
Advanced Quantum Theory IV Assignment 4
Harmonic oscillators and the complex scalar field Michaelmas 2021/22

1. [Optional but might be helpful for understanding] A system of N decoupled com-
plex simple harmonic oscillators with frequencies ωc, c = 1, . . . , N , has action

S =

∫
dt

N∑
c=1

(
q̇c (t) q̇

?
c (t)− ω2

c qc (t) q
?
c (t)

)
, (1)

and Euler-Lagrange equations of motion

q̈c (t)− ω2
c qc (t) = 0, q̈?c (t)− ω2

c q
?
c (t) = 0, c = 1, . . . , N. (2)

In the lectures we saw that their general solution can be written as

qc (t) =
1√
2ωc

[
ac e
−iωct + b?c e

iωct
]
, (3)

q?c (t) =
1√
2ωc

[
bc e
−iωct + a?c e

iωct
]
. (4)

From the above Lagrangian formulation of the complex Harmonic oscillator, show that
the corresponding Hamiltonian takes the form

H =

N∑
c=1

q̇c (t) q̇
?
c (t) + ω2

c qc (t) q
?
c (t) . (5)

Show that upon canonical quantisation the Hamiltonian takes the following form in
terms of ac, a

†
c and bc, b

†
c:

Ĥ =
N∑
c=1

ωc

[
âcâ
†
c + b̂†cb̂c

]
=

N∑
c=1

ωc

[
â†câc + b̂†cb̂c + 1

]
. (6)
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2. From the lectures we saw that the Hamiltonian of the complex scalar field takes
the form

H =

∫
d3~x

[
φ̇?φ̇+ ~∇φ? · ~∇φ+m2φ?φ

]
, (7)

and φ admits the decomposition

φ (t, ~x) =

∫
d~k

(2π)3
1√
2ω~k

[
a~k e

i~k·~x−iω~k
t + b?~k e

−i~k·~x+iω~k
t
]
, (8)

where ω2
~k
= |~k|2 +m2. Show that:

φ? (t, ~x) =

∫
d~k

(2π)3
1√
2ω~k

[
b~k e

i~k·~x−iω~k
t + a?~k e

−i~k·~x+iω~k
t
]
, (9)

~∇φ (t, ~x) =
∫

d~k

(2π)3
1√
2ω~k

[
i~k a~k e

i~k·~x−iω~k
t − i~k b?~k e

−i~k·~x+iω~k
t
]
, (10)

~∇φ? (t, ~x) =
∫

d~k

(2π)3
1√
2ω~k

[
i~k b~k e

i~k·~x−iω~k
t − i~k a?~k e

−i~k·~x+iω~k
t
]
, (11)

φ̇ (t, ~x) =

∫
d~k

(2π)3
(−i)

√
ω~k
2

[
a~k e

i~k·~x−iω~k
t − b?~k e

−i~k·~x+iω~k
t
]
, (12)

φ̇ ? (t, ~x) =

∫
d~k

(2π)3
(−i)

√
ω~k
2

[
b~k e

i~k·~x−iω~k
t − a?~k e

−i~k·~x+iω~k
t
]
. (13)

Promote the above to operators through the procedure of canonical quantisation. Choos-
ing the order of the operators as they appear in the Hamiltonian (7), show that

H =

∫
d~k

(2π)3
ω~k

[
â†~k
â~k + b̂~k b̂

†
~k

]
, (14)

Show that

Ĥ =

∫
d~k

(2π)3
ω~k

[
â†~k
â~k + b̂†~k

b̂~k + (2π)3 δ(3) (0)
]
. (15)
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