ON SPECIAL L-VALUES ATTACHED TO SIEGEL MODULAR
FORMS.

THANASIS BOUGANIS

In his admirable book “Arithmeticity in the Theory of Automorphic Forms” Shimura es-
tablishes various algebraicity results concerning special values of Siegel modular forms.
These results are all stated over an algebraic closure of Q. In this article we work out
the field of definition of these special values. In this way we extend some previous
results obtained by Sturm, Harris, Panchishkin, and Bocherer-Schmidt.
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1. INTRODUCTION

Special values of L functions play a central role in Iwasawa theory since they are indis-
pensable for the formulation of the Main Conjectures. It is precisely this information
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which is encoded in the interpolation properties of the p-adic L-functions. The first
step to construct these p-adic L-functions is to show that the L-functions under con-
sideration evaluated at “critical” points have particular algebraic properties. These
properties are usually described by Deligne’s conjectures. In this article we address
this kind of questions for L functions associated to Siegel modular forms.

This article grew out of the author’s effort to read carefully the book of Shimura
“Arithmeticity in the Theory of Automorphic Forms” ([23]) which means to do also
the “exercises” left by Shimura to the reader. One of them is related to the algebraicity
of various special values of Siegel modular forms (see page 239, Remark 28.13 in (loc.
cit.)). As Shimura points out the results left as exercises should follow by using the
various techniques and results obtained in his book and various papers of him. This
is indeed the case since most ideas of this article can be found in the various works of
Shimura, which of course in turn requires some familiarity with them. In any rate we
believe that it is useful to have the results worked out in this paper documented in the
literature, and for this reason we decided to write this article. In this paper we consider
the special values of Siegel modular forms of integral weight. In [5], the continuation
of this article, we consider also special L-value attached to half-integral weight Siegel
modular forms.

Let us point out some results in this article that we believe deserve special mention.
The first is the reciprocity law of the action of the Galois group on half-integral weight
Eisenstein series. For integral weight Eisenstein series one can find the reciprocity laws
in the book of Feit ([8]) (if not in the form that it is needed for our purposes). However
to the best of our knowledge the reciprocity for half integral Eisenstein series has not
been worked out for Siegel modular forms. Another interesting result is the definition
of the period ¢ appearing in Theorem 7.3. These kind of periods have been first
considered by Sturm and Harris [25, 11] (and later also by Panchishkin), based on an
idea of Shimura. We follow the ideas of Sturm in defining them but using some new
results of Shimura we are able to improve in some cases the bounds on the weight of the
Siegel modular forms that the results are applicable. Also the fact that we use the more
precise form of the Andrianov-Kalinin type identity proved by Shimura, we can obtain
slightly finer results, since we need to remove less Euler factors of the L-function.

This paper is organized as follows. In section two we have a very brief introduction to
Siegel modular forms. Then we move to section three where after presenting various
results of Shimura with respect the theory of theta series and Eisenstein series for the
symplectic group, we prove the various reciprocity laws of the action of the absolute
Galois group on the Eisenstein series. Some of the result have already appeared in
[25] and [8], and we use ideas of these works. For the case of half integral weight
Eisenstein series we prove the reciprocity inspired by an idea of Shimura. In section 4
we introduce the L functions which are considered in this paper. All the material of
this section is from Shimura’s book. In section 5 we also present the work of Shimura
on the generalization of the so-called Adrianov-Kalinin type identity. However for our
purposes we use an integral expression that it is not in the book [23] but in a paper
of Shimura [20]. The use of this integral expression will lead to study slightly different
L-functions than in the ones studied in the book of Shimura (we explain more later on
this). Also in this section all the material is taken from works of Shimura. In section 6
we define the periods that we will use to obtain the good reciprocity laws. The idea of
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defining this periods as values of an L function goes back to Shimura, and have been
used by Sturm [25], Harris [11] and Panchishkin [17] in the case Siegel modular forms
over the rationals and of even degree. We also note that we obtain a slightly different
results than in these works, partly because we use some newer results of Shimura that
were not available when these works were written. Finally in the last section we present
the various results on the field of rationality of the various special functions properly
normalized and in some cases we provide some reciprocity results.

One last remark with respect to the notation used in this article. Since we are using as
our main reference the book of Shimura [23] we decided to keep, the anyway excellent,
notation used by him. In particular if some times we use some notions not defined
in this paper the reader will find the exact same notation also in the reference. This
allows to keep the length of this article reasonable since we do not need to introduce
all the mathematical notions used here.

2. SIEGEL MODULAR FORMS

2.1. Integral weight Siegel modular forms. In this section we introduce the notion
of a Siegel modular form (classicaly and adelically). We follow closely the book of
Shimura [23].

0 -1,
1, 0
commutative ring A with an identity the group Sp,(A) := {a € G Ly, (A)|lan,a = n,}-
The group Sp,(R) acts on the Siegel upper half space H,, := {z € C|%2 = 2, Im(z) >

For a positive integer n € N we define the matrix 7, = ( and for any

0} by linear fractional transformations, that is for o = ZO‘ Za € Spp(R) and
(6% (03

z € H, we have a - 2 := (aqz + ba)(caz + do) ™t € H,,. Moreover if we define iq(2) :=
pla, z) := cqz + do then we have

w(Ba, z) = p(B, az)u(a, z), «,B € Spy(R),z € H,

Let now F be a totally real field of degree d := [F' : Q] and write g for its ring of
integers. We write a for the set of archimedean places of F', h for the finite ones and
we set G := Spy,(F). We write G for the adelic group and we decompose Gy = GLGa
where G := [[,ca Gv and Gy, := [],¢p, Go. For two fractional ideals a and b of F' such
that ab C g, we define the subgroup of Gy,

Dla,b] := {ZE = < chx Zx ) € Gplagz < gu, by < Ay, ¢ < by, dy < gy, Vo € h} ,
X X
where we use the notation “<” of Shimura, x < b, meaning that the v-component
of z is a matrix with entries in the ideal b,. We will mainly consider groups of the
form D[b~!, bc] for a fractional ideal b and an integral ideal ¢. Strong approximation
for G implies that G = GqD[b~!,bc] for any b,c and ¢ € G,. We define T'(b,¢) :=
GNgD[b~ 1, bc)g™t. Given a Hecke character v of F with ¢,(a) = 1foralla € g, v € h
such that a — 1 € ¢, we define a character on D[b™!, bc] by ¢ (z) = [ Lo Yo(det(ds)y)

and a character which we still denote 1 on I'? by ¥(7) := (¢ 'vq).
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We now write Z2 := ] ca
element k € Z® we define
(flre)(2) == ja(2) *f(az), a € G, z€H.

Here we write 2z = (2y)vea With 2z, € H, and o, € Sp,(R) and define jo(2)7* :=
[1, det(pia, (z,)) "%, Let now T' be group of the form I'Y, ¢ € Gy, as above and ¥ a
Hecke character. Then we define

Z and H := [],cq Hp. For a function f : H — C and an

vea

Definition 2.1. A function f : H — C is called a Siegel modular form for the congru-
ence subgroup I' of weight k& € Z2 and Nebentypus v if

(i) f is holomorphic,

(ii) flry =) f forally €T,
(iii) f is holomorphic at cusps.

The last condition is needed only if F' = QQ and n = 1. Then it is the classical condition
of elliptic modular forms being holomorphic at cusps. The above defined space we will
denote it by My (T",). As it is explained in [23, page 33] for an element f € My(T', )
and an element o € G we have a Fourier expansion

(Flha)z) = 3 ealhen(h2),
hesSy
where S is the set of n by n symmetric matrices with entries in F' which are positive
semi-definite at every real place v € a and e (x) = exp(2mi)_, ., t7(zy)). An element
f € My(T',4) is called a cusp form if ¢, (h) # 0 for some o € G implies h, is positive
definite for all v € a.

We now turn to the adelic Siegel modular forms. Let D be a group of the form D[b~?, b
and ¥ a Hecke character of F'.

Definition 2.2. A function f : Gy — C is called adelic Siegel modular form if

(i) flazw) = P(w)jk () f(x) for a € G, w € D with w(i) =i,
(ii) For every p € Gy there exists f, € My (TP, v,), where I'? := G NpDp~! and
Up(7) = (pyp~") such that £(py) = (fplxy)(i) for every y € Ga.

We write My (D,) for this space. Strong approximation theorem for Sp, gives
My(D, ) = M(I'?,1),) for any ¢ € Gn. We define the space of automorphic cusp
form Si(D, ) to be the subspace of My(D,) that is in bijection with Si(I'?, 1)) for
any ¢ € Gy in the above bijection. We may also sometimes write My(b,¢,¢) for
My (D, ). Similarly we may write My (b, ¢, 1) for My(T',%) where I' = G N D[b~!, bc],
ieq=1.

2.2. Half-integral weight Siegel modular forms. Even though we will consider
only algebraicity results for integral weight Siegel modular forms, in many case we
will need to use half-integral weight modular forms. We denote by Ma the adelized
metaplectic group sitting in the exact sequence 0 — T — My — Gp — 0. The last
projection we denote by pr. We write C? for the theta group defined for example in [20,
page 536] and TY = G N C?. We also define the group M = {x € My|pr(z) € P,C?%},
where P is the standard Siegel parabolic subgroup of G. Thanks to a canonical lift
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we may consider G as a subgroup of M, and hence also I'? a subgroup of 9. For an
element o € M and z € H we write hy(z) for the holomorphic function defined by
Shimura. By a half integral weight k € %Za we mean a tuple (k,)yeca so that k, € Z-l—%
for all v € a. For such a k we define the factor of automorphy

jU(Z)k = hﬂ(z)jpr(a) (2)[k] :

Then the definition of half integral weight modular forms, with congruence subgroup
I' < TY is the same as in integral case but using the new factor of automorphy. One
may define also adelic automorphic forms, we refer to Shimura [23, page 166] for this.

3. THETA AND EISENSTEIN SERIES

3.1. Theta series. Following Shimura we set W = F)' and we let S(W},) denote the
space of Schwartz-Bruhat functions on Wy,. Let 7 be an n by n symmetric matrix with
entries in F such that 7, > 0 for all v € a. For an element A\ € S(W},) and an element
€ Z2 such that 0 < p,, <1 for all v € a we define

0(z,0) = Y Mén)det(§) ea(tr(€rz)), =€ H.
Eew

It is shown in the appendix of [23] that this is an element of M; with [ := p + Za.
Moreover it is also shown that if ;1 # 0 then 0(z, \) is actually a cusp form. We now
introduce some extra notation following [23, Appendix A3.18]. We set

R = H(gv)Za B, = GLn(gv), R* = RW, C Wa.
vh

We let w be now a Hecke character of F of conductor § such that wa(—1)" = (—1)" 2w v,
Let now r be an element of GL,,(F)y and define

0(z) = ) waldet(§))w" (det(r™'€)g)det (&) ex(€Tel),

WnrR*

where for a Hecke character ¢ we denote by * the corresponding ideal character. Then
Shimura proves the following proposition

Proposition 3.1 (Shimura). Let p, be the Hecke character of F corresponding to
the extension F(c'/?)/F with ¢ = (=1)"2det(27); put W' = wp,. Then there exist
a fractional ideal b and an integral ideal ¢, such that the conductor of W' divides «,
D[b~1,bc] € D[2071,20] if n is odd, and

0(vz) = wi(det(a))j}(2)0(2), v € GN D,
where D = {x € D[b~!,bc]. Moreover, if 3 € G Ndiag|q,§|C with ¢ € GL,(F)p, then

JH(B712)0(87"2) = W/ (det(q)) ~'wi(det(dpq))|det(q)[} * %

Y. waldet(§))w" (det(ér™" q)g)det (&) en(Erez).

ceWnrRxq—1
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In particular, let ¢ and t be fractional ideals of F such that 'g2Tg € ¢ for every g € rg}
and 'h(27) " h € 4t~ for every hig} and write b for the conductor of pr. Then we can

take
(b,¢) = (2 tor, h NN i), if n is even;
97 @ a L hnfndanaf?t), ifn is odd.

where a =171 Ng.
3.2. Eisenstein series. We follow Shimura [22, 23] and define various Eisenstein series

of Siegel type. Let k € %Za be a weight, b a fractional ideal of F', ¢ an integral ideal in
F and a Hecke character x of F' with infinity type xa(z) = 24|2a| ¢, and

xo(a)=1,if veh, aer), and a—1 € tycy, Vv € h.

When k is half integral we also assume that D[b~! bc] C D[207!,20], where 0 the
different ideal of F'. Following the notation of Shimura we now define in the case of
kez? _ N
D = D[b™!, be], Dy = Do[b™ !, be],
and otherwise
D = {z € Ma|pr(z) € D[b~*,b¢]}, Do = {a € D|pr(z) € Do[b", be]}.

Write P = {x € G|c, = 0} for the standard Siegel parabolic. We then define a function
pon Ga or Ma by
w(x) =0, if ¢ € PaD,

pl(@) = xn(det(dy)) ™~ xe(det(dw)) ™ 55 (1)~ i (DI,

if 2 = pw with p € Pa and w € D. Then for a pair (r,5) € GA x Cif k € Z2 or in
Ma x C otherwise, we define the Eisenstein series

Ea(z,s) = Ea(z,s;x, D) = Z ulax)e(ax)™>.
aeP\G

We will need one more type of Eisenstein series. We define the element ¢ € Sp(n, F')a

by
0 —61'1,
Ca:17gh:<51n 0 >7

where § € FhX such that dg = 0. We further fix an element 5 € M such that pr(é) =(
and h(C,z) = 1. Then we define the Eisenstein series

* _ -n EA(Q;C7 3)7 kez® ;
Ej(x,s) = x(9) X{ Ea(x(,s), otherwise.

Finally we define the Eisenstein series

Le(2s, %) 17 Le(4s — 2, x2), k€ 72
[T Lods —2i - 1,4%), kg 22

)

Da(z,s) = Ej(z,s) x {

Write S = {z € F"|'z = 2}. Then the g-expansion of E} (z,s) is given by

2 (8 7)) = S ethasienio)

hes
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where ¢ € GL,(F)a and 0 € Sa. We now define the Eisenstein series on (z,s) € H xC
by

E*(a(i), 5) = 1) Fa (2, ),
and similarly we define D(z, s and D*(z,s). When we want to indicate the dependence

on the various input data we will write E(z, s; k, x, ¢) for E(z, s) or in case we want also
to indicate the dependency on b we will write E(z, s;k, x,T'), where ' = GND[b~!, bc].

We now note the g-expansion
E*(z,s) Zdet ~ka/20(h, q, s)el (ha),
hes
where ¢, = ¢1 and ¢ga = y1/2. For the coefficients c¢(h,q,s) we have the following

propositions of Shimura [23, Proposition 16.9, 16.10, 17.6],( for notation not introduced
here we refer to (loc. cit)).

Proposition 3.2 (Shimura). Suppose that ¢ # g and det(q,) > 0 for every v € a.
Then c(h,q,s) # 0 only if (‘ghq), € 06~ ¢ 1), S, for every v € h. In this case

c(h,q,s) _ th(det(—q))_l\det( ) |n+1 28’DF‘_2n8+3n(n+1)/4N(bC)_n(n+1)/2><

det(y)**=(y; hi sa + k/2, sa — k/2)o(e; ' - ‘gha, 25, X),

where C =1 and e =0 ifk € Z*, and C = e(n[F : Q|/8) and e =1 if k ¢ Z?; ¢, € F},
such that e,g = b0 if k € Z2, and €, = 1 otherwise; D is the discriminant of F.The
Junction Z(g; h; o, B) = [[yca §(Wos hos aw, By) is given in [23, page 140].

Proposition 3.3 (Shimura). Consider q and h such that c¢(h,q,s) # 0. Set r =
rank(h) and let g € GL,(F) such that g~ *hg = diag[h',0] with i € S". Let p;, be the
Hecke character corresponding to F(c'/?)/F where ¢ = (=1)I"/2det(2h'), if r > 0; let
pn =114 r=0. Then

ae( th, 2s X) lAh Hfh,q’u ( ’77 ‘2S+8/2) ’

vEC
where
Le(2s, %) TIM™2 Le(4s — 2i,x%), if k € Z2;
Ac(s) = Hln1)/2) L .
| Lc(4s — 2i + 1, x°), otherwise.

An(s) = L (2s —n+1/2, Xph)H[(n N Le(4s —2n+1r+2i —1,x%), ifk € Z?;

" H[(n T/ L(4s —2n+7+2i — 2,x?), otherwise.
Here fp, 40 are polynomials with coefficients in Z, independent of X The set c is
determined as follows: ¢ = 0 if r = 0. If r > 0, then take a € [] L,(gy) so that

(e, HMalqhqa), = diag|r,,0] with 7, € T, for every v {c. Then c consists of those v’s not
dzmdmg ¢ such that 7, is not regular.

v)(c

For a number field W we follow Shimura and write N}/ (W) for the space of W-rational
nearly holomorphic forms of weight & (see [23, page 103 and page 110] for the definition).
The theorem below is due to Shimura [23, Theorem 17.9].
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Theorem 3.4 (Shimura). Let ® be the Galois closure of F over Q and let k € %Za
with ky > (n+1)/2 for allv € a and k, — ky € 2Z for every v,v' € a. Let p € 3Z with
n+1—Fk, <u<k, and |p — "TH\ + "'QH —ky € 27 for all v € a. Exclude the cases

(i) p=(n+2)/2, F=Q and x* =1,
(i) u=0,c=g and x =1,

(iii) 0 < p<n/2, c=g and x> = 1.
Then D(z, 11/2;k, X, ¢) belongs to 7’ NI (®Qyp), where r = (n/2)(k — |p— (n+1)/2la—
’%rla) except in the case wheren =1, u=2, F=Q, x=1andn>1, u=(n+3)/2,
F=Q, x? =1. In these two case we have r = n(k — p+2)/2. Moreover we have that
5= (1/2) S penlks + ) — [F : Qle where

 [((n+1)%/4] =, if2u+n€2Z and p > N;
= [n?/4], otherwise.

For an element p € Z® and a weight ¢ € %Za we write Al for the differential op-
erators defined by Shimura in [23, page 146]. In particular we have AGNI(PQu) C

W"‘mj\/'gigﬁ((b(@ab). Moreover for any f € N} (®Qq) and any 0 € Gal(®Qqyy/P) we have
that

(3.1) <7T*n\p|A;g(f)>U — ﬂfn\plAg(fg

Let p € 1Z and k € $Z® be as in the theorem above. If o > (n + 1)/2 then Shimura
shows that [23, page 146]

(3.2) AP D(z,11/2; pa, x, ) = cha(11/2)(i/2)"PI D (2, 1/ 2; ka, x, ©),
where p = (k — pa)/2. Here cla(p1/2) € Q*. If 4 < (n+ 1)/2 then we have
(3:3) ALaD(z, /278, x,€) = cha(1/2)(1/2)"P1D (2, 1/2; Ka, . ©),

where v =n+1—u, p= (k —va)/2 and again cha(u/2) € Q*.
The following lemma is immediate from the above equations,

Lemma 3.5. Assume there exists A(x), B(x) € Qup» and (1, B2 € N such that for all
o€ Gal(@ab/@)

D(z, /25 pa, x,¢)\” _ D(z,u/2; pa, x7,¢)
= >
(P Ane) R
i o ) o )
D(z,p/2;va, x,¢) 7 D(2,p/2;va,x% ¢
— < .
(=) wBGe) 0 ST

Then we have for > (n+1)/2 that
D(z,p1/2:k, x,0) \7 _ D(2,1/2;k, X7, ¢)
mhiFnlplinpl A(x) ) whitnlplinlpl A(xe)

and for p < (n+1)/2 that

D(z,pu/2:k,x,¢) \°  D(z,1/2:k,x%,¢)
mB2tnlplinlpl B(y) o nB2tnlplinlpl B(xo)

p:(k—,u,a)/QGZa,

, v=n+1—pup=(k—va)/2 €Z?
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We will be interested in algebraicity statements of the Eisenstein series of weight suffi-
cient large it is enough to study the effect of the action of the Galois group of the full
rank coefficients. More precisely we have the following lemma.

Lemma 3.6. Let f(2) = Y, cgc(h)el(hz) € Mya(Q™) with k > n/2. Assume that
for an element o € Gal(Qu/Q) we have c(h)? = ac(h) for all h with det(h) # 0 for
some a € C. Then c¢(h)? = ac(h) for all h € S. In particular f7 = af.

Proof. We obviously have f7 € Mya(Qg). We consider g := af — f7 € Mga(Qqup). We
note that the form g has non-zero Fourier coefficients only for h € S with det(h) = 0.
But then by [23, Proposition 6.16] we have that g = 0. O

We now want to consider the action of Gal(Qg,/Q) on the Eisenstein series. We first
consider the holomorphic ones. That is, we consider the following two Eisenstein series

(i) D(z,k/2;ka,x,¢) € TP Mpa(Qup) for k > "TH,

() D(z, 1/2; ka, X, ) € 7 Mya(Qup) for ki=n+1 — pand p < %51,
where (3 is determined by Theorem 3.4. Note here that we take the field of definition to
be Qgp, i.e. the extension ® does not appear. For this we refer to [23, Theorem 17.7].
In the following lemma we collect some properties that we will need concerning the

functions Z(y, h; a, 8) = [[,ea £y, h; @, B).
Lemma 3.7. Let h € S with det(h) # 0 and y € ST (R). Then we have for k € %Z we
have
E(y, hi k, 0) _ 2d(1_(n+1)/2)i_dnk(QW)dnan(k)_dN(det(h))k_(n+1)/2en(iyh)
and for p:=n+1—k we have
=y, b (n+1)/2, (u—k)/2) = ik R 2o 2, (ML) T ey, =459 (iyh)

vea

Proof. The first statement is in [23, Equation 17.12]. For the second we have Z(y, h; (n+
1)/2,1/2=k/2) = [],ca (W, ho; (n+1)/2, 1/2 — k/2), where the function £(-) is given
in [23, page 140]. By Shimura [19, Equation 4.35K] we have that w(27mys,, hy; (n +
1)/2,1/2 — k/2) = 2741/ 2, (i, h,,). We conclude that

+1

E(yo, ho; (n+1)/2, 1/2—k/2) = r"’fr(“(#*k))/27r"<"+1>/2rn(”T)*1det(yq,)*<‘%k>ev(¢yvhv),

where we have used the fact that 6_(hyy,) = 1 (the product of the negative eigenvalues

of hyyy). Indeed we have that d_(hyy,) = 0— (yi/ 2hvty11,/ 2). But the last quantity has
the same number of negative eigenvalues as the matrix h,, but h, > 0.

O

We will need the following Theorem (for a proof see [22, Theorem A6.5].

Theorem 3.8. Let F' be a totally real field, and let ¢ be a Hecke character of F with
k
Ya(b) = [],ca (ﬁﬁ) , with 0 < k € Z. For any integral ideal ¢ of F' put

Pi(k, ) == g(v) " (2mi) | D |2 Le(k, ),
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where d = [F : Q] and g(v) is a Gauss sum (defined [22, page 240]). Then P.(k,) €
Q(v) and for every o € Gal(Q(¢)/Q) we have

Pe(k, )7 = P(k,97).
We also summarize in the following lemma some more properties of Gauss sums.

Lemma 3.9. Let x and v be two finit order Hecke characters of F' and o € Gal(Qqp/Q)
we have

(i) 8(X)7 = x*(a8)"'g(x") where 0 < q € Z so that e(1/N(f))” = e(q/N(F)) ,
where § denotes the conductor of x.

s glx) \7 _ _&x7v7)
() (f50) = sbder
(iil) If x is a quadratic character then g(x) = i™N(f)'/? where m is the number of
archimedean primes where x, # 1.

We remark here that if we pick an element ¢ € Z;; so that eE’Q] =ep(t 'z) for v € Q/Z
then we have that we can pick the ¢ € Z above so that rt, —1 € N(f)Z, for every prime
p. Then we also obtain that x*(qq) = x;(t).

3.3. Eisenstein series of integral weight: We first consider the integral weight case.
We have the following proposition.

Proposition 3.10. For the FEisenstein series
[n/2]
D(z,k/2 ka, x,¢) = Le(k, ) [ Le(2k — 2i,x2) E(z, k/2; ka, x, ¢)
i=1
with k > " we have that m=PD(z, k/2; ka, x, ¢) € Mya(Qup) and for all o € Gal(Qqap/Q)
we have that
<D(z,k‘/2; ka, x, C)>U _ D(z,k/2;ka, X7, ¢)

7P O

g(x)()*d (HE’;/IQ] (i)(2k72i)d)g(xg[n/2])
|Dr[/?2 Dy [P

where B = kd + Z£1/12](2k: — 2i) and P(x) =
b(n) =1/2 if [n/2] odd and 1 otherwise.

, with

Proof. We observe that we have that 2k — 2¢ > 0 for all i = 1...[n/2]. By definition
k
we have that xa(b) = [],ca (ﬁﬁ) . By Theorem 3.8 above we have for

‘DF|1/2Lc(k,X) [n/2] |DF‘1/2L (2]{3—22 Y )
gooeritt L () i@z

and for all o € Gal(Qg,/Q) we have A(x)? = A(x?). Using Lemma 3.9 we may define
the quantity

A(X) = Qab

[n/2] n
B(x) = |Dp|Y2Le(k, X) H «(2k —2i,x?) \ |Dp|*™
g(x)(2mi)kd Py (2mi)(2k=20)d | g(y2[n/2)’
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where b(n) = 1/2 if [n/2] is odd and 1 otherwise. Then we have B(x)? = B(x?).
By [8, Theorem 15.1] we have E(z,k/2;ka,x,¢)’ = E(z,k/2;ka, x?,¢) for all o €
Gal(Q(x)/Q). In particular we conclude that

D(z,k/2;ka, x,¢)\7 D(z,k/2;ka, x%,¢)
= l a 5
< 7 P(x) PG 7 G/
/2 _ ikd HEZ/Q](i)(Qk—%)d g(X2[n/2])
where 8 = kd + ZEZ/I}(Qk —2i) and P(x) := g‘(Dxi(ll)/Q ( ! |DF|b(")) .
O
Now we turn to the Eisenstein series
[n/2]
D(z,1/2; ka, x,¢) = Le(u,x) [ [ Le(2p — 20, %) E(z, 1/2; ka, X, ),
i=1
and
[n/2]
D*(z,p1/2; ka, x,¢) = Le(p, x) [ Le(2p — 20,X*) E* (2, 1/2; ka, <),
i=1

where we take p < ”TH, and k=n+1—pu.
We now prove
Lemma 3.11. Let § € N as in Theorem 3.4 so that 7P D(z, 1/2; ka, x, ¢) € Mpa(Qup).

Then we have that also 7P D*(z, 1/2;ka, x,¢) € Mpa(Qu). Moreover for every o €
Gal(Qu/Q) we have the reciprocity law

D*(z,1/2; ka, X, ¢) 7 D*(z,p/2ka, x7,¢)
nBi—dnk| D p|—nut3n(n+1)/4 o qBi—dnk| D p|—nut3n(nt1)/4

Proof. The first statement i.e. that 7=2D*(z, u/2;ka, x,¢) € Mga(Qqp) follows from
[23, Lemma 10.10]. Moreover by Lemma 3.6 it is enough to establish the action of
Gal(Qu/Q) on the full rank coefficients. By Proposition 3.2 and Lemma 3.7 we have
that the A" Fourier coefficient c(h,x) of 7= #D*(z, u/2;ka, x,¢) with det(h) # 0 is
equal to

n
i—dnk‘Q—(dn(u—k))/Q H F(n +1 o j/2)—d|DF|—nu+3n(n+1)/4N(bc)—n(n-‘rl)/Q %

. 2
7=0

L(p—n/2, , M even ;
Hfh,v (X(ﬂ'v)’ﬂ'v"u) X { 1:('UJ / Xph) n odd.

vee

If n is odd we have

c(h, x) 7 c(h, x7)
i—dnk’DF‘—nu+3n(n+1)/4 - i—dnk‘DF’—nu+3n(n+l)/4'

1—p+m
Now we take n = 2m even. The character xpj, has infinity type (xpn)a(b) = [[,ca (ﬁﬁ)

since the character pj is the non-trivial character of the extension F(c'/?)/F with
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¢ := (—1)"det(2h) and det(h) >> 0 as h is positive definite for all real embeddings of
F'. Since 1—p+m > 0 we have by [23, Theorem 18.12] that L(1—(1—pu+m), (xpr)?) =
L(1—(1—p+m),(xpn))° for all o € Gal(Qqp/Q). Hence we conclude also in the case
of n even that

c(h, x) 7 c(h, x7)
j—dnk ’DF‘—nu+3n(n+1)/4 - Z’—dnk‘DF’—nu+3n(n+1)/4 :

We now prove the following lemma
Lemma 3.12. Assume that (7= ?D*(z, 1/2; ka, x,¢))° = an P D*(z, u/2; ka, x%, ¢) for
o€ Gal(Qu/Q) a € Q). Then
(W*BD(z,,u/Q; ka, x,¢))? = bW*ﬁD(z, w/2; ka, x7,c)
where b = x(qg) "a, where 0 < q € Z such that e(1/N(c))? = e(q/N(c)).

Proof. We use an argument due to Feit [8] and Sturm [25, Lemma 5| first introduced
by Shimura in the case of n = 1. We will need the reciprocity law of the action of the
group G, x Gal(Q/Q) defined by Shimura in [23, Theorem 10.2]. We use the notation
of Shimura in this theorem. Let ¢ be an idele of F' and as in Shimura we define (t) :=

( (1) t91 > For a 0 € Gal(Qu/Q) we define the element (2(t),0) € G4 x Gal(Q/Q)

where t € Z}f corresponds to o by class field theory and we extend o to an element of

the absolute Galois group. Moreover we may consider also (, € Spa as an element of
G+ x Gal(Q/Q) by taking (Cn,1). Then we have that

0.2 0 oG ) = (%))

In particular we have

78Dz, 1/2: ka, x, ¢) MO DEE oG -

B t 0 .
DGkl (o %) = xO"DE /a0

But then
(77D(z, /2 ka, X, <)) = 7 P D(z, 1/2; ka, x, ¢) ") =
7D (2 12 K, x, €) 0D EE )G D G000 (G D)

(3.4)
xe®)" (77D, /2 kax leln) ) G = xe(t)"ar ™7 Dz, /25 K, 1 ).
U
We can now establish the following corollary
Corollary 3.13. For the Fisenstein series D(z, u1/2; ka, x, D) we have
D(z,pu/2; ka, x,¢c) 7 D(z,1/2; ka, x7,¢)
<W,Bg(Xn)Z‘—dnk’DF‘—nu+3n(n+1)/4 o Wﬁg((xn)a)i—dnk‘DF’—nM+3n(n+1)/47 o c Gal(@ab/@).
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Proof. This follows immediately by combining Lemma 3.9 ((i) and (ii)), and the last
two lemmas. O

3.4. Eisenstein series of half integral weight: Now we consider the case of half-

integral weight. We will need the theta series 0(2) := > c.n ea(laza/2) € M%a((@, ?),

where the quadratic character ¢ of I'Y is defined by h,(z) = ¢(7) J3(z) for v € Y.
Note that this is the series 0 defined in [23, page 39, equation 6.16] by taking in the
equation there, using Shimura’s notation, v = 0 and A the characteristic function of
g" C F™. Note in particular that since we are taking u = 0 we have that ¢ = 0p. In
particular Theorem 6.8 in (loc. cit) gives the properties of the series . We now prove
the following lemma.

Lemma 3.14. For the theta series 6(z) and for o € Gal(Q/Q) we have that
(O120(cn) " LaGiat =6

Proof. This follows immediately after observing that ¢, € C? and from Theorem 6.8 (4)
in [23]. Indeed since 6 is invariant under T'Y = GNC? we have that 0|%a§h = H%agﬁl =4.

Since 0 € M%a(@), we conclude the proof.
(I

Proposition 3.15. Let \ be equal to k or . Let B(\) € N so that 7PN D*(2,A/2; ka, x, ¢) €
Mia(Qup). Let 0 € Gal(Qgp/Q and assume

(W_ﬁ()\)D*(Z, A/2; ka, x, c)>(7 = a()\)ﬂ'_B(A)D*(z, A 25ka, x%,¢), k=n+1—p,
for some a(X) € @X. Then we have 77_5(>‘)D(2, A2 ka, x,¢) € Mga(Qup) and
(W_B(’\)D(z, A/2; ka, x, c))(7 = B PN D(z, lambda/2; ka, X7, ¢)
where § = (xd)e(t)"al(N).

Proof. The fact that 7N D(2,A/2;ka, x,¢) € My(Qq) follows from [23, Lemma
10.10]. The rest of the proof was inspired by the proof of Theorem 10.7 in [23]. We
write D(x, \) for 7PN D(z,\/2;ka, x,¢). Let k' = k + + € Z. Then we note that
GD(Xa )‘) € Mk’a(@ab) and for a o € Gal(@ab/@) we have GD(Xa )‘)U = (GD(Xv A))J'
Since 6D(x) is of integral weight we can apply the reciprocity-laws as before. Writing
t € Zy, corresponding to o we have

(0D (x, \))” = (0D (x, \)) (@) ChDEE 0™ H(G D) (G D 1) (G 1)

t O (Ch71)(l(t)7o—)(<}:171)
~(eoeemie (5 )

= ()™ (DO |eah) pa ' =
(¢X)c(t)" (¢(C0) (ﬂ%aﬁl) (D(X7 )‘)’kagh)Cf) |k’a§ﬁ1 _

6(@)0(60) ™ ((F12a6h) 11aGir ) (DG kat) ) IraGir " =
(@X)e(t)"a(NID( A).



14 THANASIS BOUGANIS

The last equation follows from the last Lemma. However the previous equations de-
serve a comment. Note that for fi, fo € ./\/l%a and v € T'% we have that (fif2)|lay =
$(7)(fil1a7)(f2l 127) since hy(2)? = $(7) 55 (2)-

So we obtain that D (x, \)? = (¢x)c(t) "adD(x?). Since 0 is not a zero divisor in the
formal ring of the Fourier-expansion (see [23, page 74]) we conclude the proof.

]

We now establish also in the case of half-integral weight that

Proposition 3.16. Let 8, € N so that 7% D*(z,k/2;ka, x,¢) € Mpa(Qup). Let
o € Gal(Qu/Q) Then for n even we have

ﬂfﬁlD*(z,k/Q;ka,X,c) 0_ WfﬁlD*(z,k/Q;k:a,X”)
Z’—dnkC‘DF’nk/2+3n(n+l)/4 - i—dnkC‘DF|nk/2+3n(n+1)/4

and for n odd
7P D*(2,k/2; ka, x, ¢) 7
<i‘d”"“C!DFI"’“/2+3"(”+1)/4g(x)IDF|1/2(2i)_(k_”)db([n/2])> -
7P D*(2,k/2; ka, x7)
=D RO D g (x2) D V2(20) (- 9b( [/ 2])
where b(m) = i% if m is m is odd and 1 otherwise.

Let now B3 € N so that 7 72D*(z, 1/2; ka, x, ¢) € Mpa(Qqp). Then we have

7 P2 D* (2, 1/2; ka, x, ¢) 7 B 72 D*(2, 1/2; ka, X7, ¢)
,L‘—dnkC'|DF’—n(n+1—k)+3n(n+1)/4 o Z’—dnkC|DF‘—n(n+1—k)+3n(n+1)/4 )

k=n+1l—p

Proof. Arguing as before, it is enough to consider the action of o on the full rank
coefficients. We consider an h with det(h) # 0. Then we have that the h'" Fourier
coefficient, c(h, x) of 791 D*(2,k/2; ka, x, ¢) is equal to

—d
n—1
2d(nk+1—(n+1)/2)i—dnk H F(k _ ]/2) N(det(h))k—(n+1)/2C|DF|nk/2+3n(n+1)/4N(bc)—n(n+1)/2X
=0
—dk=n/2 L (k —n/2 dd ;
k+1/2 ™ o n/2,xpn), modd ;
Hfh’” <X(7T”)‘7T”‘ ) X { 1, n even.

vee

We now note that if n is even we have that k—(n+1)/2 € Z and hence N (det(h))*~(+1)/2 ¢
Q*. Then we conclude that

c(h, x) 7 _ c(h, x7)
i—dnkO|DF’nk/2+3n(n+l)/4 o ,L'—dnkC|DF|nk/2+3n(n+1)/4 ’

In the case where n is odd we have that
Pc(k - n/2>XPh)U = C(k - n/27 Xgph)a Vo € Gal(@ab/@)a
with
Pe(k —n/2,xpn) := g(xpn) " (2mi) " ED DR V2L (k — /2, xpn)
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We have 8&xen)” _ 80078(pn)”

£ - . Moreover we have that
g(x° pr) g(x?)g(on)

/N (2det(h))”
g(pn)? ) /N(det(h)) ’
g(pn) (i)d N (2det(h))”

g N (2det(h)) ’

if [n/2] even;
otherwise.

In particular since det(h) € Fy we have

( N(2det(h))_1g(,0h)> { 1, if [n/2] even;
N(2det(h)Tg(pn) L (5)", otherwise.
For n odd we have that k — (n 4 1)/2 is half integral. Hence we conclude that

7

c(h, x) 0
i Ak Q| D p [k /2 43n(n4 1) [Ag ()| D | /2(2i) - (k=n)db([n /2]

c(h,Xx?)
§—dnkC| D p|nk/243n(n+1) g () | D p|/2(21)~—m)db([n/2])’
where b(i) = i¢ if [n/2] odd and 1 otherwise.

Now we turn to the Eisenstein series D*(z, ;1/2; ka, x, ¢). The Fourier coefficient ¢(h, x)
of 77 P2D*(z, u/2; ka, x, ¢) for det(h) # 0 is equal to

n—1
vadnkadn(,ufk)/ZC‘DF|fn(n+17k)+3n(n+1)/4 H F(n—Ql— L j/2)*dN(bc)’"("+1)/2><
j=0

i Le(n/2+1-k, , nodd;
[T fiee (xtmo)lmof1745172) { Li(n/ xon)

) n even.
vEC

Since we are taking k > ”7“ we have that L(n/2 + 1 — k,xpnr) € Q. Hence after
observing that n +1 — k + 1/2 € Z we conclude that

c(h, x 7 B c(h, x°
Z‘—dnkC’DF|—n(n+1—k)+3n(n+1)/4 o i—dnkC‘DF|—n(n+1—k)+3n(n+1)/4

We can now conclude

Proposition 3.17. Let 81 € N so that 751 D(z,k/2;ka, x,¢) € Mpa(Qup). Let o €
Gal(Qu/Q) Then for n even we have

7P D(2,k/2; ka, x, ¢) 7 B 7P D (2, k/2; ka, x7)
g(X¢)ni—dnkC‘DF‘nk/2+3n(n+1)/4 - g(Xa(b)ni—dnkC‘DF’nk/2+3n(n+l)/4
and for n odd

( 7P D(z, k/2; ka, x, ©) >
g((xp))i=dnkC|Dp|nhk/2+3nnt)/dg ()| Dp|1/2(2:) = (k=mdb([n/2])
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7P D(2,k/2; ka, x?)
g((x™)7 )i~k C| Dp|nk/2t3nntD)/dg(yo)| Dp[1/2(2i) = (k=m)d([n/2])’
where b(m) = i% if m is m is odd and 1 otherwise.
Let now B3 € N so that 772 D*(z, 1/2; ka, x, ¢) € Mpa(Qqp). Then we have
n%2D(z, /2 ka, x, ) . m %D (z, /25 ka, X7, ¢)
g(x¢n)ifdnkC|DF|fn(n+17k)+3n(n+1)/4 g(((xqg)n)o)ifdnkcwDF|fn(n+17k)+3n(n+1)/4’

We now remark that the above proposition and Lemma [?] give a complete description
of the reciprocity laws of the Eisenstein series which we are considering. We summarize
all the above in the following Theorem.

Theorem 3.18. Let k € 172 with k, > (n+1)/2 for every v € a. Let p € 17 such
thatn+1—k, <pu <k, and |p—(n+1)/2|+ (n+1)/2 -k, € 2Z for all v € a. Then
with a 8 € N as in Theorem 3.4 we have

7P D(z, /2 k, X, ¢) € N (®Qap),
and for every o € Gal(PQgp/P) we have
<7T‘5D(z,u/2; K, X, C)>U _ 7 PD(z, /2, X7 )
w(x) w(x7)
where w(x) is given as follows:
(i) ifkeZ? p>(n+1)/2:
w(x) = i"Plg(y)ird+2ueln/2=n/2(n/240d) ) =b0) g (1 20/2])

Y

where p := (k_giua) and b(n) =0 if [n/2] odd and 1/2 otherwise.
(i) ifkeZ? p< (n+1)/2:
W(X) _ z-n|p|g(Xn)Z-—dm/‘DF|—n,u+i’m(n—i-1)/47
where v:=mn+1— p and p := E=12,
(ii) if k€ Z* and p > (n+1)/2:
(a) if n is even
W(X) _ in\p|g(xn)i—dnkC‘DF|nk/2+3n(n+1)/4’
(b) if n is odd
w(x) = i"Plg(x"¢)i~ " C|Dp|"H AN A ()| D |'/? (20) " H ([ /2)),
where p := (k_giua) and b(m) =i if m is m is odd and 1 otherwise and
(iv) if k€ Z* and p < (n+1)/2:
W(X) — ,L-n|p\g(X¢)nZ-—dnuC|DF|—n(n+1—u)+3n(n+1)/4,

where v :=n+1—pu and p := k_T”a

In particular we have that
7 PD(z, /2, X, ©)
w(x)

where ®(x) is the finite extension of ® obtained by adjoining the values of the character
X.

€ N (@(x));
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4. THE L-FUNCTION ATTACHED TO A SIEGEL MODULAR FORM

We start by discussing the Hecke algebras that we consider in this work. We follow
Chapter V in [23]. As before we fix a fractional ideal b of F' and an integral ideal c.
We write C for D[b™, bc] Moreover we define

E =[] GLn(gw), B={x € GL,(F)ulz < g}, X = CQC, Q = {diag#,r]|r € B}
vEh
We write R(C, X) for the Hecke algebra corresponding to the pair (C, X) and for every
place v € h we we write R(C,, X,,) for the local Hecke algebra at v and hence R(C, X) =
R, R(Cy, X,). We now consider the formal Dirichlet series with coefficients in the
global Hecke algebra defined by T = 3\ /o CEC[rp(€)] and its local version at v € h
defined as Ty, = 3\ x, /0, Co€Cu[ve(€)]. Here 14(€) is defined by det(q)g where ¢ € B
such that & € D[b™ !, b]diaglg™', ¢*]D[b~1,b]. We have that T = [[,T,. Moreover if
we define for an integral g-ideal a the elements T'(a) € R(C, X) and T, (a) € R(Cy, X,)
for v € h by
T(a)= >  CLC, T(a)= >  CkC,
§€X,vp(§)=0a £€Xy,vp(§)=0

then we have that T = T'(a)[a]. The structure of the local Hecke algebra has been
investigated by Shimura in [22, 23] where he proves

Theorem 4.1 (Shimura). Let t1,...,t, be n indeterminates. Then for each v € h
there exists a Q-linear ring injection
tn]

Wt R(Co, X)) = Q[tr, -y byt sty
such that w(Ty) = Y cconx/c, W(Co§C) 6 (£)] has the following expressions

Y R G ) N
w(w,) = { Erwll= Gy Foie
[T (1 =gt ), otherwise.

For an element f € My(C,v) we have an action of the Hecke algebra R(C, ) (see
[22]). We denote this action by f|C¢{C for an element CEC € R(C, ). Assume now
that for such an f # 0 we have f|T'(a) = A(a)f with A(a) € C for all integral g-ideals.
Then we have that there exists A\, ; € C such that

£ Zz\(a)[a] = H Zy,
a vEh
where the factors Z, are given by

ZU:{ (1= N E) ™ T (1= N AeilB) (1 - N3 b)) ifote
[T (1 = N(p)" A ilp ])_17 otherwise.

and £ := HMC(l =) ITe, (1= N(p)%[p]z)fl, where the product is over the prime
g-ideals prime to ¢. For a Hecke character x of F' of conductor f we put

(4.5) Z(s,£,%x) = [[ Zo (" (@N(a) ),
vEh
where Z, (x*(q)N(q)~*) is obtained from Z, by substituting (x*(p)N(p)~* for [p].
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We will need another L-function which we will denote by Z’(s, f, x) and we define by
(4.6) (5,£,3) = [T Zo (" (@) (/6 (m) N (0) )
vEh

where 7 a uniformizer of K;. We note here that we may obtain the first from the
second up to a finite number of Euler factors by setting xu ! for x.

5. THE RANKIN-SELBERG METHOD

We now explain the integral representation of the zeta function introduced above due
to Shimura. Everything in this section is taken from [23, paragraph 20 and 22] as well
as [20].

We write £ for the set of all g-lattices in F|*. We set L := g} and we remark that for
an element L € £ we can find an element y € GL,(F)p such that L = yLg. For an
element 7 € S we define

Ly :={LeL|t*rtcbd ! ViecL}).

Let £ € My(C,¢), 7 € Sy and ¢ € GL,(F)n. Following Shimura we define the
following two formal Dirichlet series

(5.7) D(r,q;f) = ) deldet(qx))|det(x)| ;" e, gu; F)[det(z)g],
r€B/E

and

(5.8) D'(1,q;f) : Z Y(det(gz))|det(z)| " e(T, q; £)[det(x)g).
z€B/E

We note that the second is obtained from the first one by setting (¢ /1¢)(t)[tg] for [tg],
t € Fy* in D(7,¢; f) and multiplying by (v//1¢)(det(q)). For the formal Dirichlet series
D(r,q;f) Shimura [23, Theorem 20.4] proves the following theorem

Theorem 5.1 (Shimura). GivenT € Sy, L € L; and f € My(C,v), take g € GL,(F)n
so that L = qLg and define formal Dirichlet series a(t; L) and A(7,L) by

A(7, L) := |det(q)|5"[det(qq")g] > u(M/L)a(r, M),
L<MeL,
and
a(t, L) := |det(q)|z"[(det(qq")) " glaco (evq"Tq).
Here ¢, is an element of FhX such that e,g = b='0. Then
[det(@)alve(det(q))e(r, q; £1%) = Y [det(§)g]A(r, M)D(7,y; ),
L<MeL,

where y is an element of GL,(F)y, depending on M such that M = yLg and y~'q € B.
In particular if f|T(a) = X a)f for each integral t-ideal a, then

Ve(det(q))e(r, ¢; £ ZA = Y [det(q*9)g]A(r, M)D(r, y; f)

L<MeL,
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Here p denote the Mobius function defined in [23, Lemma 19.10]. As Shimura remarks
right after the Theorem 20.4 in [23] in the case that we consider the series D(,¢;f)
depend only on the lattice L = gL so we can write D(7, L;f) instead. The next
important input from the theory of Shimura is the understanding of the series A(r, L).
Shimura proves the following lemma

Lemma 5.2 (Shimura). Let 7 € Sy NGL,(KF) and L = qLg € L;; let b be the set of
all primes v € h prime to ¢ such that eyq*7q is not reqular. Then

(n/2)
L) = [T go(pD [T Pole) " = b)) JTT 1 = N(0)* [0]*),
vEb vfc i=1

Here p is the prime ideal of F' at v and g, is a polynomial with coefficients in Z and
constant term 1; h, = 1 if n is odd and hy(t) = 1 — p=(p)N(p)"/?*t with the Hecke
character p; of F corresponding to F(c'/?), ¢ = (—=1)"?det(t), if n is even.

We define the series
-1

[(n+1)/2] |
So=]]( JI @-N@E>>2p?
vfe i=1

Then we have

Theorem 5.3 (Shimura). Let 0 # f € Mi(C,v)) and such that £|T(a) = A(a)f for
every a. Then for T € Sy NGL,(F) and L = qLg with ¢ € GL,(F)p we have

D, £) %o [ [ gulel T (o))~ =

vEDb vfc

12 > w/Lypc(det(y))det(q*Ggle(r, y; f).

vEh L<MeLl,
Assume now that ky, > n/2 for some v € a. Then there exists T € Sy N GLy(F) and
7 € GLy(F)n such that

0 # Y(det(r))ee(T,r HZ = D(1,r;f) SOHh [pr]) Hgv pt])

vEh vfc vEb

Now given a Hecke character x of F, 7 € ST and r € GL,(F)p we define a formal and
an ordinary Dirichlet series as follows:

(5.9) =Y o(det(ra))x* (det(z)a)ce (r, ra)|det(z) [, [det(2)g],
B/E
and
(5.10) (s,f,%x) Z Y(det(rz))x* (det(z)g)ce (1, ra)|det ()51
B/E

This second series is obtained from the series in Equation 5.8 by putting x*(tg)|tg|%
for [tg]. In particular we have the equation

(5.11) s £ 00A (217 TLaox /0 (i) =

vEDb
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Z'(s, 8, ) (/) (det(r)) D p(M/L)(47 /) (det(y))x* (det(r*§)g)|det(r*g|3e(r, y; £).
L<M€EL,
where for an integral ideal a we write

Aols) = Lq(2s, prbx) H?/l Lo(4s — 2i,9%x?), if n is even;
¢ H(n+l)/2 La(4s — 2i + 1,9%x?), n is odd.

I

Given y as above we write f for the conductor of xy. We define ' € Z2 by
(Wx)a() = 23" |za]".
and p € Z? by the conditions 0 < p,, < 1 for all v € a and pu — [k] — ¢/ € 2Z2.

We now define a weight [ and a Hecke character ¢/ of F by | = p + (n/2)a and
Y = x"'p;, where p; is the Hecke character of F corresponding to the extension

F(c%)/F with ¢ := (—1)"/2det(27). Let us write 6, € M;(C’, %) for the theta series
associated to the datum (%, u, 7,r) in section 2. Write ¢’ = D[b'",0'¢/]} and define
e:=b+ b

Then we have (see [20, page 572])
Theorem 5.4 (Shimura).

(4m) et D2 (/DN ()7 )" R T T(s+ (ko +10) /2) D) (25430/2+ 15 £, x) =

vea

|det(r)| ;2" 2 det () kit nu/2) 24 su / F(2)0(2)E(z,5+ (n+1)/2,k — I, ety pr, I')6(2)Fdz,
Lo}

where ® := H/T" and T" := G N D[e !, eh], where h = ¢~ 1 (bc N b'¢).

In particular using the equation 5.11 we obtain

- -1 v v
Z/(S,f,X)HFn<S n 2+k +IL’L)X

vea

Theorem 5.5.

((w/wc)Z(det(T)) > M(M/L)(¢3/¢)(det(y))x*(det(r*Q)G)Idet(r*z?)I%C(T,y;f))=

L<MeLl,

(D;J/ N(e) ()l M et (7) A det (r) [0 x

LT 90 ((@/4e) (o) x* (mo@) I *) (Ac/ Ay ) (25 — 1) /4)v0l(®) < f, 6 D((28 — n)/4) >p,

vEb
where s’ = (2s — 3n — 2)/4 and for an integral ideal a of F,

A _ La(2s, prpx) Hn/ Lo(4s — 2i,9%x?), if n is even;
a(8) =\ vtz ) |
Hi:l Lo(4s —2i+1,9°x7), n 1s odd.

)n(n+1>/2

)

and o
D(s) = () E(z, 55K — L e, pri, T).
We have normalized the Petersson inner product as follows

< [,0,D((2s —n)/4) >p= voll@ /b f(2)05(2)D(z, (25 — n)/4)d(2)kdz.
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In particular there exists (7,7) with ¢(7,r;f) # 0 such that

(5.12) Z2'(s,£,) [ I <S —n- 1; ho ““) be(det (r))e(r, 11 ) =

vea

)n<n+1>/2

(D;J/ “N(e) ()"l M det (1) A | det (r) AT 5
[T 90 ((@/e) ()X (mog) [ ) (Ae/ Ay ) (25 — 1) /4)vol (@) < £,0,D((25 —n)/4) > .

vEDb

We note here that vol(®) € 7"("+1)/2Qx.

6. PETERSSON INNER PRODUCTS AND PERIODS

In this section we define some archimedean periods that we will use to normalize the
special values of the function Z'(s,f,1). The idea of defining these periods is due to
Sturm [25] (building on previous work of Shimura), who considered the case of n even
and F' = Q. However one should notice also the difference on the bounds of the weights
that we impose. In what it follows we will call a Hecke operator T'(a), relative to the
group C' = D[b~!, bc], as “good” if a is prime to ¢

Theorem 6.1. Let f € Si(c, ) be an eigenform for all the “good” Hecke oparators of
C. Let ® be the Galois closure of F' over Q and write ¥ for extension of ® generated
by the eigenvalues of £ and their complex conjugation . Assume mgy := min,(my,) >

[3n/2 4+ 1] + 2. Then there exists a period Q¢ such that for any g € Sp(Q) we have

<fg>\7 <ft’,g" >
Qf N ch’ ’

for all o € Gal(Q/®), where o' = pop. Moreover Q¢ depends only on the eigenvalues
of £ and we have % e wx,

Remark 6.2. As we remarked above, a theorem of this form has been firstly proved by
Sturm [25], when F' = Q and n is even. A similar theorem appears also in the work of
Panchishkin [17]. It is also important to notice that in Panchishkin’s theorem one can
take also g not cuspidal. However for this he has to take the weight big enough in order
to be in the range of absolute convergent for the Eisenstein series (see the Theorems
after the proof). Our proof is modelled on that of Sturm [25, Theorem 3]and of Shimura
[23, Theorem 28.5]. Maybe one should here remark that one of the differences with
the proof here in comparison with the one of Sturm is that we use the identity (5.11)
and not the Andrianov-Kalinin identity used by Sturm. Finally since we are using a
stronger theorem of Shimura with respect to the absolute convergence of the function
Z(s,f,x) we also obtain better bounds for the weights. Finally we remark the slightly
larger bound on mg than in Shimura [23, Theorem 28.5]. The reason for this is the
above mentioned problem with the Eisenstein spectrum (i.e. separate it rationally from
the cuspidal part).

Proof. We write {A(a)} for the system of the eigenvalues of f (with respect to the
“good” Hecke operators) and we define V := {h € Si(c,?)h|T(a) = A(a)h}. Then as
in Shimura we define V(¥) = V N Si(c,9; ¥). By [10] we have that the space V(V)
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is preserved by the operators T'(a). Moreover the “good” Hecke operators generate
a ring of semi-simple W-linear transformations hence we have V = V(¥) ®g¢ C and
Sk(C,U) =V(V) U, with U a vector space over ¥ which is stable under the action of
the “good” Hecke operators. Since an eigenform in U ®g C which is not contained in
Y must be orthogonal to it we have that the above decomposition is orthogonal with
respect to the Petersson inner product.

We now pick an integer og so that 3n/2 +1 < o¢p < mg and mg — o9 & 2Z. Note
that this is always possible thanks to our assumption mg > [3n/2 + 1] + 2. Then we
define p € Z2 by the conditions 0 < u, < 1 and og — ky + e € 27 for all v € a. Our
choice of op implies in particular that there exists an v € a so that u, # 0. We put
t' := p— k. We now pick a quadratic character x of F so that (¢x)a(z) = 2% |za| "
and of conductor f such that ¢|f. Note that such a character can be obtained as the non
trivial character of the quadratic extension F(v/A) by picking the sign of A properly at
v € a and A with non trivial valuation at all primes that divide ¢. The existence of such
a A follows from the approximation theorem for F. As in Shimura [23, page 236] we
define | := pu+(n/2)aand v = 0g—(n/2). Thenv > (n+1)/2and 0 < k—l—va € 2Z2.
We consider the theta series ¢, with respect to our choices of x and p. By Theorem
5.5, after evaluating at s = g9 we obtain

- —1 kv v
Plon s [, (2 o)
veEa

<(¢/¢c)2(d€t(7")) D w(M/L)W /) (det(y)x* (det(r*)g)|det (r*g) %“C(T,y;f)>=

L<MeL,

n(n+1)/2

(DF2N (o)) (4 )15 X g (7) 560 | det () 5170

LT 90((@/4e) (o)X (o) 0| 70) (Ac/ Ap) (v/2)00L (@) < f, 0 D(v/2, epribx) >,

vEb
where s, = (209 — 3n — 2)/4. We now note (see [23, page 237]) that

O e Sy
vol(P)

e Wﬂ\lkflgf”allfn\lledeQX

where € = n?/4 if n even and (n? — 1)/4 otherwise. We now write § for the rational

r og—n—1+ky+pe
Hvéa n 2

ol(®) . We now take 3 € N so that 7?D(v/2) € NZ_(2Qqp)

with p = E=L222 and we set v := n||2=522|| — n||k|| + de — n||sju + A|| — B. We further
set

part of

B¢, 7,1,£) =6 ((¢/¢:)2(d6t(7‘)) D w(M/L)(WE /) (det(y)x* (det(r*§)g)ldet (r* )| elr, y; f)) ,

L<MeLs

and
Clx, ¥, ,7) = (N ()" T1)/2 |det(r) |50 x

T 90((@/0e) (m)x" (mog) o] ) (Ac/Ag) (v/2).

vEb
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We then have for every o € Gal(Q/®) that
B(X’ 17Z}? 7—7 T’ f)a = B(XU7 17Z)o—7 7_7 T? fJ) a'nd C(X7 ¢7 7-7 7”)0— = C(Xo-? w()—? T’ /r‘)'

We now note the equalities

< fa GXD(V/Qv 6,0er) >rr=< f7 p(HXD(V/27 epT¢X)) >r=< f> TTF’ (p(QXD(V/2? EPT¢X))) >r,
where p : Ri — &Sy is Shimura’s holomorphic projection operators [23, Proposition
15.6](note that 6, D(v/2) € RY since 0y is a cusp form) and Trf, : Sg(I',9) —
Si(T, 1) is the usual trace operator attached to the groups IV < I'. Moreover, since

0,7 PD(v/2) € NP (2Qqp), we may consider the action of o € Gal(®Qqp/®). Then

p(Oxm P D(v/2,6p,9X))7 = p(03(r D(v/2,epr0x))7), and Tris(0x7 " D(v/2, eprx))” =

Triv(07D(v/2, epribx)7),
where in the last equation the last trace is from the space Sk (TV,1¥7) to Sg(TV, 7). The
equivariant property of the holomorphic projection operator is shown in Proposition
15.6 of (loc. cit.) and the one of the trace is exactly as in Sturm where he considers
the case of ' = Q, but the arguments is valid also for general F' since the strong
approximation theorem also hold for the group Sp,(F'), the essential argument in his
proof. We make this more formal in the lemma following this proof.

Keeping now the character x fixed we know that for any given f € V there exists (7, 7)
such that

B(x, v, 1,1 £) = d(det(r))e(r,r;£) # 0.
We note here that the same pair (7,7) can be used for the form f7, as it follows from
the proof of Theorem 20.9 in [23]. As in Shimura we write & for the set of pairs (7,7)
for which such an f exists. From the observation above the set & is the same also for
the system of eigenvalues A(a)?, for all ¢ € Gal(Q/®). In particular for such an (7,7)

(6.13) 0 # 772 (00, £, x)00(det(r))e(T,r; f) =
(D528 0)"""" (154 et () et ) [0
LT 90 (/%) (o)X (o) 0] ) (Ac/Ag) (v/2) < f. 057 "D (/2. epribx) >vr -
vEb

The fact that Z’(og,f, x) # 0 is in principle [23, Theorem 20.13]. Indeed in page 183
of (loc. cit) Shimura first proves the non-vanishing of Z’'(o¢, f, x) for any character y
with p # 0, as it is the case that we consider. Further we note that this in particular
implies also that C(x, ¢, 7,7) # 0 for all (7,7) € &.

We now define an element g, € S (T, ; ®Qqp) by

€rrw = PTrl (O D(v/2,ep:0%)) )
and define the space W to be the space generated by g, for (1,7) € &. We now

consider the case n even or odd separately.

The case of n even: In this case we have that ¢ is the trivial character. We now
claim that there exists an Q¢ € C* such that any f € V and any g,

< f: 8rra >\7 _ < fg7gg,/r,'¢; >
Qf Qfo ’
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where ¢’ = pop. First we observe that
’ _ —_— o’ r,_ —
&%rs = Tl (p(O D)2 e0,0X)) ) =Tl (p(0F (7P D(v/2,e0,0))" ) =

Tl (00~ D(v/2, cpPX))" ) |
where the last equality follows from the fact that x is a quadratic character. We now
recall that D(v/2, pr1x) = D(z,v/2;k — I, pr1x, ') and we have seen that

<7r7D(z, v/2:k — 1, prx, I‘))U/ _ 17 PD(z,v/2;k — l,pTWOI, I)

P(prx) Plp-ox")
_ il Ty (i (T2 ) @r=20d) g (/2 Cva
where P(priy) = 22 g‘g;ﬁ%)() ( . pr(”? , with p = 2==#2 We con-
clude that
o Plordx)” - o' P(prx)”
g’r,r,¢ = LJTTg’ (p(exﬂ 6D(V/27 GPrw X))) = %gﬂﬁ"ﬁg'
P(pr¢ X) P(pr X)
. il [ﬁ/2] ;) (@v—2i)d —2[n/2]
We set R(¢)) :=* i) (Hzfl v )g(d} ). We now consider the ratio

ERRE DR

glp-hx)” _ glpr)” g()” g(x)”

gt x)  8PF) g(@”) 80)
We recall that p, is the non-trivial character of the quadratic extension F(y/c)/F with
¢ = (—1)"/?det(27). Since we are considering 7 > 0 we have that

glpr)” _ 2det(r) | / v
g(p?) (7 )d VNGAetm)”
j N(2det (1)) '

Putting all these together we conclude that

oo _ B0 gW)” g0 R()T
T g (pd) g(@”)8X) R Ty

/

For any g, we have
(4) bt N DR 27 (0, £, ) B(x, 0, 7.7, 8) = det(7) 0O (x, 0, 7.7) < £, 800 >
For any (7,7) € ® we have seen that C(x, ¥, 7,r) # 0. We obtain

<f7g7',7" >F )B(X7w77_7raf)

= det(r)~ (FoutA .
() st DA 71 (0, £, ) Ol v mr)

For any o € Gal(Q/Q) we have then

< fa gT,T,1/1 >r 7 —(5’ u+A) B(X7 w) T,T, f) 7
—nllstutA|| An(ntl)/4 - det(T) ’ C -
(4) nl|spu+ HDF WVZ’(GO’ﬂx) (Xﬂ/’aﬂ”’)

B(X?, 47, 7,1, £7)  (det(r) (soutA)o <f7,8rryo >r

det —(sput+A)\o — ; .
e ) e wmn)  det(r) G ()l DR 1 g
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_3n— k4p+2u .
€ remar al Snu = u = — —5U. our cnoice o
W k that 6 + A 200 437’L 2 + /‘2 P O’ou-‘;k-‘ru n—2‘,-1 By h f

—(shu+A)\o layo
oo we have that oou + k + pu € 2Z2. We obtain that (det(r) 0 A) — (det(r) 2 )" Now
det(r)” (S0utN) det(r)(2®

we note that since det(7) is totally positive we have

Wl <d€t<7')%a)g { L . if [n/2] even;

g(p?) - (%) , otherwise.

d@t(T)(%a)
We have seen that
!/ —_ / / —_ / _1
_ (g(pr)" 5(¥)” g(x)’ RW) ”
gT,r,dJ" - gr,r,w'

’

8(r?) g ) 8(X7) R

and hence

<f,8rry >r ’ =
(4)~nllsputA I DAy 7 (60 £ )

g(p)” g(@)7 g()” R@)" ) (det(r)3)° <787 >
g(07) g@” ) 8T R@T))  det(r)z® (4)=nllstut A DR A 716 £ )

or equivalently

g

< fa 8rra >r
B(n)47n|\sf)qu/\\|1)2(71—&-1)/47T,yzl(007 f7 X)

— — 1

(8(P)8(OR©))
<f7,87. ., >1
(507 )B00RGT B 418t D o 7 £,
where B(n) = i? if [n/2] is odd and 1 otherwise. Hence we define
Q= (g(V)s(V)R(Y))

The case of n odd: We now repeat the considerations above but with the half-integral
weight Eisenstein series.

( 70Dz v/~ L exTp, ) )
8{cpr o) i i C| D D g e, ) | D12 20) =90 [n2])

7D (z,v/2k =1, (exbpr)?)
g((exvpr )7 g rinlpli=dne C| D |nv/2+3n(n4 ) Ag((exippr )" )| D | V/2(21) = =mdb([n/2])’
where b(m) = i¢ if m is m is odd and 1 otherwise. We set
P(extpr) := gleprxg)"i" i " C|Dp|™ /230D g ep i) | Dp| /2 (2i) =~ ([n/2])

and as before we have

-1 B(n)47n|\sgqu/\\|Djll?(n+1)/4ﬂ.'yzl(O.O7 f, X)

/

o’ _ P(EPTW)OJ
gT,T‘,’lz) - —0o! g‘l’,’l",’l/}a °
P(eprY x)
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We consider the ratio
— — o’ s\ n+1 s\ n+1 — s\ nt+l s\ nt1l
(8(cprtx)"gleprtX))” _ (g(s)“ ) (g(pm ) (gw ) (g(x)" ) (
g(eprt” x0)"g(epsP” X) g(¢) &(rr) g(®”) ()
Since n + 1 is even and p;, X, € are quadratic characters we get that
S\ n+1 S\ n+1 s\ ntl
g(e)? _ [ 8(pr)” _ (s)* _1
g(e) glpr) g(x)

We set R := i"Pli=dmv Q| D p| /243004 0)/4 D p|1/2(24) = (*=™)dp([n /2]), and then we have

o' n+1 d\" po!
o _ [8W) g(9) R
gﬂr,r,dz - —— fgr,r,w" .
g(¥”) g(¢)
By the same calculations as in the case of n even, by no noticing that sou+ A € Z2 we
obtain For any o € Gal(Q/Q) we have then

g
< f7 rr >T _ < fo’ Srorapo >r
4—n\|s{)u+)\||D;(n+1)/47.r'yz/(00’ £,x) 4—n\|s{)u+)\||D;(n+1)/47.r»yzl(go’ 7. x)

Hence we conclude
g

< fv 8, >r

1
4—n|\sf)u—l—)\\|DZ(”+1)/47T7Z/(O.O’ £, %)

<17, 8rryo >0

— ! "JrlTn — _1 / '
<g<w“> "o R) 4=l D A 71 £ )

So for n odd we define

-1
— n+1Tn — ’ nin
Qp = (gw) () R) g llstut N prtnt DAy 7250 £ ).

By W' we define the space generated by the projection of W on V. By definition
W' = V. Indeed for any element g € V there exists h € W’ such that < g, h >r# 0,
simply by taking the projection of the corresponding g, , to W'. So the C span of g, ,
with 7,r € & is equal to V. Since g, have algebraic coefficients we have that the
Q-span is equal to V(Q). We can now establish the theorem for any g € V(Q) since

after writing g = . ¢;gr, ;v € V(Q), where g, ;v is the projection of g, »; to V,

we have )
<fe> U:Z?a <fenv>) _<fg” >
Qf —~ Qg Qg

J

We now take any g € Si(I',1; Q). We write g = g1 + g2 with g1 € V and }5 € V+.
Then we have that
<fg>\" [(<fg>\7 <f.gl > <f,g" >
Qf - Qf N Qfa N Qfa
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where the last equality follows from the fact that < f, g >= 0 implies that < f?, g"l >=
0. It is enough to show this for g an eigenform for all the good Hecke operators in an
L-packet diffferent from that of f’s. That is, there exists an ideal a with (a,¢) = 1 so
that T'(af = Aef and T'(ag = Agg such that A # \g. But then we have

A < 7,87 >=< T(a)f’,g" >=
<f7,T(a)g” >=<{17,)gg” >=<{7,87 > )3

and hence we conclude that < 9, gg/ >= (. Here we have used the facts that the good
Hecke operators are self adjoint with respect to the Petersson inner produt, and that
their Hecke eigenvalues are totally real (for both facts see [23, Lemma 23.15]).

Finally taking g equal to f we obtain that Q¢ is equal to < f,f > up to a non-zero
element in the the Galois closure of the field generated by the Fourier coefficients of f
(note that it also contains the eigenvalues).

O

We now give a proof of the equivariant property of the trace that we used in the proof
of the theorem. The proof follows the proof given by Sturm [25, Lemma 11] extended
to the totally real field situation.

Lemma 6.3. With notation as in the proof of the above theorem we have for any

f € Se(I,1; Qap)
Triv(f)° = Trh(f9), o € Gal(®Qqy/®).

Proof. Thanks to the strong approxiamation for Sp,(F') we may work adelically. We
write D and D’ for the corresponding to I" and I adelic groups (i.e. I' = GN D). We
fix elements {g;} C Dy, so that D = J D'g;. For t € Z] corresponding to o|g,, we note

that
< 0 11, )92‘( 0 1, ) € Spn(A)n

and hence by strong approximation we can find elements u; € D’ with fl|u; = f (i.e.
Y(u;) = 1) and w; € Sp,(F') so that

1, 0 (1, 0
o t'1, )%\ o 1, )T W

We moreover note that w;, = u;; . Now we claim that since the g;’s form a set of repre-

sentatives of the classes of D’ in D, the same holds for Ln _(1) Ji Lo 0 ,
0 t7/1, 0 t1,

and hence also for w; since u; € D'. Indeed since t € Z;; < F* we have that

1, 0 a b 1, O B a tb
(o ) (e o) (G ) =5 %) eom

if Ccl cbl > € DJa, b}, for some fractional ideals a, b with ab C g. In particular we have
that +(t)gin(t~!) € D. We claim that the set D = [, D"2(¢t)gis(t™!). Indeed let d € D.

Then +(t~1)de(t) € D and hence there exists d’ € D’ such that +(t~1)di(t) = d'g; for



28 THANASIS BOUGANIS
some j. Or equivalently d = o(t)d’gje(t™1) = o(t)d'as(t71)a(t)gja(t 1), which establishes
our claim since #(t)d"s(t~1)u(t) € D'.

We now consider the elements (u(t), o), (w;,id), (g;,id) € G+ x Gal(Q/Q). Then we
have

(Tr (£ = Qo w9) Flkg)” =

> @(ga) )OO @DCEDTTD) N (g,) po D) = 3 4(g,) flaws.

i

The proof of the lemma is now completed after observing that ¥ (g;) = ¥ (w;). O

We also mention here the following theorem of Garrett [10].

Theorem 6.4 (Garrett). Let k > 2n + 1 and f,g € Sga. Take f an eigenform for
almost all Hecke operators. Then for all o € Aut(C/Q), we have

<frg>\7 <f7 g% >
<frf>) < for fo>

In particular if we take £,8 € Sa(Q), and take £ with totally real Fourier coefficients
then we have that <282 ¢ Q and

<fr f>
<f,g>\7 <f7,g7> —
<< f.f >> o< fo fo > o € Gal(Q/Q).

We note that if we combine the above result of Garrett with the following result of
Harris on the Eisenstein spectrum

Theorem 6.5 (Harris). Let k > 2n + 1 and write Exy for the orthogonal complement
of Ska in Mya (the Eisenstein series). Define Ega(Q) := Mya(Q) NEra. Then we have

Mka(@) = gka(@) S Ska(@)

Proof. This follows from the work of Harris [12]. Indeed in general we have that (see
[23, Theorems 27.14, and 27.16])

Mka(@) = gka(@) D Ska(@)

and Eka(Q) = &"_Er, (Q) where &7, the space of Klingen type Eisenstein series asso-
ciated to a parabolic group P, stabilizing an isotropic space of dimension r. Harris has
shown that in the case of weight as above (i.e. the absolute convergence situation) we

have that £, (Q) = &/, (Q) ®g Q.
O

Now this theorem allows us to take g € My, in Theorem 6.4.
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7. ALGEBRAICITY RESULTS FOR SIEGEL MODULAR FORMS OVER TOTALLY REAL
FIELDS

In this section we present various results regarding special values of the function
Z'(s,f,x), with £ € Sk(b,¢,1), an eigenform for all Hecke operators. We remind that
we have also considered the function Z (s, f, x). The two coincide when the Nebentypus
of f is trivial. Indeed if we write Z,(x*(myg)|my|?) for the Euler factor of Z(s,f, x)
at some prime v € h then the corresponding Euler factor of Z'(s,f,y) is equal to
Zy (/) x* (mp@)|m0|®). We note the equation

Z/(S, f, wal) = Zc(87 f7 X))

where the subindex on the right hand side indicates that we have removed the Euler
factors all primes in the support of ¢. In particular if we take the character x trivial
(may not primitive) at the primes dividing ¢ then we have that the two functions are
the same.

We start by stating a result of Shimura [23, Theorem 28.8]. We take an f € Si(C;Q),
where

C ={x € D[b ¢ bcla, —1 < ¢}

We moreover take f of trivial Nebentypus and assume that it is an eigenform for all
Hecke operators away from the primes in the support of ¢. In the notation of Shimura
in Chapter V of his book, we take ¢ = ¢, and not ¢ = g. In particular here we take the
Euler factors Z, trivial for v in the support of ¢. The theorem below is stated only for
k ez

Theorem 7.1 (Shimura). With notation as above define mg := min{k,|v € a} and
assume mg > (3n/2) + 1. Let x be a character of F such that xa(x) = xk|za|™" with
teZ?. Setu, :=0ifk,—t, €27 and p, =1 if ky, — t, &€ 2Z. Let oy € Z* such that

(1) 2n+1_kv+ﬂv§00§kv_ﬂm
(ii) 09 — ky + 1y € 2Z for every v € a if og > n,
(iil) o9 — 1 + ky — py € 27Z for every v € a if og < n.

We exclude the cases

(i) oo=n+1, F=Q and x> =1,
(ii) 0o =0, c=g and x =1,
(iii) 0 < og <n, c =g, X2 = 1 and the conductor of x is g.

Then we have
Z(007 f, X) n(>, kv)+dery
<f,f> e Q
where d = [F : Q] and

e‘_{ (n+1)og —n?—n, o9 >n;

nog — n?, otherwise.

We now take f € S.(C,; Q) with C of the form D[b~!, bc] (i.e. the standard setting
in this paper). We are interested in special values of Z'(s, £, x) for a Hecke character y
of F' of conductor f.
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Theorem 7.2. Let f € Si(b,¢,v; Q) be an eigenform for all Hecke operators. Assume
that either

(i) there exists v,v" € a such that k, # ky, and mg = min{k,|v € a} > [3n/2 +
1]+2 or
(ii) k is a parallel weight with k > 2n + 1.

Let x be a character of F such that xa(z) = zk|za|™" with t € Z®. Define t' € Z* by
(VX)a(x) = ot |zal’. Set py =0 if ky —t, € 27Z and py, = 1 if ky — t., & 27. Let
oo € Z2 such that

(i) 2n+ 1 —ky + py < 09 < ky — iy for allv € a,

(ii) oo —n— 3| +n+ 1 —k+pe2Z2

(iii) if n is even, and o9 = n/2+1i fori =0,...n/2, i € N or if n is odd and

oo=n/2—1+i,i=1,...,(n+1)/2, then we assume the Assumption below.

We exclude the cases

(i) co=n+1, F=Q and (x¢)* =1,
(ii) oo = 5, ¢ = g, n is even and there is no (T,7) that satisfy our assumption such
that pr # 1 and xy =1,
(iil) n/2 < 09 <n, ¢ =g and (Yx)? = 1.

Then with notation as in the previous theorem we have

Z/(Uﬁv f, X) n(>, kv)+deqy
<ff> " Q

Moreover, if we take a number field W so that £,£° € S (W) and ® C W, where O is
the Galois closure of F' in Q, then

Z,(007 f7 X)
7B (/D" Ty imy(exp)e < £, £ >
where w(-) is defined by using the Theorem 3.18 as follows

EW = W(x),

(i) for o9 > n and n even then w(-) is as in Theorem 3.18 (i),

(ii) for og > n and n odd then w(-) is as in Theorem 3.18 (iii) (b),
(iii) for oo < n and n even then w(-) is as in Theorem 3.18 (ii),
(iv) for oo < m and n odd thenthen w(-) is as in Theorem 3.18 (iv).

and m = d if [n/2] is odd and 0 otherwise.

Assumption: Let § € F so that g = b~1d. Write f for the conductor of x*. We
assume that we can find 7 € S4 N GL,(F) and r € GL,(F)p so that ¢(r,r;f) # 0,
equation 5.12 in Theorem 5.5 holds and

(i) if n is even and v { ¢f’ then (0%r77r), is regular and v 1§,
(ii) if n is odd and v { ¢f then (8% 77r), is regular and v { 2f N b~ 10.

We note that this assumption implies that in Theorem 5.5 we have that A(s)/Ap(s) =1
(see [20, Proposition 8.3]).
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Proof. (of Theorem 7.2) We first consider the Gamma factors that appear in Theorem
5.5. We first recall that

n—1 .
_ n(n-1)/4 _J
L,(s)=m j];[o I(s—3).

Hence for [],ca Fn(%) we need the condition that og > 2n — k, + u, for

all v € a, which is the lower bound appearing in the theorem. Moreover the Eisenstein
series D(%) of weight k — pp — § for v = 09 — § is nearly holomorphic if and only if
n+1—(ky —py—%5) <oo—5 < ky— pty — 5 and ]V—"TH]—F”TH—kU—F/Lv-i-% € 27
for every v € a. These inequalities give the upper bound in the (i) condition for oy
and (ii). The third condition for o is imposed so that in the range where the fraction
Ac(s)/Ay(s) (a finite product of Euler factors associated to finite order characters) could
have a pole it is equal to 1. Finally the various exclusion follows from various cases

where the Eisenstein series D(%) is not nearly holomorphic.

We take 3 € N so that 77 D(%) € Nj—i(®Qqp). Now using Theorem 5.5 after a proper
choice of (7,7) we have

7' (00, £, X)Vc(det(r))e(r,r; £) =
12\l 1)/2 ,
o (D) det ()6 |det (r) [ 770 x

LT 90 ((/ve) (mo)x* (o) 0| 7°) (Ac/ Ay) (200 — 1) /4) < f,6x(n~PD(v/2)) >,

vEb
where a € Q*, and v := n||k_l27_”a|| — n||k|| + de — n||sju + A|| — 5 where we recall
¢ =n?/4 if n even and (n? — 1)/4 otherwise.

We now note that 6, € M;(W) and 7= ?D(v/2) € NJ_;(WQg) where r = (k—l—va)/2
ifvr>(m+1)/2andr=(k—1—(n+1—r)a)/2 otherwise.

goutktp  ntl
2

Moreover we have syu + A = 5—u. In particular

(i) for o9 > n and n even we have that syu + A & 2Z,
(ii) for o9 > n and n odd we have that sju + \ € 2Z,
(iii) for o9 < n and n even we have that sju + \ € 2Z,
(iv) for g < n and n odd we have that sju + \ & 2Z.

We now note that g(p;) = i™/Np/qdet(r), with m = d if [n/2] is odd and 0 otherwise.

Now we set P := /Dp mﬂ)“i’”w(e@) where w(-) is defined as in the statement of
the theorem. Then by Theorem 3.18 we conclude that

_1/2\(n+1)/2 /
(DF” 2) det(7)* " A8 P=1D(w/2) € NT_,(W).
_ n(n+1)/2 /
We set a := (DF1/2 det(7)%0utAr=#P~1 By Lemma 15.8 in [23] we have that

there exists a ¢ € My(W) so that < f,0,aD(v/2) >=< f,q >. If k is not a parallel
weight, then we have that actually ¢ € Sp(WV) since in this case My = Si. Then by
<f.q>
<f:f>

Theorem 6.1 we have that € W. In the other case, that is of k being a parallel
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weight we can use Theorem 6.4 combined with the Theorem 6.5 to conclude again

z}c?i € W and hence conclude the proof. ([l

We now obtain also some results with reciprocity laws.

Theorem 7.3. Let f € S(b,c,v;Q) be an eigenform for all Hecke operators. With
notation as before we take mo > [3n/2 + 1] 4+ 2. Let x be a character of F' such that
Xa(z) = 2k|za| ™" with t € Z2. Define t' € Z2 by (vx)a(x) = ok |zalt. Set py := 0 if
ky —t, € 27 and p, = 1 if ky — t,, & 2Z. Assume that p # 0.

Let oy € 72 be as in the previous Theorem. Then with Q¢ € C* as defined in the
previous section in Theorem 6.1 we have for all o € Gal(Q/®) that

[

Z/(JOaf7X) _ Z,(O-07fU7XU)
(32, kv)tde D;(n+1)/4imw(ew)p9f (3, ko)Fde;m /7DFn(n+1)/4w(6Xg¢a)prU

Proof. We first observe that thanks to the assumption that p # 0 we have that 6, € §.
Moreover for o € Gal(Q/®) we have 0;‘(/ = 0o, as it follows from the explicit Fourier
expansion of ,. Moreover arguing as in the theorem above and using the reciprocity
laws for Eisenstein series in Theorem 3.18 we have that

/

(ﬂ'_ﬁ ﬁDFn(n-i-l)/?det(T)séu—i-)\D(V/2’EWpT)>o -

w(eyx)
n PVDE R e S ADW/2, 6 gy
w(eTx) , |

Moreover we have that 6, D(v/2, )7 x%p;) € Ry. By Proposition 15.6 in [23] we have
that there exists ¢ = p (GXD(V/Q,ez/JUXUpT)) € S so that < f,0,D(v/2,etpxp,) >=<
f,g>and ¢ = p (H;D(V/Zeﬂm)") for all o € Aut(C/®). In particular we have

that
VD" R der(r) ) < f,0,m P D(w/2, edxpr) >\
w(ex)PQy

/DF7l(n+1)/2d6t(T)36u+)\ < fe, Hxaﬂ'_ﬁD(V/Q, equXUPT) >

w(eox)PQso
from which we conclude the proof of the theorem

O

As we have remarked in the introduction results similar to the ones proved in this
paper have been obtained by Sturm [25], Harris [12] and Panchishkin [17] in the case
of FF = Q and n even. Our proofs are just generalizations of theirs building in some
new results of Shimura. We close this section by mentioning that the perhaps strongest
result concerning the special values of Siegel modular forms, at least when F' = QQ and
under some other technical assumptions, is due to Bécherer and Schmidt [4]. Using the
doubling method (see also the next section) and some holomorphic differential opera-
tors of Bocherer they obtained algebraicity results but assuming only that the weight
of the Siegel modular form is larger than n rather than 37” + 1. It is of course very
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interesting to extend their results to the totally real field case, however the generaliza-
tion of their result seems to be a quite challenging task. We comment a bit more on
this in the next section.

8. SOME REMARKS ON THE DOUBLING METHOD

In this paper our main tool for the study of the special L-values of Siegel Modular
Forms was the Rankin-Selberg method. However, as we also briefly mentioned above,
there is yet another powerful method for the study of these special values, namely the
so-called doubling method. In this paper we considered mainly the Rankin-Selberg
Method, since this article, already quite long, would have increased considerably in size
if the doubling method was also to be considered here. So we have decided to defer
the consideration of the doubling method with respect to the same questions addressed
here for a future paper. In this section we wish to very briefly discuss various aspects
that are closely related to the doubling method and the questions considered in this
paper.

It is perhaps fair to say that the doubling method was initiated by Garrett in [9] and
extended further by Bocherer [1, 2, 3], Bocherer and Schmidt [4], Shimura [21] and in
the automorphic language by Piatetski-Shapiro and Rallis [18]. Of course the list of
contributors here is not meant to be complete.

Concerning the algebraicity results addressed in this paper, it seems that the two
methods (Rankin-Selberg and the Doubling Method) provide in many cases the same
results, but there are indeed case where one method is better than the other. Indeed,
Shimura in his books [23, theorem 28.8] concludes his algebraicity results by using both
methods (1st method and 2nd method in Shimura’s notation). However one should at
this point remark the following. Shimura writes at the beginning of his proof of his
Theorem 28.8 “There are two ways to prove this: the first one (i.e. doubling method)
applies to the whole critical strip, and the second one (i.e. Rankin-Selberg Method)
only to the right half of the strip”. However this is so, because Shimura is taking ¢ = ¢
in his book [23, page 231](see also our discussion just before Theorem 7.1 in this paper).
Indeed in this situation the doubling method seems to be able to tackle critical points
also to the left half of the critical strip, something that the Rankin-Selberg method
cannot. However for ¢ = g this is not the case and this is the situation that we consider
here. The main reason being that the integral expression in Theorem 5.5 it is available
in this form (in particular this particular Siegel type Eisenstein series for which we know
quite explicitly) only in the case ¢ = g. We also note here that ¢ = ¢ corresponds to
I'1 (IV)-case and ¢ = g corresponds to I'g(/V)-case in the elliptic modular form situation.

In this paper we have considered only Siegel modular forms. Of course the same
questions can be addressed for other groups, as for example unitary groups. Actually
Shimura in his book provides similar results (always over an algebraic closure of Q)
for hermitian modular forms, that is modular forms associated to unitary groups. For
hermitian modular forms the two methods are not at all equivalent, and in particular
one cannot use the Rankin-Selberg method to study special L-values for hermitian
forms of unitary groups of the form U(n,m) for n # m (this is part of the case UB in
Shimura’s notation in his book). For example one cannot consider the case of hermitian



34 THANASIS BOUGANIS

modular forms for definite unitary groups. But the doubling method still does apply.
Here we should say that the field of definition for hermitian modular forms has been
worked out by Harris in [13] using the doubling method. However we would like further
to remark here that Harris considers special L-values only in the strip of absolute
convergence. In the UT case (i.e. n = m) we have obtained in some cases results [6]
using the Rankin-Selberg method that improves the ones of Harris (i.e. beyond the
absolute convergence).

As we explained at the beginning of this article one of the main motivations of our in-
vestigations is the construction of p-adic measures for Siegel modular forms. We briefly
describe here what is known with respect to this, even though the reader should keep in
mind that we do not wish to give here a complete and detailed picture of the situation.
Historically the first results in this direction were obtained by Panchishkin,[17] (see also
the joint work of Courtieu and Panchishkin [7]), who used the Rankin-Selberg method
to construct these measures. However he considered the case of even degree (or genus),
the main reason being that in this case the Rankin-Selberg method does not involve
Eisenstein series of half-integral weight. Later Bocherer and Schmidt [4] constructed
these p-adic measures for any degree using the doubling method. One should remark
here that there is a very delicate difference in the way that Bocherer and Schmidt ap-
plied the doubling method and in the way Shimura developed it in his work [21]. Very
briefly the main difference seems to be in the decomposition that is proved in Propo-
sition 2.1 of [4] as well as the use of the holomorphic operators of Bocherer (opposite
to the non-holomorphic ones in the work of Shimura). Of course one should add here
that the work [4] is restricted to Siegel modular forms over the rationals, opposite to
the work of Shimura who applies to any totally real field. We simply say here that
in an ongoing project we extend the work of Panchishkin (i.e. p-adic measures using
the Rankin-Selberg mathod) in two directions. We consider also odd genus and to the
totally real field case. Note, as we already said, that both the work of Panchishkin
and of Bocherer and Schmidt are over the rationals. It seems to be a big challenge to
obtain the analogue of Proposition 2.1 of [4] in the totally real case in the situation
of strict class number bigger than one, and in particular extend the work of Bocherer
and Schmidt to totally real fields. We are currently working on this. At this point it is
worth mentioning that in this article we considered scalar valued Siegel modular forms.
Many of the above questions can be stated also for the vector valued ones. For a first
step in this direction the reader can see [16]. Finally we close this article by mention
that of course it is very interesting to construct p-adic measures for hermitian modular
forms. The doubling method has been already used in that context, as for example
in [14, 15, 24]. In [6] we are considering the Rankin-Selberg method for constructing
these p-adic measures.

REFERENCES

[1] S. Bécherer, Uber die Fourier-jacobi-Entwicklung der Siegelschen Eisensteinreihen, Math. Z. 183
(1983), 21-43

[2] S. Bocherer, Uber die Fourier-jacobi-Entwicklung der Siegelschen Eisensteinreihen I, Math. Z. 189
(1985), 81-100

[3] S. Bocherer, Uber die Funktionalgleichung automorpher L-Funktionen zur Siegelschen Modul-
gruppe. J. R. Ang. Math. 362, 146 168 (1985)



(4]

[10]
[11]

[12]
[13]

[14]

[15]

[16]
[17]
[18]

[19]
[20]

[21]
[22]
23]
[24]

[25]

ON SPECIAL L-VALUES ATTACHED TO SIEGEL MODULAR FORMS. 35

S. Bocherer and C.-G. Schmidt, p-adic measures attached to Siegel modular forms, Annales de I’
institut Fourier, tome 50, no. 5 (2000), p. 1375-1443

Th. Bouganis, On special L-values attached to metaplectic modular forms, in preparation

Th. Bouganis, p-adic measures for hermitian modular forms and the Rankin-Selberg method, in
preparation

M. Courtieu and A.A. Panchishkin, , Non-Archimedean L-Functions and Arithmetical Siegel Mod-
ular Forms, Lecture Notes in Mathematics 1471, Springer-Verlag, 2004 (2nd augmented ed)

P. Feit, Poles and residues of Eisenstein series for symplectic and unitary groups, Memoirs of the
American Mathematical Society, Number 346, vol 61, 1986

P. B. Garrett, Pullbacks of Eisenstein Series; Applications, In Satake I, Morita Y (eds) Automorphic
Forms in Several Variables,pp. 114-137. Boston: Birkhauser, (1984)

P. B. Garrett, On the arithmetic of Siegel-Hilbert cuspforms: Petersson inner products and Fourier
coefficients, Invent. math. 107, 453-481, (1992)

M. Harris, Special values of zeta functions attached to Siegel modular forms, Ann. Sci. Ec Norm.
Super. 14, 77-120 (1981)

M. Harris, Eisenstein Series on Shimura varieties, Ann. Math. 119, 59-94 (1984)

M. Harris, L functions and periods of polarized regular motives, Journal fir die reine und ange-
wandte Mathematik, 483, 1997 (75-161)

M. Harris, J.-S. Li, and C. Skinner, The Rallis inner product formula and p-adic L-functions,
Automorphic Representations, L-Functions and Applications: Progress and Prospects, Volume in
honor of S.Rallis, Berlin:de Gruyter, 225-255 (2005)

M. Harris, J.-S. Li, and C. Skinner, p-adic L-functions for unitary Shimura varieties, I: Construction
of the Eisenstein measure, Documenta Math., Extra Volume: John H.Coates’ Sixtieth Birthday
393-464 (2006)

T. Ichikawa, Vector-valued p-adic Siegel modular forms, J. reine angew.Math., DOI 10.1515/crelle-
2012-0066

A.A. Panchishkin, Non-Archimedean L-functions of Siegel and Hilbert Modular Forms, Lecture
Notes in Math. 1471, Springer-Verlag (1991) 166 p.

I. Piatetski-Shapiro and S. Rallis, L-functions for classical groups, Lecture notes, Institute for
Advanced Study, 1984

G. Shimura, Confluent hypergeometric functions on tube domains, Math. Ann. 260 (1982), 269-302
G. Shimura, Euler Products and Fourier Coefficients of automorphic forms on symplectic groups,
Invent. math. 116, 531-576 (1994)

Shimura, Eisenstein series and zeta functions on symplectic groups, Inventiones Mathematicae 119
, 539-584, (1995)

G. Shimura, Euler Products and Eisenstein Series, CBMS Regional Conference Series in Mathe-
matics, No. 93, Amer. Math. Soc. 1997

G. Shimura, Arithmeticity in the Theory of Automorphic Forms, Mathematical Surveys and Mono-
graphs, Vol 82, Amer. Math. Soc. 2000

C. Skinner, E. Urban, The Iwasawa Main Conjectures for G L2, Invent. math DOI 10.1007/s00222-
013-0448-1

J. Sturm, The critical values of zeta functions associated to the symplectic group, Duke Mathe-
matical Journal vol 48, no 2 (1981)

DEPARTMENT OF MATHEMATICAL SCIENCES, DURHAM UNIVERSITY, SOUTH ROAD, DH1 3LE DURHAM,
U.K.

E-mail address: athanasios.bouganis@durham.ac.uk



