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Outline

@ Multiple zeta values (MZVs) and some variants
@ Multiple mixed values (MMVs)

© Alternating multiple mixed values (AMMVs)

@ Dimension computations

© Finite AMMVs

A

Jiangiang Zhao The Bishop’s School, La Jolla, CA Alternating Multiple Mixed Values



Multiple zeta values

The multiple zeta values (MZVs) are defined by

(ki k)= Y ﬁ

m>->ng>0 M " Mg

when ki, ..., kq are positive integers and k; > 2 (i.e. admissible).
@ d: depth
° ‘(kl,. R kd)| = ki + -+ kg: weight
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Multiple zeta values

A key question.
Find all the Q-linear relations among MZVs.

Example. Euler’s identity

We have
¢B3)=¢(2,1)
1 1
3= Z 2m
n>1 n>m>0

All the Q-linear relations among MZVs are given by the
regularized /extended double shuffle relations (DBSF).
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Multiple zeta values

Dimension Conjecture. Zagier 1994

Let MZVy = Q and let MZV,, be Q-span of MZVs of weight
w > 1. Then

1

w>0

Basis Conjecture. Hoffman 1990’s

The Q-vector space generated by MZVs of weight w > 1 has a
basis

{¢(s1,-..,54) : |s| = w,s;j =2 or 3}. (%)

Theorem. (F. Brown 2012)
The set i i
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Euler sums

Definition.

Let ki,..., kg € Nym1,...,ng € {£1}. For (ki,m) # (1,1), we
define the Euler sums (ES) or alternating MZV (AMZV) by

nkl...nkd

. _ 1 d

Clkay o kaim, o ma) =) o k-
m>->ng>0 M g

We put a bar on top of s; if n; = —1.

(@ =c;-y=3 L,

n>1

zy=ceui-1y= Y E2
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Euler sums

Theorem. Deligne and Goncharov 2005.

Let ESo = Q and let ES,, be the Q-span of all Euler sums of
weight w > 1. Then dimg ES,, < F,, where

1
ZFWXW: 1—x—x2%

w>0
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Multiple t-values (MtVs), Hoffman 2019

For all admissible (ki, ..., kqy) € N9, the multiple t-values (MtV)
are defined by

2d
t(k]_,...,kd) = Z ﬁ

np>->ny>0 ny "Ny
nj:odd Vj
Ly )0y
- k- k,
ny>--->ng>0 nll e ndd

For example,

) 4
D=2 G @Y= X GooeeD

n>m>0
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Multiple t-values (MtVs)

MtVs satisfy the stuffle relations. For example,

t(2,1)t(3) = t(2,1,3) + t(2,3,1) + t(3,2,1) + 2t(5,1) + 2t(2,4).

Conjecture. Hoffman 2019

Let MtV; = Q and MtV,, be the Q-span of all MtVs of weight
w > 2. Then

1

1—x—x2°

D (dimg MV, 1) x* =

w>0

Conjecture. Saha 2019
For all w € N, MtV ,, has the basis
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Multiple t-values (MtVs)

Theorem. Murakami 2021

If s1,...,s > 2 then t(s1,...,s,) € MZV. Moreover,
{t(sl, ceeyS) ISl ..., S € {2,3}} generates MZV over Q.

Theorem. Charlton 2021

On the motivic level Saha's elements are Q-linearly independent,
and that the (suitably regularized) elements t™(ki, ..., kq)
(ki,...,kq € {1,2}) form a basis for both the (extended) motivic
MtVs and the Euler sums.
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Multiple T-values (MTVs), Kaneko and Tsumura 2020

For all admissible (kg, ..., kq) € N9, the multiple T-values (MTV)
are defined by

2d
T(k]_,...,kd) = Z ﬁ

m>->ng>0 N1 Ny
nj=d—i+1 mod 2

For example,

T(2):t(2):z(2nil)2, TR =3 M‘m_l)

n>m>0

Theorem. Kaneko and Tsumura 2020
MTVs satisfy the shuffle relations and the duality relation.
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Multiple T-values (MTVs)

Theorem. Kaneko and Tsumura 2018

For all w € 223,

S
i

21T, w— j) = (w— 1) T(w).

.
Il
N

For all w € Z>4,

> 253 —1)T(a,b, c)z%( —1)(w —2)T(w).

a+b+c=w

Theorem. Berger, Chandra, Jain, Xu, Xu and Z. 2022
The above conjecture is true.
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Multiple T-values (MTVs)

Conjecture. Kaneko and Tsumura 2018

(1) For even weights, other than the single T-value T(k), only
T(p,q,r) with p,r: odd > 3 and q: even (and their duals) are in
MZV.

(2) If the weight is odd, other than the single and the double

T-values, only T(p,1,r) with p,r : even (and their duals) are in
MZV.

Theorem. Murakami 2021

The conditions in Kaneko—Tsumura Conjecture above are
sufficient.

For depth < 3 motivic T-values the conditions in
Kaneko—Tsumura Conjecture above are necessary.
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Euler sums of depth two

Proposition.
Let m,n € N and 71,72 = £1. Then the double zeta value
¢(m, n;m1,m2) of weight m+n=w = 2K + 1 is given by

Cm(m, n; mn, "72)

e (752 0T omw = 2sim)cnizsime)

= m-—1

G )C (i 2) — 5w )
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Euler sums of depth two

For odd w = m + n we have
t'(m, n) =t'(w),

m, o) = (17 (%7 1) ')

m-—1

n—1

Si(mn) = (-1 (% 1) S'w),

Definition.

For any admissible composition k = (ki, k2, . .., kg), the multiple
S-values (MSVs) is defined by

Sk, ka) == M(... ka—3, ka2, ka—1, kd)-
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Multiple mixed values (MMVs), Xu and Z. 2022

Motivation.

Can we find a common generalization of MtVs, MTVs and MSVs
so that the DBSF holds?

Definition

Let € = (e1,...,¢6q) € {£1}9 and k = (ki, ..., kg) € N9 be
admissible. Define the multiple mixed values (MMVs) by

M(k;e€) := Z (I+e(=1)™) - (1+e(=1)")

k1 kg
ml md

my>->mg>0

> >ng>0
2|n; if e_,_l
{ if. €;

(€1,...,€q): parity S|g’natures
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MMVs

We put a check on top of s; if ¢; = —1.
2
M3) =M(2;-1) =) a1 = t(2) = T(2),
m>1
4
M3,1) =M(3,1;1,-1)= Y 2nPem=1) ~ T(3,1),

n>m>0

x 4

.

Main problems.
Find all the Q-linear relations among MMVs.
© Duality

@ DBSF
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DBSF Relations of MMVs

Algebraic setup.

@ For k € Nand e = £1, put z,  := wé_lwe, where

dt 2dt 2tdt
Wy = —, W_1i=-—>, W = :

X :={wp,w1,w_1} alphabet
X*: words over X including the empty word 1
|wl|: weight of w € X*

dep(w): depth, i.e., number of wi1's contained in w

2: (weight) graded noncommutative polynomial Q-algebra
generated by X*

2°: subalgebra of 2 generated by admissible words, i.e., those
beginning with wg and ending with w41.

@ 2, ;: A equipped with the multiplication LU
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DBSF Relations of MMVs

For an admissible word w = zy, ., -z, ¢, € A9, we set

1
() ;:/0 W, M(w) = M(kier,....e),

and M(1) = u(1) = 1. We then extend p to 2A° by Q-linearity.

Proposition.
The map u: A% — R is an algebra homomorphism.

As for MZV and ES we can define a stuffle structure 2, and then
the DBSF.
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Duality Relations of MMVs

Theorem (Duality Relation). Xu and Z. 2022

Let k = (kl,...,kd) S (Zzo)d,l = (/1,...,/d) € N9 and
€ € {+1}9. Then for all admissible values

ki, h, ko, b ka, g\ _ ly, kd b, ko h ki
I\/I(wo We Wo W+ * Wy wEd) = I\/I(uedw_1 o uSWAulwy

where u_1 = wg and u; = wp + w1 — w_1.

),

A

Proof. Use the substitution t — % Then

wo:dlogtﬁdlogﬁ:—w,l,

w_1 — — Wo,

w1 = — (wo + w1 —w-_1).
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Duality Relations of MMVs

In weight 4, we have the duality relation

1 1
M(2, 1, i) = / wowlwgl = / w%(wo + w1 — w_l)w_l
0 0

v

=M(4) + M(3,1) — M(3,1).

~—

It is possible to consider regularized duality by allowing wy at the
beginning.
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Dimension bound of subspaces of ES

w 0|1/2|3(4|5/6 |7 |8 |9 |10]| 11 | 12

dim MtV,, 011|235 | 8 |13[21 |34 |55] 89 | 144

dmMTV,, (1 |0|1|1]|2|2| 4|5 |9 |10|19| 23 | 42

dimMSV,, |10 |1|2|3|4] 6 |10|15|22|32| 52 | 76

dmMMV,, 0|0 |12 |47 |12|20 |33 |54 |88 143 | 232
dmMMVe, |0 |0 | 1|2 |4 |7 |12 |20 | 33|54 |88 | 143 | 232
dmMMVo, |0 |0 |1 |2 |4 |6 |10 |16 |27 |44 | 73 | 120 | 198

Theorem. (Xu and Z. 2022)

Let keN, Fp=F =1and Fri1 = Fx + Fk—1. Then
dim MMVe, < dim MMV, < F, — 1.

The codimension one subspace of MMV in the Euler sum space
ES should be generated by logh 2.

Jiangiang Zhao The Bishop’s School, La Jolla, CA Alternating Multiple Mixed Values



Dimensions

w 0|1|2|3|4|5|6 | 7|8 |9 10| 11 12

dim MtV,, O(1|1|2[|3]|5| 8 |13[21 34|55 89 | 144

dmMTV,, (1 |0|1|1]|2|2| 4|5 |9 |10|19]| 23 | 42

dmMSV,, |1 |0 |1|(2|3|4] 6 |10]|15|22|32]| 52 | 76

dmMMV,, 0|0 |12 4|7 |12|20 |33 |54|88]| 143 | 232
dmMMVe,, |0 | 0| 1|2 |4|7 |12 |20 |33 |54 |88 | 143 | 232
dmMMVo, |0 |0 |1 |2 |4 |6 |10 |16 |27 |44 | 73| 120 | 198

Let ke N, Fp=F =1and Fxy1 = Fx + Fxk—1. Then
dim MMV, = dim MMVe, = F; — 1,
dim MTVy, = dimg MTVy,_1 + dimg MTVa,_»
(Kaneko-Tsumura),
dim MSVo1 = dimg MSV;_1 + 2 dimg MSV;_»
(M. Kobayashi).
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Alternating MMVs, Xu, Yan and Z. 2023

Definition.

For any k = (ki,..., k) € N", € = (e1,...,
U:(Ul,...,ar)E{il}r with (k1,0'1) (
alternating multiple mixed values (AMMVs) by

) € {£1}", and
1) we define the

(1+ ¢ 1),,,j)U(zmj+1—ej)/4

o J
- Y
m>->m:>0 j=1 iy
(€1,...,€q): parity signatures,
o = (o1,...,0.): alternating signatures.
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M(3,b,¢,d) = M3 11T (a, b, ¢, d)
16(_1)(m1+1)/2(_1)m2/2

- Z b d

mZmsmS$m
my>moy>m3>my >0 1 i3 1l
my,m3€od, mp,myEev
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Alternating MMV:s

Theorem. Xu, Yan and Z. 2023

Set
dt . 2dt L —2dt
=T Wa S T WA e
2tdt —2tdt
adl +1._
wy =1 w'y =1re

Then for all k = (k1,..., k) € N" with (k1,01) # (1,1), we have

1
€ _ k1 1 61,62 ko—1  en,e3 kr—1 ¢
M (k)—/o Wo Moo Woio, W0  Woioso,
and
! ki—1 k 1
1— €1 r €1 €r, €2 €r,...,€r_1€r,Er
/OWO Wo1 " Wo M0170201, 0r0r—1 (k)
o
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Alternating MMV:s

M é i _ MOd,eV 3 2 o 4(_1)”2
(2=MCD= 3 G pamy
ny>ny>0
1
0
53 4 8(_1)"1+n371
M(2,3,4) = Z > i :
n1>np>n3>0 (2n1 - 2) (2”2 - 2) (2n3 = 1)
1
= [ ot (-wudwit

Theorem (Regularized DBSF).

The AMMVs satisfy finite DBSF. These relations can be extended
to regularized DBSF.
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Alternating MMV:s

Theorem (Duality Relations).

Let k = (ki,..., k), I =(h,...,l;) € N and o,e € {£1}". Then
for admissible values

Where(uOi eglr _(})0— vn/71 ):: leu 1UQ % 1 kr)/v

+11' +11— i = iy
+ —
and u_ =w] —W,{ — wt 1

€
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Some application and evaluations of AMMVs

For positive integer r,

" . |
/ 2R g = (~)IC/AL T3, (1))
0

X

T7(3,1,1) = —%HG — 3127r2§(3) + %C@),
S(3,1,1) = 2Lis(1/2) — 2226(5) — £(3) og(2) — o log*(2)
+ %772 log3(2) + %w“ log(2),
5(4,1,1) = ((5,1) + 157°Lia(1/2) — 15 C2(3) + £ 7°C(3) log(2)
31 22777T6ﬁ (e 1 4
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Relations among different vector spaces

n : B can be expressed

in terms of A

Colored Multiple Zeta Values

(CMZVs)
Alternating Multiple t-Values
(AMtVs)
Y
Euler Sums - Alternating Multiple Mixed Values Alternating Multiple T-Values |
- (AMMVs) (AMTVs)

Y

(MZVs)

Multiple Zeta Values

vy v

(MM

Multiple Mixed Values

Vs)

\A

Alternating Multiple S-Values

(AMSVs)

Multiple t-Values
(MtVs)

Multiple T-Values
(MTVs)

Multiple S-Values
(MSVs)

t

)
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Dimensions of subspaces of AMMV

w o[1[2[3][4[5]6
dimgES, |[1[1[2[3[5 ] 813
dimgAMtV,, |1 [1[3[6 [ 122448
dimgAMTV,, [1[1|2|4] 7 |13 24
dimgAMSV,, |1 [1[3[6]12]22]42
dimgAMMV,, [ 1[2[4|8[ 16|32 64
dimgCMZVy, [ 1|2[4[8]16]32] 64

Table: Conjectural Dimensions of Various Subspaces of AMMV.

For any w € Ny, we have

AMMV,, ®q Q[i] = CMZV}, @9 Q[i].
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Dimensions of subspaces of AMMV

w 0(1(2|3|4 |5 |6 |7 8
dimgAMZV,, 1|1 |2|3| 5|8 |13 |21 | 34
dimgAMtV,, |1 |13 [6| 12|24 |48 |96 | 192
dimgAMTV,, | 1 1|2 4| 7 |13 |24 |44 81
dimgAMSV,, | 1|1 |3 |6|12|22 |42 |80 | 156

Table: Conjectural Dimensions of Various Subspaces of AMMV.

Set AMtVy = Q. We have the following generating function

o

1—t+t2
Y (dimg AMtV,)t" = S
s 1-—2t
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Dimensions of subspaces of AMMV

w 0|1]2|3|4|5]|6]|7 8
dimgAMSV,, |1 |13 |6| 12|22 |42 |80 | 156

Table: Conjectural Dimensions of Various Subspaces of AMSV.

We have dimg AMSV; = 1, dimg AMSV; = 3, and

n—3

dimg AMSV, = 2dimg AMSV,, 1 — 2| =] for all n > 3.
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Dimensions of subspaces of AMMV

w 0|1|2|3|4,5|6| 7|38
dimgAMTV,, | 1| 1|2 (4|7 |13 |24 |44 |81

Table: Conjectural Dimensions of AMTV.

Set AMTV, = Q. We have the following generating function

o0

> (dimg AMTV,,)¢"
n=0

- 1
S 1—t—t2—¢3

Namely, the dimensions form the tribonacci sequence
{dw}w>1=1{1,2,4,7,13,24,...}, see A000073 at oeis.org.
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Finite AMMV

Definition.

Let P be the set of prime numbers. Define

A=(]] Z/PZ)/(EB Z/pZ)

peEP pEP

with componentwise addition and multiplication.

Q can be embedded into A as a sub-algebra.
We can define algebraic and transcendental numbers in A over Q.
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Finite AMMVs

Definition.

For any k = (ki,..., k) € N, e = (e1,...,¢,) € {£1}", and
o= (01,...,0.) € {£1}" we define the finite AMMVs by

Ma(k; € o) = (Mp(k; € 0)),p € A

When all € = (1,1,...,1) we get finite MZVs. When all
e=o0=(1,1,...,1) we get finite MZVs.
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Conjecture. Kaneko & Zagier, 2014

There is an isomorphism

- MzV,
fiz | FMZV,, 5 st o
where Ca(s) — ¢i(s)  (or ¢2(s))
d
S Z(_l)sw“ﬂkcﬂ(sk’ ooy 51)C] (Skh s - -+ Sa)-
k=0

Definition-Lemma.

We call {3(s) a L-symmetrized MZV. It's a constant
independent of T. Moreover, (5 (s) = ¢S(s) (mod ¢(2)).

Theorem. Yasuda, 2014
The map fkz is surjective.
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Finite MZVs

Conjecture. (Z., 2014)
There is an isomorphism

ES,,
C(2)ESw—2

) —a(;)

FES, —

LIS_1<S>::i ﬁ(—l)sjnj L‘E(Sk,...,51><£(sk+1,‘”

Nk+1, - - -

7 =\ Mher -+

> Sd
) Tld

).
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Summary

@ Defined a level four variant of AMZVs (i.e., Euler sums)
containing both AMtVs and AMTVs, called MMVs.

@ Found the regularized DBSF and duality relations of AMMVs.

@ Studied some subspaces of AMMVs and conjectured their
dimensions.

@ Began to investigate the finite AMMVs
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