Pi, P, € [P] (see |2, Proposition 7.9 and
Corollary 7.10]). But we have that [Stp(e)| divides [Str, ()| \rllepw
us to conclude the congruences. The last statement follows by observing first that
StFK’P (6) = Stp(e) N FKP and

which allows

I St r T St r
St (o x TL _ ISt <[Pl I _ [Str(9] x|
r ICxpl 1Str(e)lxpl  Trpl  [Str(e)lkpl
But |Str(e)l'k,| divides |I'|. Indeed |Str(e)I'k,| is a power of p since I' is a p-group
and |Str(e)l'k,| divides |Str(e)| x |I'k,|. But we have that Str(e)I'kx, C I O
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