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Abstract. We prove the conjecture of Przytycki and Sazdanović that the

Khovanov homology of the closure of a 3-stranded braid only contains torsion
of order 2. This conjecture has been known for six out of seven classes in

the Murasugi-classification of 3-braids and we show it for the remaining class.

Our proof also works for the other classes and relies on Bar-Natan’s version
of Khovanov homology for tangles as well as his delooping and cancellation

techniques, and the reduced integral Bar-Natan–Lee–Turner spectral sequence.

We also show that the Knight-move conjecture holds for 3-braids.

1. Introduction

In the last two decades, Khovanov homology has become an indispensable tool in
knot theory. Despite this, the occurrence of torsion is still very mysterious. For
some classes of knots it is now understood that only torsion of order 2 can appear,
see [Shu21], but other torsion orders occur, for example in torus knots, compare
[BN07]. Particularly for torus knots there seems to be a relation to the number of
strands in the minimal braid representation.

Based on computations, Przytycki and Sazdanović [PS14] made several conjectures
for torsion in the Khovanov homology of closures of braids. However, counterexam-
ples have been found for most, see [MPS+18, Muk22]. The remaining conjecture
involves 3-braids and can be stated as follows.

Conjecture 1.1 (Przytycki–Sazdanović [PS14]). The Khovanov homology of a
closed 3-braid can only have torsion of order 2.

Murasugi [Mur74] listed seven sets with conjugacy classes for words in the braid
group B3. For the first four sets Conjecture 1.1 was shown to hold in [CLSS22],
and for the next two sets it was shown to hold in [Kel24]. This leaves only one set
in the Murasugi classification, and we show that the conjecture also holds for those
braids.

Theorem 1.2. Conjecture 1.1 is true.

Our techniques are different from the ones used in [CLSS22] and [Kel24], they are
mostly based on the delooping and cancellation techniques developed by Bar-Natan
for tangle diagrams, see [BN05, BN07]. Indeed, we have to apply these techniques to
all of Murasugi’s sets in order to derive the conjecture for the last set. Furthermore,
for the first six sets we get a nice decomposition result for the Khovanov cochain
complexes which can be used to simply read off the Khovanov homology for these
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links. For the last set we do not quite get such a nice decomposition, and we have
to resort to additional techniques involving the reduced integral Bar-Natan–Lee–
Turner spectral sequence.

We can also say something about the free part in the Khovanov homology, namely,
we can prove the Knight Move Conjecture for closures of 3-strand braids.

Conjecture 1.3 (Knight Move Conjecture [BN02]). Given a knot K, its Khovanov
homology over Q is the direct sum of a single pawn move piece

qs−1Q⊕ qs+1Q

for an even number s, and several knight move pieces

uiqjQ⊕ ui+1qj+4Q

for i, j ∈ Z, j odd.

The Knight Move Conjecture is known to be false [MM20] in general, but it still
holds for some classes of knots (such as quasi-alternating knots [MO08] and knots
with unknotting number less than 3 [AD19]), and most knots for which calculations
have been done.

One can also state it over other fields, although counterexamples are then easier to
come by. In characteristic 2 one also allows pieces uiqjF2 ⊕ ui+1qj+2F2 to avoid
triviality. It can be extended to links by allowing more pawn moves (2c−1-many, if
the link has c components).

The Knight Move Conjecture holds whenever the Lee spectral sequence degenerates
after the first page and this is a typical strategy to prove it. Indeed, for many
knots, particularly with a small number of crossings, the second differential in the
Lee spectral sequence d2 of bidegree (1, 8) is 0 simply because at least one of the

two groups Khi,j(K) and Khi+1,j+8(K) is always 0. There exist 3-braids for which
both groups can be non-zero (in fact, one can get non-zero groups in bidegrees
(i, j) and (i+ 1, j + 4n) for arbitrarily large n), yet we show that the Lee spectral
sequence collapses after the first page.

Theorem 1.4. Let F be a field of characteristic different from 2, and L the closure
of a 3-braid. Then the Lee differential dn for L of bidegree (1, 4n) is 0 for n ≥ 2.
In particular, the Knight Move Conjecture over F holds for L.

In characteristic 2 we have the Bar-Natan–Turner differential dn of bidegree (1, 2n),
and it is 0 for n ≥ 3. In particular, the appropriately adapted Knight Move
Conjecture for F2 also holds for 3-braids.

2. Generalities on 3-braids

A word w in letters {a, a−1, b, b−1} gives rise to a tangle diagram Tw by using the
diagrams in Figure 1 and stacking them on top of each other. We note that we
picture the resulting braid to move from bottom to top, with a and b leading to
positive crossings (and a−1, b−1 leading to negative crossings) when all strands are
oriented in the same direction. This agrees with [Mur74], if we identify a with σ−1

1

and b with σ−1
2 .
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Figure 1. The tangles for a, b, and abb−1.

Two such words w,w′ represent the same tangle if and only if they represent the
same element in the braid group B3 = ⟨ a, b | aba = bab ⟩. Furthermore, conjugate
elements represent the same link.

Murasugi [Mur74, Prop.2.1] gave normal forms for the conjugacy classes in B3, in
the form of seven sets. To describe these sets, let us first introduce the notion of
an alternating word.

Definition 2.1. A word w in {a−1, b} is called an alternating word. If it starts
with a−1 and ends with b, it is called a proper alternating word.

It is easy to see that alternating words give rise to alternating links, although if we
use at most one letter, we get a split link with at least one unknot component. We
could also use words in the letters a and b−1 to get alternating links, but these are
conjugate to alternating words.

Murasugi’s normal forms for conjugacy classes are now given by

Ω0 = {(ab)3k | k ∈ Z},

Ω1 = {(ab)3k+1 | k ∈ Z},

Ω2 = {(ab)3k+2 | k ∈ Z},

Ω3 = {(ab)3k+1a | k ∈ Z},

Ω4 = {(ab)3ka−l | k, l ∈ Z, l > 0},

Ω5 = {(ab)3kbl | k, l ∈ Z, l > 0},

Ω6 = {(ab)3kw | k ∈ Z, w a proper alternating word.}.

Inverting these normal forms keep Ω0, Ω3, and Ω6 invariant, while flipping Ω1

with Ω2, and Ω4 with Ω5. Since Khovanov homology behaves well with respect
to mirroring, we will only be considering the cases k ≥ 1 and write Ω+

i for the
corresponding sets. The cases with k = 0 are mostly trivial and will be treated
separately.

3. The Bar-Natan complex for links and tangles

A (commutative) Frobenius system is a tuple F = (R,A, ε,∆) with A a commuta-
tive ring and a subring R, ε : A → R an R-module map, ∆: A → A ⊗R A an A-
bimodule map that is co-associative and co-commutative, such that (ε⊗id)◦∆ = id.

Given a Frobenius system F = (R,A, ε,∆) such that A is free of rank 2 over R,
Khovanov [Kho06] showed that for a link diagram D one can define a cochain
complex C(D;F) over R whose homology is a link invariant.

Khovanov homology can now be defined using the Frobenius system FKh where
R = Z, A = Z[X]/(X2), ε : Z[X]/(X2) → Z sends 1 to 0 andX to 1, and ∆(1) = 1⊗
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X+X⊗1. The ring Z[X]/(X2) has a grading defined by |1| = 0 and |X| = −2. This
grading can be used to give the Khovanov complex of D, CKh(D;Z) = C(D;FKh)

a second grading, called the q-grading. We sometimes write CKhi,j(D;Z) with i
referring to the homological grading and j to the q-grading.

Another Frobenius system FBN, named after Bar-Natan who considered it in char-
acteristic 2 [BN05], is given by R = Z[h], A = Z[X,h]/(X2 − Xh), ε(1) = 0,
ε(X) = 1, and ∆(1) = X ⊗ 1 + 1 ⊗ X − h ⊗ 1. Again, Z[X,h]/(X2 − Xh) can
be graded using |1| = 0, |h| = −2 = |X|, leading to a bigraded cochain complex
CBN(D;Z[h]) = C(D;FBN).

The Khovanov complex can be recovered from the Bar-Natan complex using the
ring homomorphism η : Z[h] → Z which sends h to 0. That is,

CKh(D;Z) = CBN(D;Z[h])⊗Z[h] Z,

where h acts as 0 on Z. We denote Khovanov homology by Khi,j(L;Z) with i the
homological degree and j the q-degree.

If the link diagram has a chosen basepoint, the Bar-Natan complex CBN(D;Z[h])
has an A-action corresponding to multiplication by X on the copy of A corre-
sponding to the basepoint. We can think of CBN(D;Z[h]) as a cochain complex
over the category ModqZ[X,h]/(X2−Xh) of finitely generated free graded modules over

Z[X,h]/(X2 −Xh).

If M is an object of ModqZ[X,h]/(X2−Xh), that is, a finitely generated free graded

Z[X,h]/(X2−Xh)-module, and j ∈ Z, let qjM be the object of ModqZ[X,h]/(X2−Xh)

whose underlying module is the same as M , but with a grading shift that adds j
to the q-grading. It will be convenient for us to let A = qZ[X,h]/(X2 −Xh), that
is, |1| = 1, and |h| = −1 = |X|, when viewed as elements of A.

For a link diagramD with a basepoint we now define the reduced Khovanov complex
as

C̃Kh(D;Z) = q−1CBN(D;Z[h])⊗Z[X,h]/(X2−Xh) Z,

where X and h act on Z as 0. The resulting homology is again bigraded and a link

invariant, denoted by K̃h
i,j
(L;Z).

If we let h act on Z as 1 and X as 0, we get another complex, the reduced Bar-

Natan–Lee–Turner complex C̃BLT(D;Z). This complex is no longer graded, but it
has a filtration

0 ⊂ · · · ⊂ F2j ⊂ F2j−2 ⊂ · · · ⊂ C̃BLT(D;Z),

such that F2j/F2j+2
∼= C̃Kh

∗,2j
(D;Z). In particular, there is a spectral sequence,

the reduced BLT-spectral sequence Ei,j
k with Ei,j

1 = K̃h
i,j
(L;Z) which converges

to the cohomology of C̃BLT(L;Z).
Our proof of Conjecture 1.1 and Conjecture 1.3 relies on the following proposition.

Proposition 3.1. Let L be a link such that for the reduced BLT-spectral sequence
we have that Ei,j

k is free abelian for k = 1, 2 and all i, j ∈ Z. Then Khi,j(L;Z) has
only torsion of order 2. Furthermore, if Ei,j

3 = Ei,j
∞ is also free abelian, the Lee

spectral sequence collapses at page 2 and L satisfies the Knight Move Conjecture in
every characteristic.
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Proof. Let d1 : E
i,j
1 → Ei+1,j+2

1 be the boundary homomorphism that calculates

Ei,j
2 . Since all Ei,j

1 are free abelian, we can find a basis of them so that d1 is

represented by a matrix in Smith Normal form. Furthermore, since all of the Ei,j
2

are free abelian, the Smith Normal form only has entries 0 and 1.

Consider the long exact sequence relating reduced and unreduced Khovanov ho-
mology

· · · −→ K̃h
i−1,j

(L;Z) β−→ K̃h
i,j+2

(L;Z) −→ Khi,j+1(L;Z) −→ K̃h
i,j
(L;Z) β−→ · · ·

Since the reduced Khovanov homology is free abelian, we get

Khi,j+1(L;Z) ∼= K̃h
i,j+2

(L;Z)/ imβ ⊕ kerβ.

By [Sch25, Lm.5.6] β = ±2d1, so Khi,j+1(L;Z) only has torsion of order 2.

Since all the pages in the integral reduced BLT-spectral sequence are free abelian,
we also get that the reduced BLT-spectral sequence over any field collapses at page
3. In characteristic 2 this implies the modified Knight Move Conjecture for this
characteristic. In characteristic different from 2 this implies that the Lee spectral
sequence collapses at page 2 by [Sch24], which in turn implies the Knight Move
Conjecture for this characteristic. □

If C is a cochain complex over ModqZ[X,h]/(X2−Xh), and i, j ∈ Z, we write uiqjC for

the cochain complex over ModqZ[X,h]/(X2−Xh) such that uiqjCu,v = Cu−i,v−j .

Definition 3.2. Let j ≥ 1. The cochain complex A(j) over Z[X,h]/(X2 −Xh) is
defined by

A(j)0 = A, A(j)1 = q2jA, ∂(a) = (2X − h)j · a.

and 0 in all other homological degrees.

It is worth noting that for j = 2i we have (2X − h)j = h2i. If we work over a field
F instead of Z, the Bar-Natan complex CBN(D;F[h]) decomposes into a direct sum
of suitably shifted copies of A(j)⊗ F and copies of A⊗ F, see [Sch24]. Over Z this
is too much too expect in general, but we will see that this holds with j ≤ 2 for all
braid words in Ωi with i ≤ 5. It is an interesting question whether this also holds
for i = 6.

Corollary 3.3. Let L be a link with diagram D such that CBN(D;Z[h]) decomposes
into a direct sum of cochain complexes, each of which is either a shifted single copy
of A, or a shifted copy of A(j) with j = 1 or 2. Then L only has torsion of order
2, the Lee spectral sequence collapses at page 2, and L satisfies the Knight Move
Conjecture in every characteristic.

Proof. It is easy to see that the conditions of Proposition 3.1 are satisfied for the
complexes A, A(1) and A(2). □

Now assume we have a tangle diagram T in a planar disc D with 2k marked end-
points on ∂D. In [BN05], Bar-Natan constructs a cochain complex Kh(T ) over an
appropriate additive category which is a tangle invariant up to chain homotopy.
There are in fact several variations and we will describe the one suitable for our
considerations.
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Let D2k be a disc with 2k points on its boundary. We denote by Cob•(D2k) the
category whose objects are pairs (S, j), where S is a smooth compact 1-manifold
embedded in D such that S intersects ∂D transversally in ∂S, and this intersection
agrees with the 2k points. Also, j ∈ Z. Morphisms between (S0, j0) and (S1, j1) are
oriented cobordisms C embedded in D2k× [0, 1] which admit finitely many dots and
which fix the 2k points on ∂D2k, up to boundary preserving isotopy. We require
C ∩D2k × {i} = Si for i = 0, 1, and

χ(C)− χ(S0) = j0 − j1 + 2#{dots on C}.

We now denote by CobZ[h]•/l (D2k) the additive category whose objects are finitely

generated based free Z[h]-modules where basis elements are objects (S, j) from
Cob•(D2k). Morphisms are given by matrices (Mnm) with each matrix entry Mnm

an element of the free Z[h]-module generated by the morphism set between objects
(Sn, jn) and (Sm, jm) in Cob•(D2k), modulo the following local relations:

= 0,
•

= 1,
•
•

•= h (1)

and

=

•

+

•

−h (2)

Here multiplication by h has the same effect on the q-grading as a dot.

Bar Natan [BN05] showed that these categories have excellent gluing properties.
Since we are only interested in tangles arising from braids, we do not need the full
power of their gluing behaviour, and instead we settle for a simpler version.

Let n,m be non-negative integers with n+m even, and let Dn
m be a rectangle with

n points on the top boundary and m points on the bottom boundary. Bar-Natan
[BN05] describes the gluing operation as a functor

D : CobZ[h]•/l (D
n
m)× CobZ[h]•/l (D

p
n) → CobZ[h]•/l (D

p
m)

which we are going to write as a tensor product. Furthermore, there are closing
operations

CL, CR : CobZ[h]•/l (D
n
m) → CobZ[h]•/l (D

n−1
m−1),

which can be described as tensor product with an object that is an interval between
the two left-most points (in case of CL) or the two right-most points (in case of
CR) on the top and bottom of Dn

m.

Recall the tangle diagrams Ta, Tb for the letters a and b from Figure 1. The Bar-
Natan complexes CBN(Ta;Z[h]) and CBN(Tb;Z[h]) are then given by the cochain

complexes over CobZ[h]•/l (D
3
3) given as

CBN(Ta;Z[h]) = q S
q2 , CBN(Tb;Z[h]) = q S

q2
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where we write qjS for the object (S, j), and the morphism S is the standard
saddle cobordism. The objects are in homological degrees 0 and 1. The complexes
for Ta−1 and Tb−1 are obtained by dualizing, which involves negating homological
and q-degrees.

The general Bar-Natan complex CBN(Tw;Z[h]) for a braid word w is then obtained
from these four basic complexes using the tensor product operation of Bar-Natan.

Closed circles in a smoothing S can be removed using the Delooping operation, see
Bar-Natan [BN07] and Naot [Nao06, Prop.5.1] for the generality required here.

Lemma 3.4 (Delooping). Let S be a compact 1-manifold in D2k which has a circle

component C, and let S′ = S − C. Then S, viewed as an object in CobZ[h]•/l (D2k) is

isomorphic to qS′ ⊕ q−1S′. □

Let us denote this isomorphism by Φ: S → qS′⊕q−1S′. This is a 2×1-matrix with
entries Φ+ and Φ− given by

Φ+ = · −h Φ− =

where the cap represents death of the circle as a cobordism. Similarly, the inverse
isomorphism is a 1× 2-matrix with entries a birth and a dotted birth.

Because of delooping, every object in CobZ[h]•/l (D
0
0) is isomorphic to a direct sum of

objects with empty 1-manifold. Furthermore, cobordisms between empty sets are
closed surfaces, which can be simplified using the relations (1) and (2) until the

cobordism is empty as well. It follows that CobZ[h]•/l (D
0
0) can be identified with the

category ModqZ[h] of finitely generated free graded modules over Z[h]. Similarly,

the category CobZ[h]•/l (D
1
1) can be identified with the category ModqZ[X,h]/(X2−Xh) of

finitely generated free graded modules over Z[X,h]/(X2 −Xh).

We also need Bar-Natan’s Gaussian elimination in cochain complexes, see [BN07,
Lm.4.2].

Lemma 3.5 (Gaussian Elimination). Let C be an additive category and (C, c) be a
cochain complex over C such that Cn = An ⊕ Bn, Cn+1 = An+1 ⊕ Bn+1, and the
coboundary ck : C

k → Ck+1 for k = n− 1, n, n+ 1 are represented by matrices

cn−1 =

(
α
β

)
, cn =

(
φ δ
γ ε

)
, cn+1 =

(
µ ν

)
,

with φ : An → An+1 an isomorphism. Then C is chain homotopy equivalent to a
cochain complex (D, d) with Dk = Ck for k ̸= n, n+ 1, Dk = Bk for k = n, n+ 1,
dk = ck for k ̸= n− 1, n, n+ 1, and

dn−1 = β, dn = ε− γφ−1δ, dn+1 = ν. □

A good example how this works in practice can be found in [BN07, §6]. Since we
work over Z[h], we give an explicit example here, which will also highlight all the
techniques that we are going to need further below in this paper.

Example 3.6. Consider the following, infinitely generated, cochain complex C∞
over CobZ[h]•/l (D

2
2). We set

C0
∞ = Ck

∞ = q2k−1 for k ≥ 1
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and let the boundary be given by d0 : C
0
∞ → C1

∞ as the surgery, while for k ≥ 1 we
set

d2k−1 = −• • d2k = +• • − h

We claim that

C∞ ⊗ ≃ 0.

To see this note that the tensor product turns it into a cochain complex

q q3 q5 · · ·S • •−
• •+ − h

This is then delooped to

q2 q4 q6

q2 q4
· · ·

• − h

id

•
− id

• − h •

id

• − h

To see that we get these particular morphisms, notice that a split surgery followed
by death of that new circle is the identity, so the first two morphisms have this
form because of the Delooping Lemma 3.4 using Φ. The next morphisms require
us to first birth a circle using Φ−1 from Lemma 3.4, then dot, then remove the
circle. Notice that if the birth of the circle is followed by dotting this component,
composition with Φ+ is 0. Similarly, if the birth is not followed by a dot, composing
with Φ− is 0. Also, two dots after the birth followed by Φ− is multiplication by
h. The remaining morphisms are similar. The reader may want to check that the
boundary composed with itself is indeed 0.

We can now use the Gaussian Elimination Lemma 3.5 to all of the diagonal identities
to get the required chain homotopy contraction.

If we let Cn,∞ for n ≥ 0 be the subcomplex generated by all objects of homological
degree greater than n, we get that

C∞/Cn,∞ ⊗ ≃ q2n

This is because we can still do the Gaussian eliminations, but after n cancellations,
we are left with one object.

We now show how to get the cochain complex over CobZ[h]•/l (D
2
2) for the tangle Tn

corresponding to the braid word an for n ≥ 1. This is well known, a version of
this already appeared in [Kho00, §6.2], but we prove it mostly to showcase the
techniques.

Proposition 3.7. Let n ≥ 1 and Tn the tangle corresponding to the braid word an.
Then CBN(Tn;Z[h]) is chain homotopy equivalent to the complex qnC∞/Cn,∞.

Proof. Let us write Cn = C∞/Cn,∞. We need to show that Cn ⊗ C1 ≃ Cn+1 for
all n ≥ 1. We do this by induction, but leave the induction start to the reader. For
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n ≥ 2 the complex Cn ⊗ C1 ends in

q2n−3 q2n−1

q2n−2 q2n

dn−1

(−1) n−
1
S

(−1) n
S

d̃n−1

After delooping and n− 1 Gaussian eliminations as in Example 3.6 this turns into

q2n−3 q2n−1

q2n−1

q2n+1

q2n−1

dn−1 (−1)n( • − h)

f

g

(−1) n
id

We do not need to work out the gray morphism, as it will not survive the next
Gaussian elimination, but we need to work out f and g.

The morphism f is obtained by birthing a circle, then performing d̃n−1, then per-

forming death on the circle. Only the part of d̃n−1 that puts a dot on the circle
leads to a sphere with a dot on it. Hence f = (−1)n−1 id.

For g, notice that putting a dot on the circle the summand of d̃n−1 leads to 0 after
composition with Φ+. For the other summand (or summands if n is even) only the
dotted death composes to something non-zero. Therefore

g = • n even, g = • − h n odd.

If we do Gaussian elimination along f , the morphism between the remaining objects
is obtained from the previous morphism by adding g. If n is odd, we get the
difference of dottings with two h cancelling each other, and if n is even, we get the
sum of dottings minus h. □

For 3-braids, the relevant quotient category is CobZ[h]•/l (D
3
3). After delooping, there

are only five possible smoothings, and for simplicity we use greek letters as in Figure
2, which also lists several objects over D1

3, D
3
1, and D2

2, as well as several common
morphisms.

With our convention for the tensor product we get

α = ε⊗ ε∗, β = ζ ⊗ ζ∗, γ = ε⊗ ζ∗, δ = ζ ⊗ ε∗.

Notice that ω works as a unit where applicable. After delooping we also get

α⊗ ε ∼= qε⊕ q−1ε α⊗ ζ ∼= ε

β ⊗ ε ∼= ζ β ⊗ ζ ∼= qζ ⊕ q−1ζ

γ ⊗ ε ∼= ε γ ⊗ ζ ∼= qε⊕ q−1ε

δ ⊗ ε ∼= qζ ⊕ q−1ζ δ ⊗ ζ ∼= ζ.

(3)
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ω = α = β = γ = δ =

ε = ε∗ = ζ = ζ∗ =

ω̃ = α̃ =

ω

α

β

γ

δ

S

S

S

S

D D

S

S

S

S

S

S

D D

S

S

c = −• • , d = + −h,• • e = 2 • −h.

Figure 2. The standard smoothings and their morphisms. The
letter S stands for a surgery, and D for two surgeries. The mor-
phisms c, d, and e have the same domain and codomain, which can
be α, β, γ, δ, or α̃ for c, d, and ω̃ for e.

4. The Bar-Natan complex for torus tangles on three strands

We denote by B the following cochain complex over CobZ[h]•/l (D
3
3), where we omit the

homological degrees to save space:

ω

qα

qβ

q2γ

q2δ

q4γ

q4δ

q5α

q5β

q7α

q7β

· · ·
S

S

−S

−S

d

d

−S

−S

d

d

S D S D
S D S D

· · ·

q1+6mα q2+6mγ q4+6mγ q5+6mα q7+6mα

q1+6mβ q2+6mδ q4+6mδ q5+6mβ q7+6mβ

· · ·

−S

−S

d

d

−S

−S

d

d

S D S D

S D S D

The object labelled ω has homological degree 0, and the objects in q-degree 1+6m
have homological degree 1 + 4m. Morphisms are as in Figure 2.

This cochain complex is infinitely generated, but is periodic in that Bi+4 = q6Bi and
∂i+4 = ∂i for i > 0. We can form the following finitely generated quotient complexes
which turn out to have the right chain homotopy type for 3-torus braids, apart from
a shift in q-degree. We can compare this complex with the categorification of the
third Jones-Wenzl projector given in [CK12, §4.4] and think of it as a version for
Bar-Natan homology.

For k ≥ 0 let B3k be the quotient complex of B by the subcomplex generated by
all objects of homological degree greater than 4k. Note that for k = 0, this means
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there is only the generator ω in bidegree (0, 0). For k ≥ 1 the objects of highest
homological degree are u4kq5+6(k−1)α and u4kq5+6(k−1)β.

We also let B3k+1 be the quotient complex of B by the subcomplex generated by
all objects of homological degree greater than 2 + 4k and the object u2+4kq2+6kδ.
So this complex ends with

u1+4kq1+6kα

u1+4kq1+6kβ

u2+4kq2+6kγ
−S

S

Because of Ω3 and for proof-technical purposes, let Ba
3k+1 be the quotient complex

of B by the subcomplex generated by all objects of homological degree greater than
2 + 4k.

Finally, we let B3k+2 be the quotient complex of B by the subcomplex generated by
all objects of homological degree greater than 3 + 4k and the object u3+4kq4+6kδ.
So this complex ends with

u2+4kq2+6kγ

u2+4kq2+6kδ

u3+4kq4+6kγ
d

D

Theorem 4.1. Let w = (ab)m with m ≥ 0. Then

(1) CBN(Tw;Z[h]) is chain homotopy equivalent to q2mBm.
(2) for m = 3k+1, CBN(Twa;Z[h]) is chain homotopy equivalent to q6k+3Ba

3k+1.

The proof is a lengthy induction starting with m = 0, then cycling through the
four quotient complexes that we defined. The key observation is that B ⊗ χ is
contractible for χ either being ε or ζ. To see this use (3) with B ⊗ ε to get Figure
3. The − id-morphisms are either the result of a birth composed with a surgery,

· · ·

q2+6mε q2+6mε q4+6mε q6+6mε q8+6mε

q6mε q3+6mζ q5+6mζ q4+6mε q6+6mε

q1+6mζ q1+6mζ q3+6mζ q5+6mζ q7+6mζ

· · ·

− id

− id

id
−
id

−
id id

Figure 3. The complex B ⊗ ε after delooping.

or a surgery composed with a death. The id-morphisms arise as a composition of
birth, dot, and death. The lightly shown arrows can be worked out in detail, but
are irrelevant since they do not survive the cancellations.

We can now perform Gaussian elimination along the various ± id-morphisms. It
is important to note that there are no morphisms which lower the q-degree. This
allows us to cancel the two − id-morphisms in the first and third column in parallel.
Also note that for m = 0 the remaining ε on the left can be cancelled with ω ⊗ ε,
as the surgery will turn into an identity.
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The argument for B ⊗ ζ is similar, and we will see a bit more detail in the proof of
Lemma 4.2.

Lemma 4.2. For k ≥ 0 and i, j ∈ Z we have

B3k ⊗ uiqjε ≃ u4k+iq6k+jε

B3k ⊗ uiqjζ ≃ u4k+iq6k+jζ

Furthermore, the chain homotopy equivalences can be obtained by finitely many
Gauss eliminations, each cancelling a pair of objects in increasing homological de-
grees.

Proof. We may assume i = 0 = j. For ε this follows from Figure 3, where we stop
with q6+6(k−1)ε. For ζ this is similar, see Figure 4. □

· · ·

q3+6mε q5+6mε q5+6mε

q1+6mε q3+6mε q6+6mζ

q2+6mζ q4+6mζ q4+6mζ

id

− id

− id

S

−/•+
h

S

Figure 4. The complex B3k ⊗ ζ after delooping.

We note that Figure 4 contains slightly more information in the morphisms between
the last two columns. This will come in handy later. For this reason, we also add
this information for B3k ⊗ ε in Figure 5.

· · ·

q2+6mε q4+6mε q6+6mε

q3+6mζ q5+6mζ q4+6mε

q1+6mζ q3+6mζ q5+6mζ

S

id − id

− id

−\•+h

S

Figure 5. The complex B3k ⊗ ε after delooping.

Lemma 4.3. Let k ≥ 0. If CBN(T(ab)3k ;Z[h]) is chain homotopy equivalent to

q6kB3k, then CBN(T(ab)3k+1 ;Z[h]) is chain homotopy equivalent to q6k+2B3k+1.

Proof. We have

CBN(T(ab)3k+1 ;Z[h]) ∼= CBN(T(ab)3k ;Z[h])⊗ CBN(Tab;Z[h])

≃ q6kB3k ⊗ CBN(Tab;Z[h]).

Now CBN(Tab;Z[h]) is given by

q2ω uq3α

uq3β u2q4γ

S

S
−S

S
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and from this it follows that q6kB3k ⊗ CBN(Tab;Z[h]) is the total complex of a
diagram of cochain complexes given by

q6k+2B3k q6k+3B3k ⊗ ε⊗ ε∗

q6k+3B3k ⊗ ζ ⊗ ζ∗ q6k+4B3k ⊗ ε⊗ ζ∗

S

S

−
id⊗

id⊗S

id⊗S ⊗ id

By Lemma 4.2 this total complex is chain homotopy equivalent by a sequence of
Gaussian eliminations to

· · ·

q1+12kα

q1+12kβ

q3+12kα q4+12kγ

q3+12kβ

f1

f2

g2

g
1

h1

h2

This has the right generators for q6k+2B3k+1, but we need to work out the mor-
phisms to see that it agrees with it as a cochain complex. To work out f1, note
that q3+12kα is the object corresponding to q6+6mε in Figure 5. Before the cancel-

lations, q1+12kα maps to q3+12kα with • − h, but it also maps to the soon to be
cancelled q1+12kα with id. Cancelling this object (the q4+6mε in Figure 5) lead to
the morphism between q1+6kα and q3+6kα being given by

• −h−•+h.

But there is also now a morphism S from q1+12kα to the soon to be cancelled
q2+12kδ (the q5+6mζ in Figure 5). Cancelling this object adds an extra double
surgery D from q1+12kα to q3+12kα. But this double surgery is simply going from
ε to ζ and back, so from the neck-cutting relation we can replace this with

• + •−h.

Therefore

f1 = + −h.• •

as required. Also notice that q1+12kβ did not map to q3+12kα until this last cancel-
lation. Since it does map to q2+12kδ with a surgery, it follows from this cancellation
that f2 = D is a double surgery from β to α.

The argument that g1 and g2 are as in B3k+1 is completely analogous, using Figure
4 instead of Figure 5.

To see that h1 and h2 are as needed, assume we have done the cancellations in
q6k+3B3k ⊗ α and q6k+3B3k ⊗ β, but q6k+4B3k ⊗ γ still looks as in Figure 5 (note
that since this complex has no morphisms to the other two complexes, so the
cancellations in those two complexes do not affect it). So we now want to perform
the cancellations in q6k+4B3k ⊗ γ.

The surviving generator q4+12kγ corresponds to q6+6mε in Figure 5, and q3+12kα
maps to it with −S. Since q3+12kα does not map to the other two generators, the
cancellations do not change the morphism, and h1 = −S, as required.



14 DIRK SCHÜTZ

The generator q3+12kβ, which comes from q6+6mζ in Figure 4 is mapped to what
corresponds to q5+6mζ in Figure 5, which in the total complex is of the form q3+12kβ
and this morphism is simply the identity (a surgery followed by death). After
cancelling this element, we can read off Figure 5 that h2 = S, as required. □

Lemma 4.4. Let k ≥ 0.

(1) If CBN(T(ab)3k+1 ;Z[h]) is chain homotopy equivalent to q6k+2B3k+1, then

CBN(T(ab)3k+1a;Z[h]) is chain homotopy equivalent to q6k+3Ba
3k+1.

(2) If CBN(T(ab)3k+1a;Z[h]) is chain homotopy equivalent to q6k+3Ba
3k+1, then

CBN(T(ab)3k+2 ;Z[h]) is chain homotopy equivalent to q6k+4B3k+2.

Proof. As in the proof of Lemma 4.3 we have

CBN(T(ab)3k+1a;Z[h]) ≃ q6k+2B3k+1 ⊗ CBN(Ta;Z[h]),

and CBN(Ta;Z[h]) is given by

qω uq2α.
S

Note that B3k+1 ⊗ α = B3k+1 ⊗ ε⊗ ε∗, and from Figure 3, where we only need the
objects in the first column, and the top object in the second column, we see that
this complex collapses to just one object, the one corresponding to q1+6mζ.

The extra element after cancellations is therefore of the form u2+4kq5+12kδ and we
need to check what the morphisms starting from u1+4kq4+12kα and u1+4kq4+12kβ
are. The morphism from β to δ is −S: the minus sign comes from the odd homo-
logical degree that β is in, and the surgery is the one from CBN(Ta;Z[h]).
To get the morphism starting at α note that the surgery from CBN(Ta;Z[h]) turns
into a − id to an α which is going to get cancelled. Indeed, we can think of this α
to correspond to q6+6mε in Figure 3, and we need to work out the light arrow from
q6+6mε to q7+6mζ. This morphism is the composition of a double surgery with a
birth, which turns into just one surgery. So, after cancellation, the morphism from
u1+4kq4+12kα to u2+4kq5+12kδ is S, as required.

The proof of (2) is similar, using tensor product with CBN(Tb;Z[h]). One observes
that Ba

3k+1⊗β is chain homotopy equivalent to a complex with exactly one genera-

tor, whose smoothing is γ and which is corresponding to the q3+6mε in the top-left
corner of Figure 4. □

Lemma 4.5. Let k ≥ 0. If CBN(T(ab)3k+2 ;Z[h]) is chain homotopy equivalent to

q6k+4B3k+2, then CBN(T(ab)3k+3 ;Z[h]) is chain homotopy equivalent to q6k+6Ba
3k+3.

Proof. As in Lemma 4.4 we get from (ab)3k+2 to (ab)3k+3 in two steps. The be-
haviour, particularly in the first step, is slightly different, so we give a bit more
detail. Consider q6k+4B3k+2 ⊗ CBN(Ta;Z[h]). After several Gaussian eliminations
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in lower homological degrees this ends with

· · ·

q5+12kα q6+12kγ q8+12kγ

q5+12kβ q6+12kδ q7+12kα q9+12kα

q7+12kα q8+12kδ

q6+12kδ q6+12kδ

−S

−S

S

S

d

SD

• −
h

id

− id

S

−/•
+h

S

− i
d

−
S

S

Gaussian elimination on − id between the bottom objects q6+12kδ leads to the
complex

· · ·

q5+12kα q6+12kγ q8+12kγ

q5+12kβ q6+12kδ q7+12kα

q9+12kα

q7+12kα q8+12kδ

−S

−S

S

S

d

SD

S

S
− i
d

• −
/•

−S

S

which after Gaussian elimination of the two objects q7+12kα turns into

· · ·

q6+12kγ q8+12kγ

q6+12kδ q8+12kδ

q9+12kα
d

D
D

d

−S

S

Tensoring this complex with CBN(Tb;Z[h]) and Gaussian eliminations in lower ho-
mological degrees gives the complex

· · ·

q10+12kγ q11+12kα

q10+12kδ q12+12kγ q12+12kγ

q10+12kγ q10+12kγ

q11+12kβ

−S

−
id

S

−
S

id

S

− id

Two Gaussian eliminations later this complex is exactly q6k+6B3k+3. □
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Proof of Theorem 4.1. Part (1) is done by induction on m, with the case m = 0
trivial. The induction step uses Lemma 4.3, 4.4, and 4.5, depending on whether
m = 3k, 3k + 1, or 3k + 2.

Part (2) follows from part (1) together with Lemma 4.4(2). □

5. The Bar-Natan complex for torus links on three strands

We have the functor CL : CobZ[h]•/l (D
3
3) → CobZ[h]•/l (D

2
2) obtained by linking up the

two points at the left outside of the rectangle. Our first goal is to describe the

cochain complex CL(B) over CobZ[h]•/l (D
2
2). After delooping there are two possible

smoothings in CobZ[h]•/l (D
2
2), namely

ω̃ = and α̃ =

It is easy to check that

CL(ω) = qω̃ ⊕ q−1ω̃ CL(α) = ω̃

CL(β) = qα̃⊕ q−1α̃ CL(γ) = α̃ = CL(δ)

From this we get that CL(B) starts with

qω̃ qω̃ q2α̃ q4α̃ q5ω̃ q7ω̃

q−1ω̃ q2α̃ q2α̃ q4α̃ q6α̃ q8α̃

α̃ q4α̃ q6α̃

· · ·

S
id

•

−
•

− id

id

d −S

S

− •+h

−
id

•
−
h

id

•

S

S

2 • −h

where d is as before, and continues as

· · ·

q1+6mω̃ q2+6mα̃ q4+6mα̃ q5+6mω̃ q7+6mω̃

· · ·q2+6mα̃ q2+6mα̃ q4+6mα̃ q6+6mα̃ q8+6mα̃

q6mα̃ q4+6mα̃ q6+6mα̃

−S

−
•

•

− id

id

S

d −S

S

− •+h

−
id

•
−
h

id

•

S

S

2 • −h

Again, we do not work out morphisms that will not survive the Gaussian elimina-
tions. Using Gaussian elimination, this complex is chain homotopy equivalent to
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the following complex that we call B̃.

· · · q2+6mα̃ q4+6mα̃ q6+6mα̃ q6+6mα̃ q8+6mα̃ · · ·

q5+6mω̃ q7+6mω̃

q−1ω̃ α̃ q2α̃ q4α̃ · · ·S c d

d c
S

e

S

c

Notice that after Gaussian elimination the morphism between q4+6mα̃ and q5+6mω̃
is S − S = 0, and similarly for the morphism between q7+6mω̃ and q8+6mα̃.

For k ≥ 1 let B̃3k be the quotient complex of B̃ by the subcomplex consisting of all
objects of homological degree greater than 4k. That is, it ends in

· · · q4+6(k−1)α̃ q6kα̃

q6k−1ω̃

c

In the special case k = 0 we let B̃0 be qω̃ ⊕ q−1ω̃ in homological degree 0. We now
assume k ≥ 0.

Let B̃3k+1 be the quotient complex of B̃ by the subcomplex consisting of all objects
of homological degree greater than 4k + 1. For k ≥ 1 it ends in

· · · q6kα̃ q6kα̃

q6k−1ω̃ q6k+1ω̃

S

e

S

Let B̃a
3k+1 be the quotient complex of B̃ by the subcomplex consisting of all objects

of homological degree greater than 4k + 2. For k ≥ 1 it ends in

q6k+2α̃

· · ·
q6kα̃

q6k+1ω̃

c

Finally, let B̃3k+2 be the quotient complex of B̃ by the subcomplex consisting of all
objects of homological degree greater than 4k + 3. It ends in

· · · q6k+2α̃ q6k+4α̃
d

Lemma 5.1. Let m ≥ 0. Then CL(Bm) ≃ B̃m, and CL(Ba
3m+1) ≃ B̃a

3m+1.

Proof. This follows from the Gaussian eliminations in CL(B) after carefully checking
where the cancellations stop for the various cases. □

Now let G : CobZ[h]•/l (D
2
2) → ModqZ[X,h]/(X2−Xh) be the functor obtained by linking

up the two points on the right outside of the rectangle followed by identification with
the graded-modules category. After delooping there is only one possible smoothing,
an arc, which gets identified with A. The morphism G(c) = 0, so the complex G(B̃)
simplifies considerably. Furthermore,

G(d) = G(e) = 2X − h.
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Proposition 5.2. The cochain complex G(B̃) is chain homotopy equivalent to

q−2A⊕
∞⊕

m=0

u4m+2q6m+2A(1)⊕
∞⊕

m=1

u4mq6m−2A(2).

Proof. Since G(c) = 0 the complex G(B̃) falls into small blocks of at most two
consecutive homological degrees. In homological degrees 0 and 1 we have

A

A

q−2A

id

X

After the Gaussian elimination this is q−2A. Even more directly, we have

G
(
u4m+2q6m+2α̃

d−→ u4m+3q6m+4α̃
)
= u4m+2q6m+2A(1).

Therefore it remains to show that

u4mq6mα̃ u4m+1q6mα̃

u4mq6m−1ω̃ u4m+1q6m+1ω̃

S

e

S

is mapped to u4mq6mA(2) up to chain homotopy equivalence. Ignoring the homo-
logical degrees, applying G gives

q6mA

q6mA

q6m−2A

q6mA

q6m+2A

q6mA
2X − h

X

2X − h

id

id

X − h

By Gaussian elimination of the identity from the top left to the bottom right, and
using that X(X − h) = 0, we get this to be chain homotopy equivalent to

q6mA

q6m−2A

q6mA

q6m+2A
Xh− h2

X

id

2X −
h

After one more Gaussian elimination the morphism between the two surviving
objects is

Xh− h2 −X(2X − h) = Xh− h2 −Xh = −h2.

After a change of basis to fix the minus sign, we get the desired result. □

It is now straightforward to work out the various chain homotopy types of the
complexes G(B̃m). In terms of notation, we write T (3, 3k+1.5) for the 2-component
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link corresponding to the braid word (ab)3k+1a. It is easy to see that one of the
components is an unknot, and the other component is the torus knot T (2, 2k + 1).

Theorem 5.3. The following hold as chain homotopy equivalences of q-graded
Z[X,h]/(X2 −Xh)-cochain complexes.

(1) For k ≥ 1

CBN(T (3, 3k;Z[h]) ≃ q6k−2A⊕ u4kq12kA⊕ u4kq12kA⊕ u4kq12k−2A⊕
k−1⊕
m=0

u4m+2q6(k+m)+2A(1)⊕
k−1⊕
m=1

u4mq6(k+m)−2A(2).

(2) For k ≥ 0

CBN(T (3, 3k + 1);Z[h]) ≃ q6kA⊕
k−1⊕
m=0

u4m+2q6(k+m)+4A(1)⊕

k⊕
m=1

u4mq6(k+m)A(2).

(3) For k ≥ 0

CBN(T (3, 3k + 1.5);Z[h]) ≃ q6k+1A⊕
k−1⊕
m=0

u4m+2q6(k+m)+5A(1)⊕

u4k+2q12k+5A⊕
k⊕

m=1

u4mq6(k+m)+1A(2).

(4) For k ≥ 0

CBN(T (3, 3k + 2);Z[h]) ≃ q6k+2A⊕
k⊕

m=0

u4m+2q6(k+m+1)A(1)⊕

k⊕
m=1

u4mq6(k+m)+2A(2).

Proof. This follows from Theorem 4.1 and Proposition 5.2, after carefully checking
how the various cochain complexes end. □

Remark 5.4. Theorem 5.3 shows that [LMZ24, Prop.4.2] holds also with integral
coefficients and thus with any coefficients.

The Khovanov homology can be obtained from this by using the change of ring
homomorphism η : Z[h] → Z sending h to 0 and identifying A = qZ[h] ⊕ q−1Z[h].
Then

A(2)⊗Z[h] Z ∼= q−1Z⊕ qZ⊕ uq3Z⊕ uq5Z,
while A(1)⊗Z[h] Z has a multiplication by 2 between two copies of qZ, as well as a
q−1Z and a uq3Z.
For negative k we can use that the Khovanov homology of a mirror link can be
obtained by dualizing, [Kho06]. The missing case of k = 0 for T (3, 3k), where the
formula does not quite work, is left to the reader.
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6. The Bar-Natan complex for words in Ω+
5

Let us now assume that w ∈ Ω+
5 , that is, w = (ab)3kbl with k, l > 0. Then

CBN(Tw;Z[h]) ∼= CBN(T(ab)3k ;Z[h])⊗ CBN(Tbl ;Z[h]),
and by Theorem 4.1 and Proposition 3.7 we have

CBN(Tw;Z[h]) ≃ q6k+lB3k ⊗Dbl ,

where Dbl is the cochain complex

ω
S−→ qβ

d1−→ q3β
d2−→ · · · dl−1−→ q2l−1β.

We can think of B3k ⊗Dbl as a diagram of cochain complexes

B3k
S̃−→ qB̄3k

d̃1−→ q3B̄3k −→ · · · −→ q2l−1B̄3k,

where B̄3k = B ⊗ β. By Lemma 4.2 B̄3k ≃ q2l−1β, so this complex simplifies
considerably.

Proposition 6.1. Let k, l ≥ 1, and w = (ab)3kbl. Then

CBN(Tw;Z[h]) ≃ q6k+lCk,l,

where Ck,l is the cochain complex over CobZ[h]•/l (D
3
3) which agrees with B3k in homo-

logical degrees less than 4k + 1, and which continues as

· · ·

q6k−1α

q6k−1β

q6k+1β q6k+3β q6k+5β · · ·

D

d

d1 d2

where D is a double surgery and

d2m−1 = −• • d = d2m = +• • − h.

Proof. By the discussion above, after using the Gaussian eliminations of Lemma
4.2, we have the cochain complex Ck,l, which agrees with B3k in homological degrees
less than 4k+1, and the objects in higher degrees are as stated. It remains to show
that the boundaries in homological degrees bigger than 4k are also as stated.

We begin with the cochain map S̃ : B3k → B̄3k. After Gaussian eliminations (com-
pare Figure 4) in lower homological degrees, this ends in

q6k−1α

q6k−1β

q6kγ

q6k−1β

q6kγ

q6k+1β

q6k−1β
− id

− id

S

S

−/•+h

S

• −
h

id



ON THE KHOVANOV HOMOLOGY OF 3-BRAIDS 21

After cancelling − id at the bottom, this is

q6k−1α

q6k−1β

q6kγ

q6kγ

q6k+1β

S

S

S
− id

• − /•

Cancelling − id leads to a double surgery from α to β, and an extra back and forth
surgery from β to β. Since this involves the cap and the straight line, the new
morphism is d. This shows the boundary in homological degree 4k is as stated.

It remains to show that the cochain map d̃m : B̄3k → q2B̄3k simplifies to dm : q6kβ →
q6k+2β. We can look at the various summands, dotting of the cap, dotting of the
cup, and multiplication by h.

It turns out that dotting the cup and multiplication by h carry over easily. This is
because as a morphism B̄3k → q2B̄3k, each object in B̄3k maps to the corresponding
object in q2B̄3k with the same behaviour, namely dotting the cup or multiplication
by h. After performing Gaussian eliminations, the surviving objects q6kβ and
q6k+2β never have their morphism changed.

But for dotting the cap this is more complicated, since the surviving q6kβ maps it
identically to q6kβ, which is going to be Gaussian eliminated, leading to a zig-zag
morphism from q6kβ to q6k+2β. Let us show that the end result is again dotting
the cap.

We can first perform the Gaussian eliminations in B̄3k, then proceed with q2B̄3k.
After Gaussian eliminations in lower homological degrees the complex looks as in

q6kβ

q6k+1γ

q6kβ

q6k+1γ

q6k+2β

q6kβ
− id

− id

S

−/•+h

S

id

Gaussian elimination of the bottom − id leads to

q6kβ

q6k+1γ q6k+1γ

q6k+2β

S

− id

S

−/•+h

Cancelling the final − id adds a back and forth surgery between q6kβ and q6k+2β,
involving the cap and the straight line. So by the neck-cutting relation the remain-
ing morphism is just dotting the cap, as claimed. □
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Remark 6.2. In the last argument the cancelling of the q6k+1γ (and in fact also
other objects in homological degrees) results also in more morphisms from q6kβ
to other objects, provided the tensor complex has more parts q2B̄ → q4B̄. Since
in our situation, q4B̄ contracts to only one object in a higher homological degree,
these extra morphisms do not survive. However, when dealing with words in Ω4

+

these morphisms will come back to haunt us, and will make the argument more
complicated in this situation.

We are now going to apply the functor CL : CobZ[h]•/l (B
3
3) → CobZ[h]•/l (B

2
2), to Ck,l. In

homological degrees at most 4k this behaves exactly as in Section 5, so we only
need to focus on larger homological degrees.

Proposition 6.3. Let k, l ≥ 1. Then CL(Ck,l) is chain homotopy equivalent to the

cochain complex C̃k,l, which agrees with B̃3k in homological degrees at most 4k, and
which continues as

q6k−2α̃· · · q6kα̃

q6k−1ω̃

q6k+2α̃

q6kα̃

q6k+4α̃

q6k+2α̃

q6k+6α̃

q6k+4α̃

· · ·

c d

( •
− h)

S

S

c

c

d

d

Proof. We note that CL(β) ∼= qα̃ ⊕ q−1α̃. Furthermore, the morphisms between
objects of homological degree larger than 4k are not affected by the new circle.
This explains the two parallel branches starting with q6k+2α̃ and q6kα̃. Also, the
c-morphism starting at q6k−2α̃ is part of B3k and is thus from the result in Section
5.

It remains to investigate the effect of CL on morphisms starting in homological
degree 4k. Consider CL(D) : CL(q

6k−1α) → CL(q
6k+1β). This is

q6k−1 q6k q6k+1

q6k+2

q6k

S S Φ+

Φ−

• − h

id

which explains the morphisms starting at q6k−1ω̃. The remaining morphism from
q6kα̃ to q6k+2α̃ is direct application of CL. □

Theorem 6.4. Let k, l ≥ 1 and w = (ab)3kb2l−1, and Lw the closure of the braid
diagram Tw. Then

CBN(Lw;Z[h]) ≃ q6k+2l−3A⊕ u4kq12k+2l−3A⊕
k−1⊕
m=0

u4m+2q6(k+m)+2l+1A(1)⊕
k−1⊕
m=1

u4mq6(k+m)+2l−3A(2)⊕

l−1⊕
m=0

u4k+2mq12k+2l+4m−1A(1)⊕
l−1⊕
m=1

u4k+2mq12k+2l+4m−3A(1).

and

CBN(Lwb;Z[h]) ≃ qCBN(Lw;Z[h])⊕ u4k+2(l−1)(q12k+6(l−1)+3A⊕ q12k+6(l−1)+1A).
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Proof. We take the complex C̃k,2l−1 from Proposition 6.3 and apply the functor

CR : CobZ[h]•/l (B
2
2) → CobZ[h]•/l (B

1
1) which connects the two right-most points. The

resulting complex is (apart from the parts that behave as in Section 5)

q6k−2· · · q6k

q6k

q6k−2

q6k+2

q6k

q6k+4

q6k+2

q6k+6

q6k+4

· · ·

0 2)• −h

)• −
h

id

)•

0

0

2)• −h

2)• −h

After one Gaussian elimination and identifying the arc with A, the complex looks
as in

q6kA

q6k−2A

q6k+2A q6k+4A

q6k+2A

q6k+6A

q6k+4A

· · ·

2X − h 2X − h

2X − h

Note that this portion of the complex starts in homological degree 4k, and it ends in
homological degree 4k+2l− 1. Since 2l− 1 is odd, the direct summand complex of
highest homological degree is an A(1) type complex. For the case 2l it ends in two
copies of A. The statement of the theorem now follows after noting that we need to
shift the complex by q6k+2l−1 for CBN(Lw;Z[h]) and q6k+2l for CBN(Lwb;Z[h]). □

7. The Bar-Natan complex for words in Ω+
4

For w = (ab)3ka−l ∈ Ω+
4 with k, l ≥ 1 we want to use the same technique as in

Section 6. That is, we use

CBN(Tw;Z[h]) ≃ q6k−lB3k ⊗Da−l ,

where Da−l is the cochain complex

q1−2lα
dl−1−→ · · · d2−→ q−3α

d1−→ q−1α
S−→ ω.

The complex B3k ⊗Da−l is the total complex of the diagram of complexes

q1−2lB̄3k −→ · · · −→ q−3B̄3k −→ q−1B̄3k −→ B3k,

where B̄3k = B3k ⊗ α ≃ q6kα by Lemma 4.2. Indeed, we can use Gaussian elimina-
tion to get B3k ⊗Da−l chain homotopy equivalent to a complex Ck,−l that contains
B3k as a subcomplex, and so that the quotient is up to grading shift Da−1 , except
for the ω object. This complex ends in

· · ·

· · ·

q6k−5α q6k−4γ q6k−2γ q6k−1α

q6k−5β q6k−4δ q6k−2δ q6k−1β

q6k−1αq6k−3αq6k−5α

−S

−S

d

d

−S

−S

S D SS D S

d2

f
0

d1

f
1

f
2
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but it is not immediately clear what the morphisms fi between the objects in the
top row and the objects in the B3k subcomplex are. To work out these morphisms,
we need to take a closer look how this complex arises from Gaussian eliminations.
Note we can start by performing all Gaussian eliminations in q1−2lB̄3k, resulting
in a single object q6k+1−2lα, then continue with Gaussian eliminations in q3−2lB̄3k,
and so on.

Let us continue until we have done all the Gaussian eliminations up until q−3B̄3k.
We then have a subcomplex of B3k ⊗Da−l that looks as in Figure 6.

· · ·

q6k−8δ

q6k−9α

q6k−7α

· · ·
q6k−7β

q6k−7α

q6k−6δ

q6k−7α

q6k−5α

q6k−5β

q6k−5α

q6k−6δ

q6k−4δ

q6k−5α

q6k−4δ

q6k−4γ

q6k−4δ

q6k−2δ

q6k−3α

q6k−2δ

q6k−2γ

q6k−2δ

q6k−3α

q6k−1α

q6k−1β

q6k−1α

id

id

S

S
−(• −h

id

−
S

−
id

−
id

−
id

id

id

−
id

S

− id

− id

−
S

Figure 6. Surgery from q−1B̄3k after delooping to B3k. Only
relevant morphisms are shown, compare Figure 3.

We first want to work out how the objects q6k+1−2lα map into this complex.

Lemma 7.1. After Gaussian eliminations in all q1−2jB̄3k for j = 2, . . . , l, the
objects q6k+1−2jα with 2 ≤ j ≤ 4k+1 map into q−1B̄3k as follows (i = ⌊(j−2)/4⌋).

q6k−3−8iα

q6k−1−6iα

q6k−3−6iα

q6k−5−8iα

q6k−3−6iα

q6k−2−6iδ

q6k−4−6iδ

q6k−7−8iα

q6k−4−6iδ

q6k−6−6iδ

q6k−9−8iα

q6k−5−6iα

q6k−7−6iα

q6k−6−6iδ

f

D
i

ir

ir
−
S
D
i

ir
S
D
i

ir

−
D
i+

1

ir

Here D : α → q2α is a double surgery via qδ, ir simply means that the morphism is
non-zero and the exact form is not important, while f is dotting the cup for i = 0
and ir otherwise.

Proof. For q6k−3α in q−3B̄3k this follows from Figure 7 with m = 6k − 3.

We now need to do four induction steps, namely showing that the statement for
q6k−j−8iα implies the statement for q6k−(j−2)−8iα for j = 3, 5, 7, 9. All of these
implications are very similar, so we will only show the case for j = 7, leaving the
rest to the reader.

So assume that q6k−7−8iα maps into q−1B̄3k as stated. Then q6k−9−8iα maps into
q−3B̄3k in the same way, that is, there is an ir-morphism to q6k−6−6iδ and a SDi-
morphism to q6k−8−6iδ. We can think of these two objects as being in the third
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· · ·

qm−7δ

qm−8α

qm−6α

qm−5δ

qm−6α

qm−4α

qm−5δ

qm−6α

qm−4α

· · ·

qm−3δ

qm−4α

qm−2α

qm−5δ

qm−3δ

qm−4α

qm−3δ

qm−1δ

qm−2α

qm−3δ

qm−1δ

qm−2α

qm−1δ

qm+1δ

qmα

qm−1δ

qm−2α

qmα

qm+1δ

qmα

qm+2α

id

id

id

−
id

S

− id

− id

− id

S

− id

id

id

id

S

−
id

−
id

−
id

S

S

−
id

−(• −h

−
id

id

f

Figure 7. Dotting morphisms between qxB̄3k and qx+2B̄3k. Only
relevant morphisms are shown in black, some of the irrelevant in-
duced by the dotting morphism are shown.

column of the top half of Figure 7 with m = 6k− 3− 6i. The top half of this figure
contains the objects of q−3B̄3k while the lower half contains the objects of q−1B̄3k.

We now perform the Gaussian eliminations in q−3B̄3k, starting from the left. When
we get to the two − id-morphisms between the second and third column, let us
begin with the lower one between qm−5=6k−8−6iδ objects. After this cancellation,
the q6k−9−8iα object maps to qm−4=6k−7−6iα in q−3B̄3k with SSDi = Di+1, and
to qm−3=6k−6−6iδ in q−1B̄3k with ir (composing with the gray morphism).

Performing the other − id-Gaussian elimination between q6k−7−6iα objects creates
a morphism ir from q6k−9−8iα to qm−2=6k−5−6iα in q−1B̄3k, and a − id ◦Di+1 =
−Di+1 morphism to qm−4=6k−7−6iα in q−1B̄3k. This finishes this induction step.
Notice that the ir-morphism to q6k−6−6iδ in q−3B̄3k does not lead to further mor-
phisms after the cancellations in q−3B̄3k. □

Proposition 7.2. Let w = (ab)3ka−l with k, l ≥ 1. Then, if l ≥ 4, the complex
Ck,−l has the form

· · ·

· · ·

q6k−5α q6k−4γ q6k−2γ q6k−1α

q6k−5β q6k−4δ q6k−2δ q6k−1β

q6k−1αq6k−3αq6k−5αq6k−7α

−S

−S

d

d

−S

−S

S D S

S D

S

d cc

id

−
S

−
SS

−
D

−
D̄

If l ≤ 3, this holds if we consider the subcomplex after removing the objects in the
top row of the form q6k−1−2jα, with j ≥ l.
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If l > 4, we get morphisms from q6k+1−2j with j < 4k + 1 into B3k as follows.

q6k−3−8iα

q6k−2−6iγ

q6k−2−6iδ

q6k−5−8iα

q6k−4−6iδ

q6k−7−8iα

q6k−5−6iα

q6k−5−6iβ

q6k−9−8iα

q6k−7−6iα
−
S
D
i

−
S
D
i

S
D
i

−
D
i+
1

−
D̄
D
i

D
i+
1

Finally, if l ≥ 4k + 1 there is a morphism

q−2k−1α

ω.

SD k

Here, D is a back-and-forth surgery from α to q2α via qδ, while D̄ is a double
surgery from α to q2β. Also, S stands for a surgery determined by domain and
codomain.

Proof. The proof is similar to the proof of Lemma 7.1. From this lemma we know
how q6k−j−8iα maps into q−1B̄3k. In particular, we know how these objects map
into Figure 6 (we can shift each object there by a q−6i to get the general case). Now
performing Gaussian eliminations in q−1B̄3k leads to morphisms as prescribed. We
leave the details to the reader. □

We now apply the functor CL : CobZ[h]•/l (D
3
3) → CobZ[h]•/l (D

2
2) obtained by connecting

the left-most strands. Applying the same Gaussian eliminations as in Section 5, as
well as the Gaussian elimination of the two objects q6k−1α leads to the following.

Proposition 7.3. Let k, l ≥ 1. Then CL(Ck,−l) is chain homotopy equivalent to a

cochain complex C̃k,−l of the form

· · ·
q6k−10α̃

q6k−11ω̃

q6k−8α̃

q6k−9ω̃

q6k−7ω̃

q6k−6α̃

q6k−7ω̃

q6k−5ω̃

q6k−6α̃

q6k−5ω̃

q6k−4α̃

q6k−3ω̃

q6k−2α̃ q6kα̃
d

−SD D

c

e

−S−
D

S
e

S
c

e

S −S

d c

and which starts with

q−2k−1ω̃

q−1ω̃

q−2k+1ω̃

α̃

q−2k+3ω̃

q2α̃

q−2k+5ω̃

· · ·
D k

e

S

−SD k−1

c

e

SD k−1

The shown parts of C̃k,−l implicitly assume k ≥ 2 and l = 4k+1. For l < 4k+1 one
has to consider the subcomplex where in the top row the objects q6k−2r+1ω̃ with
r > l are missing. For l > 4k + 1 the top row will continue further to the left with
objects of the form u4k−rq6k−2r+1ω̃ for 4k+2 ≤ r ≤ l and morphisms e starting at
objects in odd homological degrees. Also, for k = 1 one has to remove the objects
q6k−2jα̃ for j ≥ 3 and q6k−5ω̃, and overlap the beginning part with the end part.
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Proof. In addition to the Gaussian elimination that can be performed on the iden-
tity morphism between the q6k−1α objects, we do the same Gaussian eliminations
in CL(B3k) that were done in Section 5. It is straightforward to check that the

objects q6k−3−2jω̃ map into B̃3k as claimed. □

Theorem 7.4. Let k, l ≥ 1 and w = (ab)ka−l. Then there is a chain homotopy
equivalence

CBN(Lw;Z[h]) ≃ C0 ⊕ C1 ⊕ C2

as cochain complexes over Z[h], such that C1 consists only of direct summands of
suitably shifted A(1) complexes, C2 consists only of direct summands of suitably
shifted A(2) complexes, and C0 consists of two copies of A, suitably shifted, if l is
odd, and four copies if l is even.

Proof. Let G : CobZ[h]•/l (D
2
2) → ModqZ[X,h]/(x−Xh) be the functor obtained by com-

posing CR with the identification functor. Then G(c) = 0, and it remains to analyze
the image under G of the following three diagrams.

q−2k−1ω̃ q−2k+1ω̃

q−1ω̃ α̃

e

D k

−SD k−1

S

(4)

q6k−5−8iω̃ q6k−3−8iω̃

q6k−4−6iα̃ q6k−2−6iα̃

e

SD i
−SD i

d

(5)

for i = 0, . . . , k − 1, and

q6k−9−8iω̃ q6k−7−8iω̃

q6k−6−6iα̃

q6k−7−6iω̃

q6k−6−6jα̃

q6k−5−6iω̃

e

D
i+

1

−SD i

−
D
i+

1

S

S

e

(6)

for i = 0, . . . , k − 2.

First observe that applying G to ω̃
Di

−→ q2iω̃ with i ≥ 1 results in

qA

q−1A

q2i+1A

q2i−1A

(X − h)i

(2X − h) i−1

Xi



28 DIRK SCHÜTZ

which can be checked by induction, using that (X − h)i + Xi = (2X − h)i. So
applying G to (4) leads to

q−2kA

q−2k−2A

q−2k+2A

q−2kA

A

q−2A

A

2X − h

2X − h

(X −
h) k(2X

−
h) k−

1

X k

X

id

−X k

−(2X
−
h) k−

1

After Gaussian elimination of the identity morphism on the right this turns into

q−2kA

q2k−2A

q−2k+2A

q−2A

q−2kA

2X − h
(2X − h)k−1

2X − h

X
k

If k = 1 we can do another Gaussian elimination along the (2X−h)0 = id, resulting
in one copy of A and one copy of A(1). If k ≥ 2 we can remove the Xk morphism
and the (2X − h)k−1 morphism with a change of basis, resulting in one copy of
q−2A and two copies of A(1) (shifted by q−2k and q−2k−2).

Depending on l, we may only have one or no object in the top row of (4). In this
case we can still perform the first cancellation of id, and the complex will have the
required form.

Applying G to (5) is slightly simpler, we get the diagram in Figure 8.

q6k−4−8iA

q6k−6−8iA

q6k−2−8iA

q6k−4−8iA

q6k−4−6iA q6k−2−6iA

(2X
−
h) i

2X − h

2X − h

X i+1

−
(2X

−
h) i−X i+1

2X − h

Figure 8. The diagram after applying G to (5).

If i = 0, we can perform two Gaussian eliminations, leaving us with one summand
of a complex A(1) (suitably shifted). Otherwise we get three copies of A(1) after
changing the basis. Again, depending on l there may only be one or no objects in
the top row of (5), in which case a similar argument applies.

Applying G to (6) is slightly more involved; we get the diagram in Figure 9.

Gaussian elimination on the two id-morphisms as in Section 5 leads to the diagram
in Figure 10. If i = 0 we can perform one more Gaussian elimination, and after
a change of basis we get two copies of A(1), suitably shifted. If l ≤ 3, we do not
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q6k−8−8iA

q6k−10−8iA

q6k−8−6iA

q6k−6−6iA

q6k−6−6iA

q6k−8−8iA

q6k−6−8iA

q6k−6−6iA

q6k−4−6iA

q6k−6−6iA

2X − h

(X
−
h) i+

1

(2X
−
h) i

2X − h

X
i+
1

−(2X −
h) i

−
(X

−
h) i+

1

(2X
−
h) i

−X i+1

−
X

i+
1

X − h

X
2X − h

2X − h

id
id

Figure 9. The diagram after applying G to (6).

q6k−8−8iA

q6k−10−8iA

q6k−8−6iA

q6k−8−8iA

q6k−6−8iA

q6k−4−6iA

2X − h

(2X
−
h) i

2X − h

X i+1

(2X
−
h) i+

1X i+2

−h2

Figure 10. Figure 9 after two Gaussian eliminations.

have the four objects in the upper rows, and we simply get one summand A(2). For
l = 4 the two objects in the left corner are missing, and we get one copy of A(1)
and two copies of A.

If i ≥ 1, we can remove the diagonal morphisms with change of bases, and we get
two summands of A(1) and one summand of A(2). Again, if only one or no object
is in the top row of (6), we get a copy of A(2), and possibly two copies of A. □

8. The Bar-Natan complex for proper alternating words

Recall that a braid word is called proper alternating, if it is of the form

w = a−n1bm1 · · · a−nj bmj

with j ≥ 1 and ni,mi ≥ 1 for i = 1, . . . , j. We define

n(w) =

j∑
i=1

nj and m(w) =

j∑
i=1

mj .

In the special case j = 1 the tangle complex CBN(Ta−nbm ;Z[h]) is chain homotopy
equivalent to qm−nDa−n ⊗ Dbm . In Figure 11 we show a special case of such a
complex.

For j ≥ 2 we can describe the tangle complex for Tw by continuing to tensor with
qmi−niDa−ni ⊗Dbmi . However, it does not seem clear to us that this leads to a nice
formula from which the Khovanov homology can be read off. Nevertheless, we can
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q−6α

q−4α

q−5γ

q−2α

q−3γ

q−3γ

q−1ω

q−1γ

q−1γ

β

qγ

q2β

−S

d

−c

d

S

c

d

c

c

−S

S

c

−c

S

S

S

c

Figure 11. The complex CBN(Ta−3b2 ;Z[h]) over Cob
Z[h]
•/l (D

3
3).

show that there is a cochain complex chain homotopy equivalent to CBN(Tw;Z[h])
for any proper alternating word which is nice enough for our purposes.

Proposition 8.1. Let w be a proper alternating word. Then CBN(Tw;Z[h]) is

chain homotopy equivalent to a cochain complex Cw over CobZ[h]•/l (D
3
3) satisfying the

following properties.

(1) All generators have smoothings without loops.
(2) Morphisms are of the form qjφ1 → qj+iφ2 with i ∈ {0, 1, 2}. Furthermore,

(a) if i = 0, then φ1 = φ2 and the morphism is a multiple of id.
(b) if i = 1, the morphism is ±S, with S a surgery.
(c) if i = 2, the morphism is a linear combination of dottings and h.

(3) There is a unique generator whose smoothing is ω, and it is in bidegree
(0,m(w)− n(w)).

(4) There is a unique morphism with domain qm(w)−n(w)ω, and it is a surgery
to a generator with smoothing β.

(5) There is a finitely generated free subcomplex C̃w which fits into a short exact
sequence

0 −→ C̃w −→ Cw −→ qm(w)−n(w)Da−n(w) −→ 0.

Proof. We are going to show this for any words w that start in a−1 and contain
at least one b. The induction start is for words of the form a−nbm and we can see
from Figure 11 that the statements hold in this case.

Now let w be a word starting in a−1 and containing a b for which the cochain
complex Cw with properties (1)-(5) exists. We need to show that the complexes
Cwa−1 and Cwb with (1)-(5) exist.

We have
CBN(Twa−1 ;Z[h]) ≃ Cw ⊗ CBN(Ta−1 ;Z[h]),

so we need to analyze the tensor product. The complex on the right consists of
a surgery q−2α → q−1ω, and tensoring with ω does not change the smoothings.
Tensoring with α can create a loop, so we first need to deloop any objects of the
form α ⊗ α and δ ⊗ α. We need to check that after delooping all morphisms are
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of the form as in (2). If the q-grading changes by 0 or 2, domain and codomain
smoothings are the same, and the morphism keeps the same form, unless it consists
of dotting a circle that has been delooped. If we denote the smoothing by χ, we then
get two objects qχ and q−1χ for the domains, and q3χ and qχ for the codomain.
The morphism arising from dotting the circle leads to an id morphism between the
qχ objects.

A surgery in Cw remains a surgery, if the surgery does not involve a delooped circle,
and if it involves a circle, it turns into an id morphism and a linear combination of a
dotting and possibly an h after delooping. Similarly, the surgery in CBN(Ta−1 ;Z[h])
remains a surgery, if there is no delooping, and produces an id morphism as well as
a linear combination of a dotting and an h.

The only way we can get a smoothing ω is through the tensor qm(w)−n(w)ω⊗q−1ω =

qm(wa−1)−n(wa−1)ω, so (3) is satisfied. There is also still one morphism going out
of this object, and it remains a surgery to a β smoothing.

To satisfy (5) we need to perform several Gaussian eliminations. These Gauss-
ian eliminations will only involve objects in Cw ⊗ q−2α, in fact in the quotient
qm(w)Da−n(w) . The tensor complex looks as in

qtα

qt−2α

qtα

qt+2α

qtα

qt+2α

qt+4α

qt+2α

qt+4α

· · ·

· · ·

qs−2α

qs−4α

qs−2α

qs−2α

qs−1ω

±
id

∓
id

id

Here t = 1 + m(w) − 3n(w) and s = m(w) − n(w). The black morphisms are
a mirrored version of the morphisms used in Proposition 3.7, and after Gaussian
elimination of the shown id-morphisms we get condition (5) with Da−n(w)−1 . Note
that there are no further morphisms going into the codomains of the id-morphisms
apart from the ones shown, so we do not get any further complicated morphisms
and the properties (1)-(4) still hold for the resulting complex.

The argument for Cw ⊗CBN(Tb;Z[h]) is similar. Indeed, conditions (1)-(3) and (5)
hold after delooping. The main difference is that now we have two morphisms going
out of the object qm(w)−n(w)+1ω, both surgeries into objects qm(w)−n(w)+2β. But
one of the latter objects can be cancelled via an id-morphism in Cw⊗ q2β that used
to be the surgery from ω to β. Indeed, this is the only cancellation we need to do,
and it does not affect any of the properties (1)-(5). □

Proposition 8.2. Let w be a proper alternating word, and Lw the braid closure
of w with basepoint on the middle strand. Then there is a finitely generated free
A-cochain complex Cw with

CBN(Lw;Z[h]) ≃ Cw ⊕ qm(w)−n(w)A

as A-cochain complexes, and such that there is a short exact sequence of finitely
generated free A-cochain complexes

0 −→ C̃w −→ Cw −→ Sw −→ 0
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with

Sw
∼=

(n(w)−1)/2⊕
i=1

(u−1−2iqm(w)−n(w)−4iA(1)⊕ u−1−2iqm(w)−n(w)−4iA(1))

if n(w) is odd, and

Sw
∼=u−n(w)qm(w)−3n(w)A⊕ u−n(w)q2+m(w)−3n(w)A⊕

(n(w)−2)/2⊕
i=1

(u−1−2iqm(w)−n(w)−4iA(1)⊕ u−1−2iqm(w)−n(w)−4iA(1))

if n(w) is even.

Proof. Let Cw be the cochain complex over CobZ[h]•/l (D
3
3) from Proposition 8.1. We

can visualize this complex as

· · · qt−7α qt−5α qt−3α qt−1α qtω

qt+1β
S

Scdc

where t = m(w) − n(w) and we show parts of the quotient complex qm(w)Da−n(w)

as well as the one object being mapped to by qtω. Gray arrows indicate morphisms
into the subcomplex C̃w.
Applying the functor CL : CobZ[h]•/l (D

3
3) → CobZ[h]•/l (B

2
2) leads to the complex

· · · qt−7ω̃ qt−5ω̃ qt−3ω̃ qt−1ω̃

qt+1ω̃

qt−1ω̃

qt+2α̃

qtα̃

S

S

)(−h•

id
0e0

Gaussian elimination of the identity morphism, then applying G leads to the com-
plex

· · ·
qt−6A

qt−8A

qt−4A

qt−6A

qt−2A

qt−4A

0

qt+2A

qtA

qt+2A

qtA

2X − h

2X − h

id

X

We can perform one more Gaussian elimination here without creating new mor-
phisms, and the result is the cochain complex pictured in Figure 12. The second

· · ·
qt−6A

qt−8A

qt−4A

qt−6A

qt−2A

qt−4A

0 qtA qtA

2X − h

2X − h

Figure 12. The complex Cw with a direct summand qtA.

qtA object from the right has no further morphisms going in or out, and we call the
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remaining direct summand Cw. The objects to the left of the 0 form the quotient
complex Sw, which is a direct sum of complexes of type A(1) and (for even n(w))
of type A(0), suitably shifted. □

Corollary 8.3. Let w be a proper alternating word, and Lw the braid closure of w
with basepoint on the middle strand. The reduced Khovanov homology of Lw is free
abelian and concentrated in bidegrees (i, 2i+m(w)− n(w)).

Proof. Since w is proper, Lw is a non-split alternating link. By [MO08, Thm 1] the
reduced Khovanov homology of Lw is free abelian and concentrated in bidegrees
(i, 2i+ s), where s is the signature of Lw. By Proposition 8.2 we get a copy of Z in
bidegree (0,m(w)− n(w)), hence s = m(w)− n(w). □

9. The Bar-Natan complex for words in Ω+
6

Let k ≥ 1 and w a proper alternating word, so that (ab)kw ∈ Ω+
6 . Then

CBN(T(ab)kw;Z[h]) ≃ q6kB3k ⊗ Cw,

where Cw is the cochain complex from Proposition 8.1. Since the subcomplex C̃w
of Cw contains no generators with smoothing ω, we get

q6kB3k ⊗ C̃w ≃ u4kq12kC̃w,

by Lemma 4.2 and the way the possible morphisms behave under the Gaussian
eliminations. Also, for the quotient complex Cw/C̃w tensoring with B3k has the
effect as in Section 7. In particular, we get the following combination of Proposition
6.1 and Proposition 7.2.

Proposition 9.1. Let w be a proper alternating word and k ≥ 1. Then the tangle
complex CBN(T(ab)3kw;Z[h]) is chain homotopy equivalent to a complex Ck,w of the
form

· · ·

· · ·

qs−5α qs−4γ qs−2γ qs−1α

qs−5β qs−4δ qs−2δ qs−1β

qs+1β

qs−1αqs−3αqs−5αqs−7α

−S

−S

d

d

−S

−S

S D S

S D

S

d cc

id

−
S

−
SS

−
D

−
D̄

d

D

which contains u4kq12kC̃w as a subcomplex. Here s = 12k +m(w)− n(w). □

The only object from u4kq12kC̃w visible is qs+1β, and gray arrows indicate mor-
phisms to this subcomplex. Note that the objects coming from B3k do not have
any morphisms into q12kC̃w, except for the two morphisms into qs+1β.

The picture implicitly assumes n(w) ≥ 4, but if n(w) < 4 the behaviour is as in
Proposition 7.2. Also, if n(w) > 4 there are morphisms from objects qs−2t−1α for
t > 3 as in Proposition 7.2 (as well as gray morphisms starting in those objects).
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Theorem 9.2. Let w be a proper alternating word, k ≥ 1 and L(ab)3kw the link

closure associated to the braid word (ab)3kw with basepoint on the middle strand.
Then

CBN(L(ab)3kw;Z[h]) ≃ B̌3k ⊕Dw

as A-cochain complexes, where

B̌3k
∼= qs−6k−2A⊕

k−2⊕
m=0

u4m+2qs−6(k−m)+2A(1)⊕
k−2⊕
m=1

u4mqs−6(k−m)−2A(2),

if k ≥ 2, and B̌3 = 0. The complex Dw fits into a short exact sequence of A-cochain
complexes

0 −→ T −→ Dw −→ u4kq12kCw −→ 0, (7)

where Cw is the cochain complex from Proposition 8.2, and

T ∼= u4k−4qs−8A(2)⊕ u4k−2qs−4A(1)⊕ u4kqsA(1),

if k ≥ 2, and
T ∼= qs−8A⊕ u2qs−4A(1)⊕ u4qsA(1),

if k = 1. Here s = 12k +m(w)− n(w).

Proof. Let Ck,w be the cochain complex from Proposition 9.1 and apply the functor
CL. The resulting complex looks as in

· · ·

qs−5ω̃qs−7ω̃

qs−6α̃

qs−8α̃

qs−4α̃ qs−2α̃ qs−1ω̃

qs−4α̃ qs−4α̃

qs−6α̃

qs−2α̃ qsα̃

qs−2α̃

qs+2α̃

qsα̃

qs−1ω̃qs−3ω̃qs−5ω̃qs−7ω̃

S

S
−
S

−
D

e

0 e

S

•
−
•

S

−S

id

− id

0

−
S

d

id

−S
•
−
h

id

S
− • +h

−
id

d

We now perform Gaussian eliminations as in Section 5 (and, in particular, do not
cancel the id-morphism between the qs−1ω̃ objects yet), resulting in the following
complex.

· · · qs−5ω̃qs−7ω̃

qs−6α̃

qs−4α̃ qs−2α̃ qs−1ω̃

qs−6α̃ qsα̃

qs+2α̃

qsα̃

qs−1ω̃qs−3ω̃qs−5ω̃qs−7ω̃

d

id

0

c

d

−
S

e

S

0

c

−
D−

S

S

e

S

We can now perform the Gaussian elimination on the id between the qs−1ω̃, as
this is not going to produce new morphisms. Applying the functor G leads to the
complex in Figure 13.
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· · ·

· · ·

qs−8A

qs−6A

qs−6A

qs−8A

qs−6A

qs−6A

qs−4A

qs−6A

qs−6A

qs−4A

qs−4A

qs−4A

qs−2A

qs−2A qsA qs+2A

qsA

2X − h

2X − h

2X − h2X − h

2X − h

X −
h

X

id

id

2X − h

Figure 13. The complex after applying G.

The objects below the dashed line form a subcomplex, while the objects above the
line give rise to a quotient complex which is exactly u4kq12kCw from Proposition
8.2, compare Figure 12. The gray arrows from u4kq12kCw to the subcomplex below
the dashed line have been worked out before, see Figures 8 and 9.

We can still perform the Gaussian eliminations that were done to Figure 9 leading
to Figure 10. For i ≥ 1, that is, the part of the subcomplex that is not visible,
we can do the same change of basis moves (and which are not going to change the
quotient complex u4kq12kCw) that were done to Figure 10, to split off the complex
B̌3k. The visible three sub-complexes in Figure 13 give rise to T . Some of the
arrows from u4kq12kCw to T contain identities, but we do not need to do further
cancellations, as we are only interested in a short exact sequence, which we now
have after splitting off B̌3k. □

Corollary 9.3. Let w be a proper alternating word, k ≥ 1 and L the link closure
associated to the braid word (ab)3kw with basepoint on the middle strand. Then

K̃h
i,j
(L;Z) ∼= K̃h

i,j−t
(T (3, 3k);Z)⊕ K̃h

i−4k,j−12k
(Lw;Z),

where t = m(w) − n(w), except in bidegrees (4k, 12k − 2 + t), (4k, 12k + t) and
(4k + 1, 12k + 2 + t), where

K̃h
4k,12k−2+t

(L;Z) ∼= 0,

K̃h
4k,12k+t

(L;Z) ∼= K̃h
0,t
(Lw;Z),

K̃h
4k+1,12k+2+t

(L;Z) ∼= K̃h
1,2+t

(Lw;Z)⊕ Z.

Furthermore, all pages of the reduced integral BLT-spectral sequence are free abelian.
For k = 1 the spectral sequence collapses at the E2-page and for k ≥ 2 it collapses
at the E3-page.

Proof. By Theorem 9.2 we have

C̃Kh(L;Z) ∼= B̌3k ⊗A Z⊕Dw ⊗A Z,

where X,h ∈ A act on Z as 0. From Theorem 5.3 we get that B̌3k ⊗A Z calculates

K̃h
i,j−t

(T (3, 3k);Z) for i ≤ 4k−5. Notice that this is all the homology this complex
has.
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We have Hi,j(T ⊗A Z) ∼= Z in bidegrees

(4k − 4, s− 8), (4k − 2, s− 4), (4k − 1, s− 2), (4k, s), (4k + 1, s+ 2),

and also in (4k − 3, s − 4) if k ≥ 2. In all other bidegrees the homology is 0.

Here s = 12k + t. In particular, we have Hi,j(T ⊗A Z) ∼= K̃h
i,j−t

(T (3, 3k);Z) for
i = 4k − 4, . . . , 4k − 1.

Furthermore, H4k+i,s+2i(u4kq12kCw ⊗A Z) is free abelian by Proposition 8.2 and
Corollary 8.3, and in all other bidegrees the homology vanishes. We therefore get
short exact sequences

0 −→ Z −→ H4k+i,s+2i(Dw ⊗A Z) −→ Hi,t+2i(Cw ⊗A Z) −→ 0,

for i = −4,−2,−1, 0, 1, as well as

0 −→ Z −→ H4k−3,s−4(Dw ⊗A Z) −→ 0

and Hi,j(Dw⊗AZ) ∼= Hi−4k,j−12k(Cw⊗AZ) in all other bidegrees. By Proposition

8.2 Hi,j(Cw ⊗A Z) ∼= K̃h
i,j
(Lw;Z), except in bidegree (0, t), where one copy of

Z is missing. However, H4k,s(T ⊗A Z) provides us with a copy of Z. Finally,
H4k+1,s+2(T ⊗A Z) gives the extra copy of Z in bidegree (4k + 1, s+ 2).

Observe that in homological degrees 4k − 4, . . . , 4k − 1 the complex Dw ⊗A Z has
one extra copy of Z compared to Cw ⊗A Z. But these agree with the homology
of T (3, 3k) in these degrees. However, in homological degree 4k, the torus link
has 3 copies of Z which are not produced by B̌3k ⊗A Z. In particular, in bidegree
(4k, 12k − 2 + t) is 0.

This shows that all the reduced Khovanov homology groups of L are free abelian
and as stated. For the spectral sequence statement note that B̌3k gives rise to a
spectral sequence with the required properties (it also collapses at the E2-page for
k = 1, 2).

For the spectral sequence coming from Dw note that all the non-zero groups of the
E1-page are on the diagonal (i, t+4k+2i), except for a single copy of Z in bidegree

(4k−3, s−4) if k ≥ 2. It then follows that E4k−3,s−4
2

∼= Z, and since it is in an odd

homological degree it cannot survive to the E∞-page. Similarly, no Ei,t+4k+2i
2 can

contain torsion, as this would survive all the way to E∞. Note that if Ei,t+4k+2i
∞

had torsion, we would need a non-zero Ei,t+4k+2i+2l
∞ for some l ≥ 1, which is not

possible by the form of E1. This shows the spectral sequence statement. □

Proof of Theorem 1.2 and 1.4. Let w ∈ Ω+
0 ∪ Ω+

1 ∪ Ω+
2 ∪ Ω+

3 . Then Theorems 1.2
and 1.4 hold by Theorem 5.3 and Corollary 3.3. They also hold for the mirror links
since Khovanov homology and Bar-Natan homology satisfy duality [Kho06]. The
remaining cases for w ∈ Ω0 ∪Ω1 ∪Ω2 ∪Ω3 involve k = 0 and are either covered by
Theorem 5.3 or trivial.

The cases w ∈ Ω4 ∪ Ω5 are handled similarly, using Theorem 6.4 and Theorem
7.4 together with Corollary 3.3. Finally, for w ∈ Ω6 we use Corollary 9.3 with
Proposition 3.1. □

References

[AD19] Akram Alishahi and Nathan Dowlin, The Lee spectral sequence, unknotting number,
and the knight move conjecture, Topology Appl. 254 (2019), 29–38. MR 3894208



ON THE KHOVANOV HOMOLOGY OF 3-BRAIDS 37

[BN02] Dror Bar-Natan, On Khovanov’s categorification of the Jones polynomial, Algebr.

Geom. Topol. 2 (2002), 337–370. MR 1917056

[BN05] Dror Bar-Natan, Khovanov’s homology for tangles and cobordisms, Geom. Topol. 9
(2005), 1443–1499. MR 2174270

[BN07] Dror Bar Natan, Fast Khovanov homology computations, J. Knot Theory Ramifications

16 (2007), no. 3, 243–255. MR 2320156
[CK12] Benjamin Cooper and Vyacheslav Krushkal, Categorification of the Jones-Wenzl pro-

jectors, Quantum Topol. 3 (2012), no. 2, 139–180. MR 2901969

[CLSS22] Alex Chandler, Adam M. Lowrance, Radmila Sazdanović, and Victor Summers, Tor-
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