ALGEBRA II Problems: Week 13
Epiphany Term 2012

Hwk: Q4, 6, 11 due Tuesday, Febr. 7 during the lectures.

1.

10.
11.

12.

Show that a k-cycle in S, (1 < k < n) has order k.
Moreover, show that the product of a ki-cycle and a ks-cycle which are disjoint
has as its order the least common multiple lem(kq, k2).

. For any 0 € S,, (n > 2) put

Pn,a’ - H (xa(i) - xo(j)) P

1<i<j<n
where x4, ..., z, are independent variables.
Show that, for any transposition 7 € S,,, one has
Pn,'ra = _Pn,a .

[Hint: Try to prove it for o = e first, and investigate which ones of the factors
(x; — x;) change their sign under 7. Do you see a pattern?]

. Check that none of the following groups are isomorphic to one another:

Zg, Ly XxXZo, Dy, Ay.

. Which of the following groups are isomorphic to one another? Justify your

answers.

(a) Zy X Z3, Zg X Lo, V XZs, S3X ZLo.

(b) Zg x Zy, Dy xZs, Dia, AyXZo, Zos X Dg, Sy, Zia X Zo.
(Here V, as usual, denotes the Klein 4-group.)

. Show that, for a prime p, the direct product of Z, with itself is not isomorphic

to sz .

. Show that A4 has no subgroup of order 6.

Why does this show that the converse of Lagrange’s Theorem is false?

. Show that the integers 1,3,7,9,11,13,17,19 form a group under multiplication

mod 20. Identify this group as a direct product of cyclic groups.

. Produce a specific isomorphism between S; and D3. How many different iso-

morphisms are there from S3 to D3?

. Let G and H be groups. Show that G x H is abelian if and only if both G and

H are abelian. If G x H is cyclic, prove that G and H are both cyclic.

Show that Z x Z is not isomorphic to Z.

Prove that a group G is abelian if and only if the correspondence = — 2! is an

isomorphism from G to G.

If G is a group and if g is an element of G, show that the function ¢ : G — G
defined by ¢(x) = grg~! is an isomorphism. Work out this isomorphism when
G is A4 and g is the permutation (123).



