ON THE DIRECT PRODUCT CONJECTURE FOR SIGMA
INVARIANTS

DIRK SCHUTZ

ABSTRACT. We show that the direct product conjecture for X" (G;Z), where
G is the direct product of two groups of type F'P, holds for n = 3 and give
counterexamples for n > 4. Previously counterexamples were only known
for a related conjecture involving the homotopical Y-invariants, where the
conjecture already fails for n > 3.

1. INTRODUCTION

A group G is said to be of type FP,, if there is a resolution
(1) i — F,—F,_ 1 — ...—Fy—7Z—0

of free ZG-modules such that F; is finitely generated for ¢ < n. Here Z is considered
as a trivial ZG-module. Bieri and Renz [5], building on work of [4], have introduced
certain geometric invariants of G which contain information on such finiteness prop-
erties of subgroups of G which occur as kernels of real-valued homomorphisms.

Given a group of type F'P,, with n > 1, these invariants are defined as follows. We
first define

S(G) = (Hom(G,R) - {0})/Rs,

that is, we identify nonzero homomorphisms, if one is a positive multiple of the
other. This is a sphere of dimension rank(G/[G,G]) — 1. If x : G — R is a nonzero
homomorphism, we still write x € S(G).

Given such x, we let G, = {g € G| x(g) > 0}. If there is a resolution (1) of free
7Gy modules with F; finitely generated for i < k, we say G, is of type F'P,. We
now set

YH@G;Z) = {x € S(G)|Gy is of type FPy}.

If G = G; x Gy and x : G — R a homomorphism, we obtain homomorphisms
Xi : G; — R for ¢ = 1,2 by restriction. For a direct product of groups the following
conjecture has been formulated, see Bieri [2] or Meinert [9]. Notice that the zero
homomorphism is not contained in any X"(G;Z).

Conjecture 1. Let G; and Gy be groups of type F'P,. Then x ¢ X" (G1 x Ga;Z)
if and only if x1 ¢ £P(G1;Z) and x2 ¢ X9(G2;Z) for some p and q with p+q = n.
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For n =1 this is proven in Bieri, Neumann and Strebel [4] and the case n = 2 has
been established by Gehrke [7]. Gehrke [7], based on work of Meinert, also showed
that x ¢ X"(G1 x Ga;Z) implies x1 ¢ XP(G1;Z) and x2 ¢ %9(Ga;Z) for some p
and ¢ with p 4+ ¢ = n for all n.

If for a given x; : G; — R and x3 : G2 — R Conjecture 1 holds, we say that i
and yo satisfy the product formula.

The conjecture is often expressed in terms of subsets of spheres as, for example, in
[2, 8, 9]. It then takes the following form. Here 3" (G;Z)¢ denotes the complement
of ¥(G;Z) in S(G).

Conjecture 2. Let Gy and G2 be groups of type FP,. Then
NGy x G Z)* = | PG Z)° * 2Y(Go; Z)°

ptg=n

where * stands for the join in S(G1 X G2) = S(G1) * S(G2).

A similar conjecture involving homotopical sigma invariants X" (G), see [5, Rmk.6.5]
for the definition, has been shown to be false for n > 3 by Meier, Meinert and van
Wyk [8, §6]. Again this conjecture was known to hold for n < 2.

The example of [8] exploits the subtle differences between groups of type F'P,, and
groups of type F,,, that is, groups for which there exists a K (G, 1) with finite m-
skeleton, which do not apply in the homological version. The following Theorem
now settles Conjecture 1.

Theorem 1.1. Conjecture 1 is true for n < 3, but there exist counterexamples for
n > 4.

Notice that the conjecture holds for n = 3 despite the counterexamples to the
homotopical conjecture for n = 3. The counterexamples for n > 4 are, as the
examples of [8], based on the work of Bestvina and Brady [1] on right-angled Artin
groups. They are described in Example 3.7.

The proof of Theorem 1.1 is based on a description of the Sigma-invariants in terms
of vanishing Novikov homology groups. This is explained in Section 2. Using a
Kiinneth formula for these homology groups we obtain vanishing and non-vanishing
results for the Novikov homology of the direct product G; x Gs5. In particular,
this gives an alternative approach to the results of Gehrke and Meinert mentioned
above. Finally, in the last section we consider the case where one of the groups is a
right-angled Artin group and describe conditions on this group so that the product
formula holds.

In [2, Thm.3.2], Bieri and Geoghegan announce a result which gives an alternative
proof of the case n = 3, though the proof has yet to appear. It is worth pointing
out that in [2] they also announce a proof of Conjecture 1 in case Z is replaced by
a field k. The author would like to thank Robert Bieri and Ross Geoghegan for
valuable comments and information about their unpublished work.

2. HOMOLOGICAL CRITERIA FOR SIGMA INVARIANTS

In this section we want to describe a criterion for the sigma invariants based on
Novikov homology. We start with the definition of the Novikov ring.
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Let G be a group and x : G — R a homomorphism. We denote by Z¢ the abelian
group of all functions A : G — Z. For A € Z% denote supp A = {g € G'| A\(g) # 0}.

Definition 2.1. The Nowvikov ring ZEX is defined as
Zax = {AeZ%|VreR suppAnE ' ((—oo,r]) is finite}

The multiplication is given by the extension of the multiplication of the group ring.

If G; and G5 are groups, and G = G X Gs, it is clear that ZG = ZG, ® ZGs.
Now if x; : G; — R are homomorphisms for i = 1,2, we can form xy : G — R by
X(91,92) = x1(91) + x2(g2). There is an inclusion fGle ® ngm — Z@w but
this is in general not an isomorphism. In particular if both homomorphisms are
nonzero, it is not an isomorphism. This will lead to some extra complication in
Section 4.

The following lemma is well-known, a proof can be found in Bieri [3, Thm.A.1].

Lemma 2.2. Let G be a group of type FP, and k < n. Then the following are
equivalent.

(1) x € 2¥(G; Z).
(2) Tor?“(2G,,2) =0 fori <k. 0

If X is a K(G,1), we also write Hi(X;ZC\;X) = ToriZG(ZaX,Z) for i € Z.

3. THE KUNNETH FORMULA FOR NOVIKOV HOMOLOGY

As Zéx #+ fGle ® fG?xw we need a lemma on change of coefficients.

Lemma 3.1. Let R be a ring and C, a left chain complex over R of flat modules
with C; = 0 fori < 0 and p : R — S a ring homomorphism. If H;(C) = 0 for
i <k, then Hi(S®rC) =0 fori<k and H,(S®r C) =S ®r Hp(C).

Proof. This follows directly from the Universal Coefficient Spectral Sequence. [

Lemma 3.2. Let C, be a free left chain complex over Ry with C; = 0 for i <0
and D, a free left chain complex over Ry with D; = 0 for i < 0. Assume also that
Ry or Ry is torsionfree as an abelian group. If H;(C) =0 for i < k and H;(D) =0
fori <1, then H;(C ®z D) =0 fori<k+1 and

Hk+l(C X7 D) = Hk(C) Kz HI(D)
as Ry ®z Ro-modules.
Proof. As one of Ry or Ry is a torsionfree abelian group, the result in terms of

abelian groups follows from the ordinary Kiinneth theorem. Furthermore, the re-
sulting isomorphism of abelian groups

Hi(C) ®z Hi(D) — Hy1(C ®z D)

is easily seen to respect the R; ®z Re-module structure. This gives the result. O

Corollary 3.3. Let Gy be a group of type F Py and G4 be a group of type F P
with k,l positive integers. Let x : G1 X G — R be a homomorphism and x; the
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restriction to G; fori = 1,2. Assume that x1 € ¥ (G 1;Z) and xo € X 7Y(Ge; 7).
Then

Tor?“(2G\,Z) = 0 fori<k+1—1

2

Tori$/(ZGy,Z) = LGy ©r (TotiS} (ZGhy,, Z) @7 TorS2 (ZGa,,, Z))
where G = G1 X Go and R = fGle ®Z\C&X2.

Proof. If C — Z is a resolution of Z of free ZG1-modules and D — Z a resolution
of free ZG5-modules, the double complex C' ®z D gives a free resolution of Z over
ZG. The result then follows from Lemma 2.2, Lemma 3.2 and Lemma 3.1 as all of
the involved rings are torsionfree as abelian groups. [

Let us also state a version of Corollary 3.3 in the case that G; and G are of type
F,.

Corollary 3.4. Let X be a K(G1,1) andY a K(Ga, 1), both with finite n-skeleton,
and let k,l be positive integers with k +1 < n. Let x : G1 X Go — R be a homo-
morphism and x; the restriction to G; for i =1,2. Assume that x1 € Ek_l(Glg 7)
and xo € X7Y(Go; Z). Then x € S*H-YG;7Z) and

Hyn(X X Y52Gy) = ZG, @ (Hy(X;ZGhy,) ®z Hi(Y;ZGa,,))
where G = Gy X G3 and R = fGle ® Z\%X2,

Proof. The Eilenberg-Zilber chain map C,(X) ®z C.(Y) — C.(X x Y), where X
and Y are the universal covering spaces of X and Y, is a chain homotopy equivalence
of ZG chain complexes, so

H.(X X Y;ZGhy, ®LGay,) = H.(C(X;ZGhy,) ® C(Y;2Gay,)),

Therefore the result follows from Lemma 3.2 and Lemma 3.1 as in Corollary 3.3. [

Corollary 3.3 gives an alternative proof of one implication of Conjecture 1, see
Gehrke [7] for a different proof. It also indicates why the conjecture is not true in
general: a tensor product of two non-trivial abelian groups can be trivial.

Corollary 3.5. Let Gy and Gy be groups of type FP,,. Assume x ¢ X"(G1xGa;Z).
Then x1 ¢ YXP(G1;Z) and x2 ¢ X9(Ga;Z) for some p and q with p+ g = n.

Proof. Choose p with x1 € ¥P~Y(G1;Z) —¥P(G;Z) and q with x2 € 2971 (Ga; Z) —
$9(Go;Z). Then x € XPH1-1(Gy x G;Z) by Corollary 3.3, so p+q < n. If p+qg<n
replace p by n — q > p. O

Let X be a finite CW-complex and G = m1(X). Given a nonzero homomorphism
X : G — R we can find a map f : X — R, where X is the universal cover of X,
satisfying f(gz) = x(g)+ f(z) for all z € X and g € G. In this situation, we denote
N = f71([0,00)).

The following Lemma is due to Sikorav [10], it follows from the fact that the Novikov
ring can be interpreted as an inverse limit, compare also the proof of Lemma 4.2
below.
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Lemma 3.6. Let X be a finite CW complez, x : m1(X) — R a nonzero homomor-
phism, p: X — X the universal covering space and G = m1(X). Let g € G salisfy
&(g) > 0 and let g € Z. Then there is a natural short exact sequence

(2)  0— lim"Hyy1 (X, g'N; Z) — Hy(X;2Gy) — lim Hy(X, g'N; Z) — 0

where the limits are taken over positive integers i and the maps are induced by
inclusions. g

Given a simplicial complex L which is a flag complex, denote L® as the set of
vertices and L! as the set of edges. Bestvina and Brady [1] define the right-angled
Artin group corresponding to L by

Gr = (v € L°|[v;,v;] for (v;,v;) € LY.

Example 3.7. Let p and ¢ be positive integers with (p,q) = 1 and n,m > 2.
Let Ly = M(Z/p,n — 1) and Ly = M(Z/q,m — 1) be Moore spaces, that is, L; is
obtained from the n — 1-sphere by attaching an n-cell with a map of degree p and
similar for Ly. Subdivide L; and Ls so that they are flag complexes. For i = 1,2
let G; = G, be the associated right angled Artin group and x; : G; — Z the
homomorphism sending every generator to 1. There exists a finite K(G;, 1) which
we denote by @; for i = 1,2, see, for example, [1]. By Bestvina and Brady [1,
Thm.7.1] together with Lemma 3.6 we get

{ 0 for i#mn

H’i(Ql;ZGle) lim@Z/p for i=n

and

_ N 0 for i#m
Hi(Q2ZG2y,) =\ im@z/q for i=m

where both inverse systems are given by projections onto direct summands. In
particular, we get that H,(Q1;ZG1,,) # 0 and is p-torsion as an abelian group,
while H,,(Q2;ZG2,,) # 0 and is g-torsion as an abelian group. As (p,q) = 1, we

get Hypm(Q1 X QQ;ZCfx\GQXhLXQ) = 0 from Corollary 3.4. Therefore we have a
counterexample to Conjecture 1 for n > 4.

Remark 3.8. Notice that G = G; x G2 in Example 3.7 is the right-angled Artin
group corresponding to the join L = L1 * Lo. It is easy to see that L is contractible,
so the counterexample can be derived directly from the work of Bestvina and Brady.
Nevertheless the Kiinneth formula will become useful in the next section.

4. PROOF OF THE CONJECTURE FOR 1 = 3

We were able to find a counterexample by producing non-zero Novikov homology
groups whose tensor product was zero. In this section we will see that this is not
possible if a first Novikov homology group is non-zero.

Let G be a group and C' — Z be a free resolution over ZG with C; finitely generated
for i < k. By Bieri and Renz [5, Lm.3.1] there is a subcomplex Ct C C of ZG,-
modules which is finitely generated free for ¢ < k and such that the rank of Cj‘
equals the rank of C;. Given a g € G with x(g) > 0 we can now form an inverse
system H,(C/g'CT) «— H,(C/g"tiCt) with i,j > 0.
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Lemma 4.1. Let G and C be as above. If x € X¥"YG;Z) — B*(G;Z), then the
inverse limit lim Hy,(C/g'C™) is non-trivial, where g € G satisfies x(g) > 0.

Proof. By [5, Thm.3.2] we get that for every i there is an z; € Hy_1(g°C™) with
0 # jux; € Hi—1(CT). But by the Sigma criterion [5, Thm.C(III)], ; can be
represented in any Hy_1(¢™C™T) with m > 4. Therefore there is a non-trivial
element in lim Hy_1(g'C™) = lim Hy,(C/g'CT). O
Lemma 4.2. In the situation of Lemma 4.1 there is a surjective homomorphism
Tor?%(ZGy, Z) — lim Hy,(C/g'C™T)

of abelian groups.
Proof. For ¢ € G with x(g) > 0 there is an inverse system of abelian groups
2G|q'ZG, — ZG/g"T LG, whose inverse limit is exactly ZG,. If C) is a finitely
generated free ZG-module, then lim C;/ giC'lJr = 72G,, ®@zc C;. We get the standard
short exact sequence

0 — lim'H;1(C/g'CT) — Hy(lim C/¢g'C*) — lim H;(C/¢'C*) — 0
and as we have that Cj is finitely generated for [ < k we get a surjective homomor-
phism Tor’®(ZG,,,Z) — lim Hy,(C/g'C*). Notice that there is only an inclusion
Z@X ®za Cky1 — lim C’k“/gng‘H in the case that Cjy1 is not finitely gener-
ated, but we still get a surjection Tor%G(ZaX, 7Z) — H,(lim C/g*C*). The Lemma
follows. 0

As lim Hy,(C/g*C*t) # 0 by Lemma 4.1, we get a non-trivial homomorphism
Tor” (Zaxa Z) — Hy(C/CT) of abelian groups.

Proposition 4.3. Fori=1,2 let G; be a group of type F'Py, for some k; > 1, and
Xi : Gi — R a nonzero homomorphism with x; € L% ~Y(Gy; Z)—-XF (G Z). Assume
that there is a non-trivial abelian group homomorphism 1 : Tor%lG1 (Z/\G1X1,Z) — 7
which factors through Hy, (C/CT). Then

TorZ-ZG(ZC\?wZ) = 0 fori<ki+k—1
Tor% ., (ZGy,Z) # 0
where G = G1 X G2 and x : G — R is the sum of x1 and xa2.

Proof. It follows from Corollary 3.3 that ToriZG(ZéX, Z) =0 for i < k, so we need

to show that Tor%fl (ZG,,Z) # 0.

By assumption ¢ : Tor%la1 (Z\QXI,Z) — Z factors through Hy, (C/CT). Denote

the image in Hy, (C/CT) by Aj. Furthermore, there is a non-trivial homomorphism

@y : Torye? (ZG3y,,Z) — Hp(D/D™), where D — Z is a free resolution over ZGS.

Let us denote the image by As. These homomorphisms combine to an epimorphism
@ Tor%?l(i\@xl,Z) Q7 Tor%f2 (Z\G2X2,Z) — AL ® Ay

of abelian groups.
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Given z € Tor%?l(i\&Xl,Z) and y € TOI‘%sz (mxz,Z), there exists an M > 0
such that
(3) (912 ® g2y) = 0, if x1(91) + x2(92) = M

To see this notice that there is M > 0 such that ¢q(g12) = 0 € Hy, (C/C™) if
x1(g) > M/2 as the support of a cycle representing = will be contained in N if x1(g1)

— — 4+
is big enough. Here notice that C/CT = (ZGle ®zc, C’) / (ZGle ®ZGiy, C’+>,
where

— + _ B
ZGi1,, = {N€ZGiy, |supp A C x; 1([0,00))}.
A similar argument gives p2(g2y) = 0 € Hg(D/D™) for x2(g2) > M/2 big enough.

Let us denote

A = 74,
R = Z\@X1®ZZ\G2X2

If A € A, then there is a A € ZG with suppA — A C x"*([M, o)) for any M > 0.
Now define a homomorphism of abelian groups

P:ARg (Tor%?l(mxl,Z) ®7, TOI‘%2G2 (Z\G2X27Z)) — A ® Ay

by ¥(A @R (z®y)) = (A (@ y)), where supp A — A C x Y[M,0)) with M >0
as in (3). This does not depend on A, because if A € ZG also satisfies supp A — A C
XYM, 0)), we get supp A — A C x~H([M, o)) and

e(A-(z@y) = o (z®y)
by (3). Let us show that v is well defined, that is, for € R let us show that

YA@RT-(2@Y)) =Y\ rOr (@ Y)).
There is a K < 0 with suppr Usupp A C x " !([K, 00)). Let M > 0 satisfy
@(h1r @ hay) = 0 for x(h1,he) > M.
Then
¢((91,92) -7 (x®@y)) =0 for x(g1,92) > M — K.
Write A = A + g with A € ZG and suppp C x~H([M — K, 00)). Also let r =7 + v
with 7 € ZG and suppr C x'([M — K,0)). Notice that » € R. Then X -r =
AP + A\ + puf + pr and supp A\r — A\ C x~([M, 00)).
According to the definition of 1 we get
bAer®y) = o\ r(zey)
= pM(zey)+w(zey))
= ¢(\(z®y))
= Yp(re(zey)

which shows that v is indeed a well defined homomorphism of groups. Since
@ is surjective, the same holds for . As there is a non-trivial homomorphism
Ay — Z, it follows that A; ® As is non-trivial. By Corollary 3.3 this shows that
TorZC,, (ZG\,Z) # 0. O
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The assumptions of Proposition 4.3 are not always satisfied, as Example 3.7 shows,
but for k; = 1 they are satisfied:

Theorem 4.4. Let G1 and G4 be groups of type FP,. Assume x1 : G1 — R
is a nonzero homomorphism with x1 ¢ XY (G1;Z). If x2 ¢ " (G2 7Z), then
X = X1+ x2 & X"(G1 x Go; Z).

Proof. We have to show that there is always a non-trivial homomorphism
Tor® (Z\@X17Z) — 7

which factors through Hy(C/C™T). But in degree 1 we can look at H; (X Z\Chxl) —
H,(X,N) — Z, where X is a connected CW-complex with 7, (X) = G, and finite
I-skeleton, and where N = f~1([0,00)) for a map f : X — R with f(gz) =
x1(g9) + f(z) for all z € X and g € G.

We can assume that X has only one 0-cell z and a 1-cell for every generator of G
from a finite generating set.

Let 0 € X be a path in the 1-skeleton of X which represents a nonzero element

[0] € Hi(X,N). We can think of o as a 1-chain in X with do = v — hv, where
v € N is a lift of x and h € Gy.

Let g € G be a generator that satisfies x1(g) > 0 and let e C X be a 1-cell
connecting v and gv. We can assume that e C N and think of e as a 1-chain with
0e = v — gv. Then

2z = o—(1—g)ted+h(l—g)te

represents a cycle in Z/\Glx1 ®za, Cl(j( ) whose Novikov homology class is send to
[o] under ¢7 : Hl(X;ZT;le) — H(X,N). Now H,(X,N) = Hy(N) is a free
abelian group and Hy(C(v) U C(hv)) = Z is a direct summand, where C(v) and
C'(hv) are the connected components of v and hv in N, respectively.

This gives the necessary surjection H;(X §Z\G1x1) — 7 so the result follows from
Proposition 4.3 in connection with Lemma 2.2. 0

Theorem 4.5. Let G1 and Gy be groups of type FP, with n < 3. Then x ¢
S"(G1 x Go;Z) if and only if x1 ¢ XP(G1;Z) and xo ¢ X9(Ga;Z) for some p and
q with p+q=mn.

Proof. Let x1 ¢ YP(G1;Z) and x2 ¢ X4(Go;Z) for some p and ¢ with p+ g = n.
Asn < 3, we get p < 1 or ¢ < 1. Without loss of generality we can assume
p<1 Ifp=1wegetx¢ X (G;Z) by Theorem 4.4, where r < ¢ is such that
X2 € X HGo;Z) — X7(Ga;Z). Asr+1 < g+ p < n, the result follows. If p = 0,
note that xy; =0 and

ToZ% (2Gy,,2) = Z
and so we get

Tor’%(ZGy,Z) = LGy ®p Tor’%* (LGay, . 7)

where r < g satisfies x € X771 (Gy;Z) — X7 (Ga; Z) and R = ZGy @ LGy, By
a similar argument as in the proof of Proposition 4.3 we see that this group is
non-trivial. (]



ON THE DIRECT PRODUCT CONJECTURE FOR SIGMA INVARIANTS 9

5. APPLICATIONS TO RIGHT-ANGLED ARTIN GROUPS

In this section we want to look for right-angled Artin groups which do have a non-
trivial homomorphism of abelian groups ¢ : Tor%G(ZaX,Z) — 7 which factors
through Hy(C/C™), so that Proposition 4.3 does apply. In the case that G = G,
is a right-angled Artin group we have to look for a non-trivial homomorphism

Hk(XLQZ/G\LX) — Hk(XL,N) — 7
where X, is the standard K (G, 1) as in [1].

Let X = X, be the universal cover of X, and for a given homomorphism x : G —
R define h : X — R as in BPX and Gonzalez [ES], that is, h is linear on gells. If
J C R is an interval, denote X; = h~!(J) and XY the union of 0-cells in X ;.

Proposition 5.1. Let L be a finite flag complex and G, the corresponding right-
angled Artin group. Let x : G, — R be a homomorphism with x(v;) # 0 for all
generators v; of Gp. Then there exists a surjection

Hk(XL;fC??X) — Hy,_1(L)
which factors through H;.C(f(,f([o,oo)) for all integers k.

Proof. In the case when x is equal to 1 on every generator, this follows directly
from [1, Thm.7.1]. In general we have to combine the methods of [6, Sec.1] and [1,
Sec.6,7] to get that

H(X,Xjoo) = P Hea(D)

’UEXE)—oo,O)

and that for t < ¢’ the map H, (X, )N([t’oo)) — H,(X, X[t,,w)) is the obvious projec-
tion. We omit the details. Combining with Lemma 3.6 we get the result. (]

Theorem 5.2. Let k be an integer, and L a finite flag complex with ﬁi(L) =0
for i < k and ﬁk(L) contains Z as a direct summand. Let x1 : G — R be a
homomorphism with x1(v;) # 0 for all generators v; of G. Let G be a group of
type FP,11 and x2 : G — R satisfies xo € " 178G Z) — X" *(G;Z). Then
X = X1 + X2 satisfies x € 2"(Gp x G;Z) — X" (G x G; 7).

Proof. We have x1 € ¥¥(Gr;Z) — ©*+1(G;Z) and by Proposition 5.1 we can use
Propositon 4.3 which implies that x € ¥"(G x G;Z) — ¥" NGy, x G;Z). O

So with the conditions described in Theorem 5.2 on G and x; we get that the
product formula holds for x; and every G and x2 : G — R. Note that ffk(L) isa
finitely generated abelian group, so if this group does not contain a direct summand
Z, we can always find another group G (in fact a right-angled Artin group) such
that the product formula will not hold.

Remark 5.3. In order to drop the condition that x(v;) # 0 for all generators v;
of G, one has to replace the reduced homology of L by the reduced homology
of certain ascending links described in [6]. We will avoid stating a more general
version of Theorem 5.2, but note that such a theorem has to consider not only the
homology of L, but also the homology of certain subcomplexes of L. We refer the
reader to [6] for details on the subcomplexes involved.
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